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ABSTRACT 

The nature of geometry and the manner in which it 
should be taught are presented from various points of view. The 
Yearbook is in four parts. Part I has two articles on the role of 
informal geometry in scJaool mathematics; one covers the elementary 
grade levels and the other^ the secondary school. The authors of 
articles in Part II address themselves to various approaches that may 
be used to present formal geometry in tne secondary school. Each of 
the chapters describes the rationale of the approach^ its philosophy 
and objectives, the kinds of students for whom the approach is most 
appropriate^ the possible scope and content of the course that uses 
the particular approach^ and special considerations and variations 
related to the approach. In Part Illr three conceptions of 
contemporary geometry are presented^ which include the underlying 
theory, the kinds of problems being investigated^ and the 
implications for school geometry that may result, in Part IV^ the 
current status of the education of teachers is reviewed^ comments 
concerning experimental or innovative programs are given^ and 
recommendations for the improvement of the training of teachers of 
geometry are included. (JP) 
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Preface 



The suggestion that a yearbook on the leaching of geometry be eonsidercd 
was advanced by the Yearbook Planning Committee of the NCTM. This 
seemed quite appropriate in light of the eon tinned i merest in eurriei.lum 
development in mathematics. That there was general interest in the particu- 
lar ease of geometry might be inferred from the faet that the Mathcnialieal 
Association of America at its Houston meeting in 1969 conduelcd a eon- 
tcrcncc on the leaching of this subject. In addition, many articles on the 
teaching of geometry were appearing. These articles 'rcdecled the variety 
of opinions conccnung how geometry might best be tauyihl. One conclu- 
sion from the discussions and writings was that there was no consensus. 

The Yearbook Planning Committee fell tbat a contribution could be 
made by preparing a yearbook in which the various points of view were 
presented as clearly as possible with illustrations ol" how geometry might 
be taught under each point of view. It then secured autliorizalion and 
linancial support from the Board of Direcions for such a ye:irbook. An 
editor and editorial committee were appointed in 1969 and directed la 
plati the scope and content of the yearbook. 

At its first meeting early in 1970, the Editorial Coniniiace developed a 
prospectus, including the rationale of the yearbook and the scope and 
sequence of possible chapters. This prospectus was sent to so.iie thirty-six 
individuals — classroom teachers, mathematicians, and mathematics edu- 
cators — for criticism and suggestions. At its second meeting, the prospectus 
was revised on the basis of the suggcsti:>ns received. A list of possible 
authors wa: '^ -vclopcd with the expectation that the authors would prepare 
the first dru., of their chapters by February 1971. 
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As the first drafts were received, they were duplicated by the Head- 
quarters Oflke of the NCTM, and a copy of every chapter was sent to 
each author. This was done because a conference of the authors was 
planned tor April 197 1 to consider the suggestions provided by each auihor 
and to coordinate the chapters. Following this conference, each author, 
or pair of authors, submitted the final draft of his chapter 

The editor would like to express his appreciation for the advice and 
help so gencrc^usly provided by the other members of the Editorial Com- 
mit ice: Arthur F. Coxford. Lawrence A. Ringenberg, and James F. Ulrich. 
He would also like to thank Charles Hack a, associate executive secretary 
of the Council, and his competent editorial assistants, Charles Clement,s, 
David Roach, Dorothy Broderick, Wanda Slepanek. and Deborah Mullins. 
They took the burden of details oiT the shoulders of the editor. Finally, 
to the writers of the chapters — the ones who supplied the ideas — both the 
editor and those who profit from this yearbook are indebted. 

Grateful acknowledgment is made for permission to reprint extracts 
and reproduce figures from the copyrighted sources named below. Individual 
articles are listed under the name of the journal or book in which each 
appears. (More complete bibliographical information appears in the 
reference lists at the ends of the chapters.) 

Annuls of Matiwnuitirs, **Sonic Wild Cells and Spheres in Three-Diniensional 

State." by Ralph H. Fox and Emit Artin. 
Gvonu'try with Coordinates, by the School Mathematics Study Group. 
Gtiidclincs and Standards for the Education of Secondary School Teachers of 

Science and Mathematics, hy the American Association for the Advancement 
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lli^liaritleN 
ill Viewing Geometry 

JAMES ULRICH 



^URRicuLUM reform in mathematics has made generally good progress; 

however^ about geometry in particular, there is less than complete 
satisfaction. In a backhanded way, geometry itself is at fault because* it is 
so all-embracing, so ubiquitous, so important, and so capable of being 
interpreted in many different ways. Geomeiry can be taught intuitively or 
rigorously or by methods that lie somewhere between these extremes; to 
the learner, the study of geometry can be dull or exciting or somewhere in 
between. The mathematician whose specialty is algebra sees geometry as 
a vehicle for algebraic expression; if the mathematician's specialty is vectors, 
he believes that vectors should be used to interpret geometry. The theory- 
oriented mathematician views geometry as an excellent example of a group. 
The teacher who believes mathematics should be taught as it was developed 
historically by man will prefer Euclidean geomeiry; those who believe that 
mathematics education should exploit the most recent and modern ad- 
vances in mathematics will favor an approach that features coordinates, 
vectors, or transformations. 

In view of these obvious disparities in points of view that relate to both 
content and method, it is not surprising that there is a lack of consensus 
concerning the nature of geometry and the manner in which it should be 
taught. In grades 1 through 14, algebra and geometry essentially provide 
two different viewpoints of the same subject matter. There are occasions at 
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the secondary level when they arc presented together beeause they support 
and reinforee each other so beautifully. For example, the solution of a 
system of two independent equations in two variables corresponds to the 
gcomclric figure in which two IntcvsccUng lines biivc a unique common 
point. Each equation is the algebraic counterpart of one of the given lines, 
and the ordered pair of numbers that is the solution is an algebraic way of 
specifying the point. The study of the conic sections serves as another ex- 
ample of the way in which algebra and geometry can work together to 
elucidate the topic under scrutiny. In these examples the algebra and the 
geometry of the given concept can be dealt with simultaneously by the 
student. Owing to the nature of each subject and to the level of sophistica- 
tion and maturity of the student, this cannot always be done. A third-grade 
student has no difficulty recognizing the geometric figure called a circle, yet 
this student ought not to be exposed to the equation + y- = r'-\ which 
describes the circle algebraically. A student can grasp the meaning of the 
concept of the distance from a given line to a point not on the line long 
before he can understand and use the algebraic formula for this concept. 
For some concepts this order is reversed: at an early age a student knows 
that there arc many, many pairs of numbers he can add to get the sum of 
20, but a few years pass before he knows that when these number pairs arc 
plotted, the line with equation .v + y — 20 results. 

The foregoing remarks arc not intended to imply that by some arbitrary 
age of the student each concept ought to be developed fully both alge- 
braically and geometrically. There are times when the algebraic approach 
to a problem is far superior to the geometric approach, and vice versa. 
When this occurs, there is usually no question that the better, perhaps the 
more efficient in terms of time and space, approach should be used. For 
example, suppose the question is this: For what real numbers .v is the 
sentence a- — a* — 1 — x- ~ 2a* 4- 2 true? The typical algebraic solution is 
as follows: 



(I) 
(2) 
(3) 
(4) 



.V — 

-X - I = -2a- 4- 

X - I = 2 

.V = 3 



2a- + 



subtracting a^ 
adding 2a' 
adding I 



The four steps in the solution arc not difficult and are straightforward. The 
solution by the methods of coordinate geometry is quite another story. 
The left side of ( 1 ) is the function x'-^ — x — U whose graph is a parabola; 
the right side, at- - 2Ar -f 2, is also a parabola. The graphs of these two 
parabolas intersect at the point whose abscissa is 3. Each side of (2) is 
also a function, and the graphs of these lines intersect at the point whose 
abscissa is 3, Similar statements can be made about (3) and (4), Thus 
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the geometric solution that parallels the algebraic solution consists of four 
pairs of graphs, and for each pair the intersection of the curves occurs ai 
the point whose abscissa is 3. Although it is probably worthwhile for stu- 
dents to be made aware of this geometric approach during the study of 
secondary mathematics, it can hardly be recommended as the most efficient 
method for general use. The important point here is that one approach is 
arbitrarily emphasized to the exclusion of the other as a matter of ex- 
pediency. Teachers apparently do not question the legitimacy of these 
arbitrary decisions, for they appear to be decisions that arc pedagogically 
.sensible. 

What has been said thus far can be condensed to something like the 
following: A given mathematical concept may be treated algebraically or 
geometrically: for some concepts the algebra precedes the geometry, and 
for others the order is reversed. Certain concepts lend themselves so nicely 
to the one approach that the other approach is virtually ignored. Years of 
experience (or is it tradition?) have sorted and sifted the various concepts 
and linked them with one approach or the other. The results are found in 
the textbook materials in use today. 

If two additional approaches, that of vectors and that of transformations, 
are added to the algebraic and geometric approaches, the situation becomes 
somewhat more complex. That these four approaches — algebraic, geo- 
metric, vector, and transformational — are mutually exclusive is an over- 
simplification, of course, but they are part of today's mathematics, neverthe- 
less. Other approaches could also be mentioned, but they only complicate 
the picture. It is reasonable to expect that the earlier remarks concerning 
the tug-of-war between an algebraic and a geometric approach to the teach- 
ing of a concept may be escalated to a four-way contest whose participants 
are the proponents of algebra, geometry, vectors, and transformations. It 
is of some interest to note that in the historical development of mathe- 
matics, vectors and transformations are relatively recent creations. This 
may be part of the reason why they do not have ''equal time" in comparison 
to algebra and geometry, which have been around much longer. 

When a mathematician attacks a problem, he will use the approach that 
suits his purposes best. His preparation and prior experience equip him 
with many techniques and methods, and from these he may choose those 
that will lead to the desired solution. Do we want students to act like 
amateur mathematicians? If we do, we should see to it that they are 
exposed to several approaches so that they will have options from which 
to choose the most suitable method. 

Many of the foregoing paragraphs raise important questions for the cur- 
riculum specialist, the textbook writer, the teacher, and the person who is 
to train teachers. The reader probably has thought of some of these ques- 
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tions already. I he authors of this hook arc aware of ihcsc questions ami 
consider them in the ehapiers thai follow. As the reader deliberates on 
these questions, he shouUI perhaps he reminded initially that he is not likely 
to find one single set of elearly defined answers tliat will tell liini exaetly 
what to do and how tt) do it. What he will find here is a careful exposition 
of the major issues surrounding the teach in u of ueonictry together with 
sonic suggested allernuti\'es that he may weigh and employ as he sees lii. 
The inspired and creative teacher prefers, not to be told exactly what to do. 
but to be given sullkient hackground information and knowledge so thai 
he may be selective in determining the direction that to liim seems best. It 
is the purpose of this yearbook to descrihe alternative approaches to ucom- 
etry, to inform the reader about some of the newer programs and ap- 
proaches that have been tried to date, to indicate the directions that future 
developments may include, and to provide helpful suggestions for ll)e edu- 
cation of teachers of geometry. 

Ornr-inizaiion of ihr Y<'arl)<)<)k 

The yearbook is divided into the following four parts: 
Part I: Informal Geometry 

Pari 11: Forma! Geometry in the Senior High School 

Part 111: Contemporary Views of Geometry 

Part IV: The Education of Teachers. 
Cliapters 2 and 3 constitute Part 1. Some students may not have the oppor- 
tunity or the ability to study formal geometry. What kind of geonieiry 
should they study? Wluit approaches should be used for theni? \i is recog- 
nized that the geometry of grades K through 9 should he intuitive and in- 
formal, but -what conicni should he included? When should it he taughi? 
And how should it be taught? Chapters 2 and 3 outline the objectives of 
informal geometry, describe its current status, and recommend some t>f the 
most promising ways to be used in teaching it. 

Part II consists of chapters 4 through 10. They address themselves to 
the various approaches that may be used to present formal geometry in the 
secondary school. Each of these chapters describes the rationale of the 
approach, its philosophy and ohjectivcs, the kinds of students for whom ihc 
approach is most appropriate, the possible scope and content of a course 
that uses the particular approach, and special considerations and variations 
related to the approach. 

In Part III, chapters 11 through 13. each of three mathematicians ex- 
plains his conception of contemporary geometry and includes the under- 
lying theory, the kinds of problems being investigated, and the implications 
for school geometry that may result. 
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'i hc lasi iwo chapters. 14 and |5» make up Part 1\' of the ycariiook, The 
current status of the education of teacliers is reviewed. commciKs concern- 
ing experimental or innovative programs are given, and recommendations 
for the improvement of the training of teachers of gcomciry are included. 

I i^vi^ t»f lilt' N ('arlK»(»k 

This book may be used btith by prescrvice siutients who are preparing 
to teach and by persons already engaged in teaching. If ihc persons study- 
ing this hook are members of a class, the instructor may \\ant to collect as 
many of the references lisled in the bibltouraphies as he can, As his students 
proceed through this book, they will pro (it much b\ turning to the refer- 
ences as {)ften as necessary. 

For persons teaching, or preparing to teach, in grades K through 8. Part 
I of the book is o\' major importance; yet these persons should not be un- 
aware of I he material in Part 11, Although the main concentration may be 
on Part I. Pan 11 has much to offer those who teach the elementary and 
jiMiiof- high grades. 

Presei;ji<)ce and in-service education eoLuscs l\ir seeondars sehotil teachers 
should i/ic/udc a thorough ct)verage of Parts I and H, It is important that 
secondary school teachers be knowledgeable abcuit the geomcli') their stu- 
dents have been taught in grades K through 8 for it is on this foundation 
that the geometry of the senior high school must be built. 

FMnally. every mathematics teacher who wishes to keep abreast of the 
important developments in his field will find the yearbook of considerable 
merit as a resource book. 
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Informal Geometry 




liiforiiinl lj»eoiiielry 
ill Orsul^^M K-ll 

PAUL K. I RA F ! ON 
JOHN I . Lcl3 LANC 



^iir: IN( Li sioN or :i snbslunlial amount of inl'ornuii ucomcirv luis been 
idcniilicd iis o\w ni;ijor characteristic of the "modern nialhcnialics** 
niovcMiicnl at the clcnicnlary school level. The geometry ol* the elementary 
school is frequently eharaclcri/cd as injonnol iiconietry to distinguish it 
from the familiar secondary school fDnntd geometry uith its emphasis on 
proof. Among the terms that have heen assoeiated \vith elementary school 
geometry arc point set geometr\ and non metric geometry. The former 
term is saggcsied b_\ the fact that geometry involves the study of sets of 
points in space. 1 he term nonnietric has heen used to highlight the focus 
on geomctrie ideas, figures, and relations apart from measurement aspects, 
which have iraditionall\ received some emphasis in the curriculum. 

Within a decade the area of geometry has become accepted by curricu- 
lum planners and, increasingly, by ehissroom teachers as a necessary and 
integral dimension of the clcmeniary school mathematics curriculum. 
Although the idea of includingr geomelrv is we(( accepted, a wide diver- 
gence in thinking exists regirding the particulars of what constitutes an 
appropriate program for boys and girls. There is general agrecmcnl that 
elementary school pupils find an exposure to geometry a pleasurable ex- 
perience. Children's natural affinity for geometry has stimulated interest 
in how children formulate geometric ideas. The development of geometric 

ER?C f 
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thinking has its rhUs in ihc very ciirly contact of children with an inher- 
ently geometric environment. The study of children's drnwhigs through 
the early childhood years is one approiich that has been used to provide 
clues about how the child's perception of his envirt)nmenl develops. 

This chapter presents the devclopnicni and status of geometry as a 
necessary element of an cITcctivc mathematics curriculum in the elementary 
school. A discussion of the past and present inHuenees that have resulted 
in the current posititMi of geometry is followed by a description of the 
content that in 1970 was commonly included in the school curriculum 
through grade 6. The chapter continues with a discussion of possibk* 
contributions of geometry to pupils* learning, together with guidelines for 
maximizing the elTcctiveness of a study of geometry. F^'inally. the issue of 
creating an adequate framework for guiding the selection of learning ex- 
periences in the continuing development of the geometry program is pre- 
sented. 

Hir De\<4opnH*nt of (ieoiinMry 
in \\m' EleiiUMilarv Srlioi)! ('urrii'uliini 

Historical hoc ki,' round 

It was about ]8(K) when Lacroix said: 

Geometry is possibly of all the branches of mathematics that which 
should be understood first, h seems to me a subject well adapted to 
i'jtcrcst children, provided a is presented fo them ehietly with respect to 
ts applications. , . . The operations of drawing and measuring cannot fail 
;o be pleasant. leading thcnn as by the hand, to the scienee of reasoning. 
I 13. p. 2401 

In 1890 a committee of the National Education Association concluded: 

Geometry should be taught in the elementary school, beginning with 
lessons in form, and progressing through a course of instruction which 
will furnish ihe graduate of the common school with such geometrical 
concepts and facts as arc needed by all. The course should he one of 
observation, construction, and representation, rather than of demonstra- 
tion; yet the processes of training in logical thought and e.xpression 
through form> will lead to practical demonstration. |7. p. 351) 

As the quotations indicate, informal geometry has long been recognized 
as an appropriate area of study for young children. Until the past decade, 
however, little geometry was included in the American elementary school 
curriculum, apart from traditional aspects of shape recognition and the 
arithmetic elements of measurement. Nevertheless, a rich and extensive 
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body of literature exists on this topic. Duting kick over 150 years, it 
doeumcnts the many iUtcmpis to bwild progriims of informal geometry 
for elcmeniary sehool pupils. Not only was the learning of geometry 
prominent in the tiiinking of those prinuirily coneerncd with the mathe- 
matics currieuluni; it was also eonsidered important by those concerned 
with the nature of elementary education. (For a comprehensive survey 
of the development of informal geometry as well as further documentation 
of the historical background in this section, the interested reader is re- 
ferred to the works of Coleman, Betz, Reeve, and Shibli eited in the refer- 
ences at the end of this chapter.) 

The case for informal geometry in the elementary sehool has been 
justilied from three different, yet at times related, positions. The first of 
these is the mathematical viewpoint. During much of the past \50 years, 
formal geometry has held an accepted position in the high school curricu- 
lum. As a result, informal geometry, consisting of the presentation of 
geometric facts and relationships in an exploratory and intuitive manner, 
came to be viewed as a means for providing a more cITcctivc foundation 
or preparation for demonstrative geometry. Although this position more 
directly inlluenccd the junior high school program in the (irst half of the 
twentieth century, the elementary school program was at times intluenccd 
also. 

A second justitication was presented in terms of the contributions of 
geonietrv in meeting the general educational goals for all children, apart 
from any future mathematical value. Reforms in elementary education 
in the 18()0s emphasized psychological principles of learning in the devel- 
opment of educational goals and programs for children. Learning came 
to be viewed through the eyes of the child, and the importance of drawing 
learning txperiences from, and relating them to, the physical world was 
rccognizeii. The learning of geometry fit well into the general methodolo- 
gies beini; recommended. One emphasis growing out of this position 
stressed the close relationship between geometry and the natural world. 
Some advocated that informal geometry should be the "geometry of every- 
day life'' and that geometry must "flow from nature and return to it." 

A third justification for informal geometry was promoted by those who 
stressed the practical application of mathematical ideas and techniques in 
science und technology. The emphasis on shape, size, and position in in- 
formal geometry was seen to provide a foundation for later experiences 
in industry. Thus, early geometry instruction in the elementary school as 
well as in the later grades frequently became interwoven with training 
in industrial arts and instruction in mechanical drawing. 

Mathematics education has frequently been concerned with maintaining 
a balance among the needs of the child, the needs of society, and the needs 
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ol' the disfiplint'. Sdcli is (he case in the ilcNclupmcni of infurmal iieiimc- 
iry. The lilcraiurc reveals llie slriiyi*le over the rehit*\c importance ol 
ilie psyeholoiiicMl. praciical. anil maihcmiilical aspects of leamiriL! gcomeiry 
and I he eorrespondinii dillicully of developiiii: prouranis lhai relleclcd a 
balance, issues de haled have incUidcd the ciniieiil of iiifornuil geomciry, 
initial approaches to Liconietry. the sequencing of instruction, and llic ap- 
propriate emphasis of instruction. The Iop'j: list of adjectives applied at 
various times to initial nork with gecimetrv rellects the lack of consensus. 
Intuitive is hut one ot the descriptic^is applied tci early work. Others in- 
clude n>ncrctc, (^hwrvatit/naL hn'cntionaL tncnsnratiiifud. cxpcnnwntal, 
c(fnstruaivt\ proixviicntii , prcfxiriitory, c/npiyk , and injcnmai (1, p. 55). 
Although similarity exists among these terms, many of iheni re licet dif- 
ferent emphases in the early work, 

Cn'ofnctry in lutropcan cU'nwntary cd taut ion 

A niajor emphasis on the general educational values of ueonictry is 
fiiund in the pioneering works ol Pestalo//i. Her hart, and Kroehcl in the 
early part of the nineteenth century, i heir contributions in revolutionizing 
elementary education through emphasi/inu the role of the learner and 
psychological principles ol' learning are uell rccogni/cd. Thus it is of 
particular interest that geometric ideas were integrally involved in their 
approaches to learning. For Pestalo//i. geometric figures were viewed as 
a principal means of developing the mental faciiltx of sense perception, 
which he considered to he the basis of learning. Herb art accepted much 
(if Pestalo//i's work with the initial stages of learning but was also con- 
cerned with extending the work to older children, recognizing the impor- 
tance of geometric learning throughout a child's education. 

Vhe approach used by both Pcstalo/zi and Herbart was a synthetic 
one. They started with basic elements of plane geometry and combined 
ihem in elaborate and often pedantic detail to build more complex notions. 
Although the geomeir\' wuvk of Pcstalo/zi and Herbart contained many 
defects, it nonetheless had signilicance for the future development of in- 
formal geometry in the elementary school. Not only did they recognize 
the contribution of geometry to general educational goals, but their work 
served as a strong stimulus to their followers. Throughout the nineteenth 
century and early part o*' the twentieth century, there was great interest 
in developing geometry programs for clententary schools. Detailed geonie- 
iry programs of widely diverse natures were written and implemented in 
the schools. The impact of this early work is revealed by surveys of mathe- 
matics curricula in foreign countries in the first part of the present century. 
These surveys indicated that a substantial amount of geometry was in- 
cluded in the elementary schools of several countries. (See 9.) 
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l-ikc PcstaK)//i. iMocbcl \v;is prini:iril\ cdiiclm ncd \silh the inilial levels 
of icjrnlnir. thereby beeciminii idemilied wiih ihe kiiulcriiunen nio\LnK-ni, 
His major ei)mribiiiion la\ in reeoLini/.ing the imporiance of play ami self- 
aeiivily in ehiklren's learninL!. Geonielrx had a eeniral role in his pro- 
arams also: however, his approaeh to ii ditTcred ureaily I'rom th;u of Pesia- 
U)//i and Herbari. in eonirasi lo iheir simple-io-eomplc\. or syniheiic. 
approach, Froebel began w ith solid shapes, such as the eube and ihe sphere, 
moved lo ihc point, and final l> returned lo solids again. His ideas uere 
worked out in a highly iniaginalive set ol' strueiured rtiale rials presented 
as a series of thirteen "gifts * and ten "oeeiipations/* L.ike the work of 
Pesii!lo//i and Hcrbart. Froebel's ideas had great intliienee on the work 
of others both in Fiuope and in the U nited Slates. 

(u'oftii'iry in Anicrintn ck'nwuiiiry t'lhaiifion 

interest in s\steniaiie insiruclitMi in iiilornial geonieiry in .Ameriean ele- 
mentary edueaiion ean be iraeed lo ihe niid-lN(K}s and \sas an outgrowth 
of the work done in German elenientar\ sehools. .An earl\ text uas th u 
of Thomas Hill, \shose / 'irsf i.cssons in (n't>fnt'fr\ . lirst published in IS 5- . 
presented a thorough de\elopnieni of inforn^al geonieir\ for ehildren oi 
from six lo twelve \ears o\ age. The following remarks from the preface 
of the book provide insight into HilTs purpose and remain of interest lo 
the present day: 

I have adilressed the ehild\ InKiginaiiiin. rather than his reason, because 
I wished lo tcaeh him to eoneei\e of lorms. The child s powers of sensation 
are de\ eloped, before his powers of eoneepiion. and ihese before his 
reasoning pmvers. . . . I have, ihe re tore, asoided reasoning, and simply 
given interesting geometric facts, tiiteii. \ hope, to arouse a child to the 
observation of phenomena, and lo the perception of tornis as real em i lies. 
! 10. p. 

Several other texts also appeared in the latter half of the nineteenth 
century and stimulated discussion about teaching geomcirv to young chil- 
dren. Despite the interest, however, geometry as such was not found on 
u widespread basis in elenicntarv school programs, and the gc(^mctry that 
was included was frequet)tl\ interwoven with lUher instruction. Coleman 
reports four sources of instruction in informal geometry during the latter 
half of ihe nineteenth century. The\ were in ( 1 ) form study related lo 
object-teaching based on Pcslalo//ian ideas: (2) drawing instruction. 
whieh also had its roots in Pcstalo//ian ideas: (S) workshop or industrial 
arts instruction: and (4) kindergarten, where the ideas of f-rocbel were 
inllucntial (4. p. 105). 

The period of years beginning in 1890 and extending into the 1920s 
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\\:is one in which I Ik* ncLVSsily lor rctorni in niiilhcnKilics cdiicalion was 
rccdgni/ctl. Insiriiclioii in inioimal iiconiclr\ was vicncd as an important 
clcnicnl in ihis rclorni. as ii lias hccn in the reforms ol our present era. 

'1 he Report c)t the National Education Association Committee on Ele- 
mentary Education, pubhshed in ISMO and cited earlier (see 7). was one 
of the first reports to recogni/e the inipurtance of geometry instruction 
based ou the iiencral educational i;ouls lor all pupils. Tlie Report of the 
CDnimittee of 1 en on Secondary School Studies, published in 1893, not 
only rcprcscnis an inipo riant docunicnt in the development of malhemalics 
education but also represcnis a most significant and comprehensive state- 
ment on instruction in informal geometry. Because o( the completeness 
and fo res ightedness of this report, the entire see' ion on concrete geometry 
is given here: 

The C onlercnce reconiniLMHis ih;jt the chdds geon^clrical education should 
liegin as early as possible: in the kindergarten, if he attends a kindergarten, 
or if not, in the primar\ school. He should at (irst gain tamiiiarity through 
the senses with simple ueomeirical figures and iornis. plane and solid; should 
handle, dra\^. measure, and niocle! them: and should gradually learn some of 
their simpler properties and relations, it is the opinion of the Conference that 
in the early years ol the primary school this work coukl he done in connection 
with the regnlar courses in drawing and Tiiodelling without requiring any 
important moditicatioi of the school curriculum. 

At about the age of ten for the average child, systematic iiistriiction in 
concrete or experimental geometry should begin, and should occupy ahout one 
school hour per week for at least three \ears. During this period the main 
facts of plane and solid geometry should he taug.ht, not as an exercise in 
logical deduction and exact demonstration, but in as concrete and object ive 
a form as possible. For example, the simple properties of similar plane figures 
and similar solids should nor he proved, but should be illustrated and confirmed 
hy cutting up and re-arranging drawings or models. 

This course should include among other things the careful construction of 
plane figures, both hy the unaided eye and by the aid of ruler, compasses and 
protractor; the indirect measurement of heights and distances by the aid of 
figures carefully drawn to scale: and elementary mensuration, pUmc and solid. 

The child should learn to estimate by the eye and to measure with some 
degree of accuracy the lengths of lines, the magnitudes of angles, and the areas 
of simple plane figures: to make accurate plans and maps from his own actual 
measurements and estimates: and to make n^odels ol sin^ple geometrical solids 
in pasteboard and in clay, 

Ol course, while no atten^pt should be made to build up a complete logical 
system of geometry, the child should he thoroughly convinced of the correctness 
of his constructions and the truth of his propositions by abundant concrete 
illustrations and by frequent experimental tests: and from the beginning of the 
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systematic work he should be encouraged to draw easy inferences, and to 
follow short chains of reasoning. 

From the outset the pupil should be required to express himself verbally 
as well as by drawing and modelling, and the language employed should be, 
as far as possible, the language of the science, and not i\ temporary phraseology 
to be unlearned later. 

It is the belief of the Conference that the cour.se here suggested, if skilfully 
taught, will not only be of great educational value to all children, but wil! also 
be i\ most desirable preparation for later mathematical work. 

Then, too, while it will on one side supplement and aid the work in 
arithmetic, it will on the other side fit in with and help the elementary instruc- 
tion in physics, if such instruction is to be given. [8. pp. IIO-IIJ 

In the report, both the general educational goals of informal geometry 
and the importance of continuity in geometry instruction as a preparation 
for later mathematical study are supported. The recognition by the Com- 
mittee of dual purposes of early instruction was important and helped 
establish both aspects of instruction, a consideration that is recognized 
today as well. 

The role of informal geometry was recognized in many of the individual 
and group reports that followed these early documents. The address of 
E. H. Moore to the American Mathematical Society in 1902 has long held 
an important place in the history of mathematics education. Moore, an 
eminent research mathematician, addressed a portion of his remarks on 
reform to the elementary school, calling for an enriched and vitalized 
approach to the methods and materials of mathematics in primary educa- 
tion. He states: 

Would it not be possible for the children in the grades to be trained 
in power of observation and experiment and reflection and deduction so 
that always their mathematics should be directly connected with matters 
of thoroughly concrete character? [6. p. 45] 

He later adds: 

In particular, the grade teachers must make wiser use of the foundations 
furnished by the kindergarten. The drawing and the paper folding must 
lead on directly to systernatic study of intuitional geometry. . . . including 
the construction of models and the elements of mechanical drawing, with 
sihiple exercises in geometrical reasoning. The geometry must be closely 
connected with the numerical and literal arithmetic. .The* cross-grooved 
tables of the kindergarten furnish an especially important type of connec- 
tion, viz., a conventional graphical depiction of any phenomenon in which 
one magnitude depends upon another. These tables and the similar cross- 
section blackboards and paper must enter largely into all the mathematics 
of the grades. [6, pp. 45-46] » 
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One notable emphasis in Moore's remarks is the relationship bctwi^cn 
geometry and ari:limetie as represented through graphing. 

Strong support for work in int'onna! geometry in the elementary sehool 
is found in the Final Report of the National Education Association Com- 
mittee of Fifteen on Geometry. In a section of the report devoted to this 
topic, they slate: 

It is of the utmost importance that some work in geoniclry be done in 
the graded schools. For this there are at least two very strong reasons In 
the tirst place, geometric forms certainly enter into the lilc o** every child 
in the grades, The subject matter ot geometry is therefore particularly 
suitable for instruction in such schools. 

Moreover, the motive for such teaching is direct. The ability to control 
geometric forms is unquestionably a real need in the lile of every individual 
even as early as the graded school. For those who can nut Proceed further 
this need is pressing. . . . For thosi^ who are going on t'^ the hiL.h school, 
the development of the appreciii..«.jn of geometric '.orms is almost an 
absolute prerequisite for any future work in geometr |5. p. 89 | 

In the report it is evident that dua purposes of instruction are again 
stressed. The C ommittee observed that the initial work would likely be 
so informal that a .separate eoiirse in geometry would not he required 
until the hnal grades of grammar school. In discussing the organization 
of content, the Ctjmmittee recommended that solid shapes be emphasized 
before plane shapes, since the former were more real to pupils and could 
be presented more concretely. 

Although the reform movement resulted in an awareness of the need to 
have a geometric emphasis in the inathcmalies program of the elementary 
school and stimulated thinking on this topic, evidence from curriculum 
surveys and other sources indicated no widespread im piemen la tion of th- 
many proposals. In 1933 Bet/ wrote: 

For more than seventy years the attempt has been made American 
teachers and authors to secure a more adequate provision in the elementary 
mathematical curriculum for systematic instruction in geometry. And yet, 
aside from the emphasis put on the fundamental rules of mensuration 
in the traditional arithmciie course, very little progress w^as noticeable 
until quite recently. ! I, p. 57 j 

The progress to which Bet/ jefcrr * 1 was the growth of the junior high 
.school movement. It was at this Ijvel of- instruction that some informal 
gcometr\ gained a foothold in the curriculum, and little further discussion 
appears on informal geometry below grade 7. Among reasons cited for 
the lack of acceptance of geometry in the elementary school curriculum 
were ( 1 ) the overcrowding of the curriculum, together v^ith resistance 
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to replacing iirithmetic topics with inslruciion in ecomclry: (2) the inade- 
quate preparation of teachers to teach geometry: ( 3 ) the inclusion of some 
geometric work in an and shop work: and (4) the assertion of some that 
informal get)melry would lessen pupils* interest in "real" geometry in high 
school. 

Thus, despite the realization of the importance of informal geometry' in 
the learning of children and the eilorls of many individuals and organiza- 
tions over a long span of years, it was not until the present age of reform 
that the recognized goal of systematic, informal geometry programs in the 
elementary school curriculum became a reality in American schools. 

Recent developments 

The years 1955 to 1970 are recognized as a major reform period in 
school mathematics. These were exciting years for mathematics educators, 
for noi only was the attention of mathematics educators and educators in 
general focused on curriculum revision, but even the interest and concern 
of the public was centered on these efforts for reform. New topics and 
different emphases were brought into the curriculum at this time. Informal 
geometry formed an integral element of this reform. It seems as if the 
cumulative efforts and beliefs of mathematicians and educators over the 
previous 150 years to have geometry play an important role in the ele- 
mentary school program would be realized. 

Indeed, by 1970 geometry seemed to have gained a permanent place 
in the elementary school mathematics program. Though topics such as nu- 
meration in bases other than ten, which received heavy emphasis in the early 
days of the school mathematics reform period, had lost some of their 
support by 1970, the emphasis on informal geometry has grown and devel- 
oped into a securely held position in the elementary school mathematics 
program. Even today, although informal geometry is presently lirmly estab- 
lished in the curriculum, there is no gcneia! agreement among mathematics 
educators on what content should be taught. However, active and con- 
tinuing dialogue continues on this issue as well as the issue of how the 
content should be developed. 

Several forces shaped the direction of the program in informal geometry 
during these years. It is difficult to cite any one source as having greater 
influence than another. Among the forces that made an impact on ele- 
mentary school geometry were cuniculum development projects, profes- 
sional meetings, journal articles^ in-service education, and national con- 
ferences. Undoubtedly another force at work operating during the reform 
period was the historical weight of intlucnce on the importance of informal 
geometry in the elementary school. The reform atmosphere and attitude 
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provided :m opportunity to implement a geometry program in the ele- 
mentary school. 

The elTorts of experimental and developmental projects concerned with 
informal geometry at the elementary school level look many directions. 
Prominent among the groups that intluenced the direction of elementary 
school geometry was the Sehool Mathematics Study Group (SMSG). The 
lirst significant impaet of SMSG eurriculum related to geometry was the 
amount and scope of the geometry. A second note of significanee in 
SMSG's currieulum in geometry was the structure developed in the pro- 
gram. This structure was essentially an informal development of Euclidean 
geometry. The elements of Euclidean geometry were presented in an 
intuitive but logically ordered development. The axioms and theorems 
were not explicitly stated, nor was the rigor of the traditional "statement- 
proof" of a typical program in geometry contained. Many familiar 
theorems in Euclidean geometry were presented with informal statements 
of justification. 

In 1970, the directors of SMSG felt that there was a need and a demand 
for more specific attention to the geometry that they developed. Thus, 
they made the decision to edit and reorganize the geometry contained in 
Books 1-6 into a scries of eleven units, called Geometry Units for Ele- 
mentary School, The eleven units were these: 



Unit 


1 


Some Sets of Points 


Unit 


-> 


Congruence 


Unit 


3 


Congruence and Familtar Geometric Figures 


Unit 


4 


Measurement of Curves (Length) 


Unit 


5 


Measurement of Plane Regions (Area) 


Unit 


6 


Measurement of Space Regions (Volume) 


Unit 


7 


Measurement of Angles 


Unit 


S 


Side and Angle Relationships for Triangles 


Unit 


9 


Circles and Constructions 


Umt 


10 


Whole Numbers as Coordinates of Points 


Unit 


11 


Integers as Coordinates of Points 



No particular grade level was associated with a given unit. All units were 
considered appropriate for the intermediate grades, and at least portions 
of the first several units in the series were appropriate for the primary 
grades, 

Efforts to develop a program in elementary school geometry were also 
made by other individuals and groups. Not all these efforts centered on 
an informal or intuitive development of Euclidean geometry. Some efforts 
were specifically directed at primary-grade children; others were aimed at 
intermediate-grade pupils. 
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One projcci in gconiciry for the primary jjrjdcs made heavy use of 
ruler and compass. Ii was evident lo the developers ihai young children 
could learn some eoneepis rekiicd lo ihe Euclidean plane through con- 
si rue lion aeiiviiies, In anoiher projeet some elements of motion geometry 
were introdueed. Again, the developers reported that intermediate-grade 
pupils eould indeed capture some intuitive notions of transformations. 
Researeh and experiniental projeets rareK reported that ehildrcn eould 
not understand the eoneepts of geometry thai were developed in the project. 
The clamor of voices from these projects claiming that children eould 
learii this idea and that idea left a residuni question on the minds of respon- 
sible mathematics educators: What should he taught in elementary school 
gec^metry? 

Another force of signiiieanee for the inclusion of geometry was the 
training of preservice teachers and the retraining of teachers through in- 
service institutes. These programs reflected the conviction that geometry 
ought to be part of the elementary school program. At 4irst the preservice 
training of teachers began to include a unit or two related to geometry. 
Now a full course, generally titled **Gcometry for Elementary School 
Teachers^** is oITered and even required for clemcnlary education majors 
in several teacher-training institutions. Even the minimal preparation of 
elementary school teachers includes some geometry. 

The emphasis on in-service training that occurred during the period of 
reform wa.s, in itself, unprecedented. The motivating force for in-service 
work was often simple. Quite often programs adopted by local school 
districts contained ccnlenl that teachers did not understand. A substantially 
increased amount of geometry had been included in these new programs. 
The in-service training sessions facilitated the implementation of the 
geometry program in the elementary school. The contribution of conven- 
tional textbook programs as an inlluencing force on the growth of ele- 
mentary school geometry must also be recognized. Although curriculum 
projects influenced the thinking of educators, textbooks had an immediate 
impact on the program in geometry for a wide segment of the population. 

During the initial stages of the changing mathematics curriculum, 
notable differences existed in the amount and scope of geometry, Some 
textbooks contained only isolated ideas and topics in geometry; others 
made significant attempts to organize the child's learning. The success 
of the program in geometry as measured by pupils' and teachers' enthu- 
siasm for the subject led to an increased acceptance of geometry in the ele- 
mentary school. Textbook authors, on the whole, reflected this acceptance 
by giving more careful attention to the developmental sequence of the 
program in geometry. 
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Nationul conferences were iinothcr force thai inlUienced the develop- 
ment and retention of geometry in the elementary school. One such con- 
ference WHS ihe C ambridge Conference on School Mathematics held in 
1S^^)3. This report called for geometry to he integrated into the elementary 
school program beginning in kindergarten. As staled in the report, aims 
for the study of geometry were "to develop the planar and spatial intui- 
tion of ibL' pupil. lo alford a source of visualization for ariihmelic and 
algebra, and to serve as a model for that branch of natural science which 
investigates physical space by mathemalical methods" (2, p. 33). 

A sequel to the conference discussed above was the Cambridge C on- 
fcrence on leacher I raining. This conference look place in 1966 and 
the report is contained in (tools fi^r Mathcntath s lulucadofi of Eienicntary 
School Teachers, There is considerable speculation over the immediate 
and future impact of these conferences. One fact from the report is evi- 
dent — namely, that geometry should play an important role in an ele- 
mentary school program. 

r^nally. the number of talks on elementary school geometry at profes- 
sional conferences increased during this period. This increased interest 
in geometry can be interpreted in ditlercnt ways. The fact that more 
speakers chose the topic is a testimony to the greater attention given to 
geometry. Again, this fact can be considered a force influencing the spread 
of geometry in the elementary school. 

Summary 

In this section the development and status of geometry as an aspect of 
the elementary school mathematics curriculum has been presented. The 
current geometrv program has been viewed as the consequence of several 
forces of historical and recent origins. How the pnst decade will be 
assessed by future historians of mathematics education can only be specu- 
lated on. However, it is likely that the establishment of a geometry pro- 
gram for boys and girls will be seen as a major accomplishment of this 
period, for in less than a decade the geometry program of the elementary 
school has been transformed from one of minimal consideration to a pro- 
gram of broad scope and signilicance. 

(Content of Eleinoiilary Srhool Geometry in 1970 

By 197G, informal geometry was established in the curriculum of ele- 
mentary school mathematics. Guidelines for elementary school mathe- 
matics programs published by state departments of public education con- 
tained specific sections related to geometry. Checklists for the selection 
of curriculum material published by various professional organizations 
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listed impo riant objectives rcUital to geometry. Local curriculum guides 
reflected the belief llut informal geometry hjd a place in the curriculum 
of the elementary school child. 

I hus. the evidence from several sources indicated that geometry was 
firmly estahlished in the curriculum, and yet quest ii vis remain even rod:»y: 
How much geometry was learned h\ the elementar\ school pupil in 1970? 
What was the typical progran] in clcmcniary school geometry in 1970.' 

1 hese questions are raised tor several reasons. 'Ihcre seems to be a 
general opinion among maihcmalics educators that some elemenlary school 
teachers cither omit geometry or introduce it only if there is extra time. 
The number ot teachers who comprise this ^roup is a matter of speculation. 
On the one hand it seems true that to sonic classroom teachers the teach- 
i/2t! and Iciirn/ng of geomelry is not an essennal pari of the "real*' mathe- 
matics program. For this group of teachers, the teaching of mathematics 
centers on the acquisition of computational skills. On the other hand, 
other elementary classroom teachers are equally convinced of the impor- 
tance of experiences in informal geometry. 

What was the typical program in elementary school geometry in 19707 
In .some ways, this is difiicult to assess, for many teachers always provide 
more learning experiences than thi^se included in any planned curriculum. 
Since textbooks frcqucnlly do dcfme the basic, or core, mathematics 
curriculum in the elementary schoiM. a survey of textbooks used in 1970 
provides a reasonable means of describing a typical geometry program. 
Even so. a summary of the geometry programs existing in 1^70 still pre- 
sents sonic diniculty. 

If one attempted to summarize the arithmetic program by surveying 
various elementary school mathematics textbooks, the task would be rela- 
tively simple. Not only was there general agreement on the content of 
arithmetic, but there was even considerable agreement on the grade place- 
ment of several topics. Most textbooks presented, for example, the concept 
of adding whole numbers with renaming as a late second- or early third- 
grade topic. The multiplication algorithm for whole numbers was usually 
introduced in grade 3 and n^ore exlcnsivelx developed in grade 4. 

The development of i^cometry as represented in texts, however, was an 
entirely different matter. Neither was there agreement on the scope of the 
content, nor was there agreement on grade placement of topics. The pro- 
gram in geometry depended on the text used in the school. This fact, 
coupled with the differing attitudes a teacher may have had toward the 
importance of geometry, makes the description of a typical program quite 
tenuous. The summary, then, of the geometry in the elementary school 
presented in this chapter should be clearly understood as an **averaging" 
approximation of what existed in the 1970 textbooks. 
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A general observ:iiion cvidcnl in UiokinLi al each series of ic.xlbooks 
was thai the cunuilalive review of geoiiielry irom grade io grade was ex- 
tensive. In some series the same set oi terms and concents was reviewed 
and redeveloped at several grade levels. It is tempting to speculate whether 
currieiiluni developers and textbook writers felt geometry might have been 
onjitieJ for the pupils in prcvkjus years. 

In consulting the table of contents, topics in geometry accounted ft^r 
approximately 15 pereeiit of the total number of pages in the textbook. 
In most of the textbooks, geometry was presented in units or chapters. The 
programs contained in ditTerent textbook series represented dilTerent 
emphases in approach to geometry. Some programs made scriou.s attempts 
to sequence carefully the development of the concepts: sonic placed the 
emphasis tin the metric aspects of geometry. Other programs stressed the 
special terminology and symbolism associated with geometry, whereas still 
others presented informal geometry as a series of nearly unrelated experi- 
ences. 

F-or purptises of reference, a summary cif the major topics in the geom- 
etry programs of 1970 is presented. Although the programs are found 
within textbooks for the individual grades, the summary will be presented 
in two sections: kindergarten through grade 2, and grade 3 through 
grade The presentation is organized in this fashion to give some general 
perspective to the program, which would be niissed in a grade- by-grade 
summary. 

Kiiiiii'i smarten throu^ih i^radc 2 

The development of geometry in the kindergarten did not vary greatly 
from program to program. The content al this level generally included 
identilication and discrimination among shapes and forms such as circles, 
triangles, rectangles, and squares. Some programs placed emphasis on the 
terminology associated with the shapes: other programs developed lessons 
in which children identitied objects about them that resembled a square 
or a rectangle or a circle, Geonieiric forms and shapes were also used in 
activities that were not specitieally related to geometry content. For ex- 
ample, activities that involved finding a pattern in a sequence of drawings 
might use geometric shapes in the patterns; or a child might be asked to 
color the triangles red, the circles blue, and the squares yellow. 

The geometry programs in grades ( and 2 had wide variance. For 
example, one program had no pages in the pupils' text devoted to geom- 
etry — only a few suggej^tions in the teacher's edition of this program formed 
the basis of the geometry. Another program began grade I with lessons 
on geometry and devoted a substantial number of pages to it, developing 
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some intuitive concepts of interior nnd exterior points of a region as well 
as betweenness-of points on a curve. 

Since most mathematics programs in the primary grades were in work- 
book form where few, if any, instructions to children were given, the 
child was quite dependent on his teacher for his mathematical growth. 
The decision to include or exclude geometry at this level was totally up to 
the teacher. In the upper grades a lesson was often developed in the text 
sufficiently enough for an interested student to study geometry on his own 
even if his teacher decided to omit the unit or chapter. 

Although there was a great amount of variation in the programs in the 
primary grades, there were several common elements. First, geometry 
was approached from an informal point of view, providing the child with 
intuitive experiences. At this level there was generally little emphasis on 
precise terminology or, in some programs, on refinements of a concept. 
Second, the geometry program in grade 2 represented for the most part a 
review of the program in grade 1. This feature of review of the previous 
grade's* content was present in all programs and was repeated at each grade 
level. Third, there was an observable trend in several of the programs at 
this level to introduce concepts related to point, line, and plane. These 
lessons provided a readiness for the more formal efforts in geometry re- 
flected in grades 3 through 6. 

The geometry program in the primary grades reflected an effort on the 
part of currieuluni builders to introduce an awareness of terms and con- 
cepts. This effort served at least two purposes: first, to help the chiid 
articulate some of the observations he had made about the space around 
him; and second, to serve as a readiness for more formal developmental 
lessons in the upper grades. There was consensus among all the authors 
that the primary experiences in geometry ought to take place in a pleasant 
and informal atmosphere. 

Grade 3 through grade 6 

Several diff'erences in the mathematics program for the upper grades 
were found. Whereas the programs in the primary grades were printed cii 
consumable materials so that children could write and draw in the text 
itself, the -program in the upper grades (beginning in grade 3) was con- 
tained in a hardback text. Another difference was the dramatic increase 
in the verbal level of the text. Instruction and directions for each lesson 
were addressed directly to the children in the pupils' text rather than being 
only in the teacher's edition. A third difference was the increased for- 
mality in the development of the geometry program. Terms and concepts 
that had been introduced in an intuitive manner in earlier grades were 
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now in the upper grades more precisely approached. The use of mathc- 
malical symbolism was also substanijally (If not needlessly) increased at 
this level, finally, the scope and quantity of the geometry program typi- 
cally was greater in the upper grades than in the primary grades. 

Many of • the programs started the upper-grade geometry program 
through a point-line-plane approach. After a brief discussion of the notion 
of a point, the concepts of path, line, line segment, and curve were intro- 
duced as connected sets of points. The distinctions among these concepts, 
together with descriptive definitions, were developed in varying degrees 
of rigor. Polygons were often introduced and delined using the concepts 
previously discussed. The notion of a plane, the regions of the plane, and 
the exterior and interior points in the plane were presented in conjunction 
with the concept of open and closed curves. 

After this general introduction to point, line, and plane, the geometry 
programs were developed in several directions. Some presented lines and 
line segments, developing ideas about angles, perpendicularity, parallelism, 
and intersection, and then used these learning concepts to study the same 
concepts for lines and planes that intersected, were parallel, and so on. 
Other programs studied the circle and its properties, thereby introducing 
intersecting radii, diameters, and the angles formed. Still other programs 
seemed to lack inherent eohesiveness. developing without any apparent 
direction a lesson or two on angles and a lesson or two on closed figures. 

By the end of grade 6. however, each program had included a point- 
line-plane approach to geometry. Several programs, in fact, reviewed or 
relaught the initial concepts of point, line, and plane at each grade level 
(3 through 6) and then proceeded to deveU^r* a new area of exploration. 
No matter what program was used, the child studied something about inter- 
secting, perpendicular, and parallel lines; open and closed curves; circles 
and angles; congruent, similar, and nonsimilar polygons; and about any 
of the usual topics commonly associated with a poinl-line-planc develop- 
ment. 

Solid geometry was developed to some extent in the upper grades in 
most programs. Often this development was stimulated by pictures of 
familiar objects and the association of the name with the geometric solid. 
Generally, the lessons on solid geometry were not well integrated into the 
other les.sons on geometry. Often the pages on solid geometry were even 
separate from the other pages on geometry. The lack of direction in this 
phase was more evident than in the point-linc-planc phase of geometry. 

In the development of solid geometry, all programs included somewhere 
in the upper grades a discussion of the relationship of the number of edges, 
vertices, and faces. Most programs included lessons on the construction of 
various geometric solids from paper or cardboard. Some programs devel- 
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oped ideas relating to conic sections. Lessons as well as suggestions to 
teachers included some discussion of predicting what surface would result 
from cutting through a solid. Throughout the lessons and activities related 
to solid geoniclry was an nitcnipt to use real-world situations. 

Metric geometry was included in all the geometry programs. Seme 
programs discussed the various measures of lines, regions, and solids as 
these figures were being discussed. The measurement of the urea of a 
square or a rectangle, for instance, was developed as the quadrilateral was 
taught. In other programs, the metric aspects of figures were* developed 
in a separate section devoted to measurement. But in whatever way metric 
geometry was developed, by the end of the sixth grade a pupil would have 
had lessons on the measurement of the perimeter, area, and volume of the 
standard, regular geometric figures. In several programs the pupil would 
even have explored ways of measuring irregular figures. 

Coordinate geometry, like solid geometry, was generally developed as 
a separate topic. The locating and plotting of points in the first quadrant 
on a coordinate grid was the only common feature of all programs. Some 
programs in the later lessons of upper-grade geometry introduced the 
graphing of a linear function. In general, however, the coordinate geom- 
etry in the elementary school seemed to serve the purpose of familiarizing 
the pupil with the eoordinate grid as a way of picturing points as locations. 

In the upper-grade geometry programs of the late sixties, an attempt 
was made to approach the study of some phases of geometry in a different 
way. All the programs in the early sixties developed the concept of con- 
gruence from a traditional point of view (side-angle-side comparison of 
triangles, for example). In the early development, the figures remained 
i:talic. In some of the later programs, congruence was approached using 
some ideas from transformational geometry. Geometric ligures were noi 
static and could be moved by rotation, translation, or reflection. Thus some 
programs claimed to present elements of motion, or transformational, 
geometry. (This idea will be discussed again in the last section of this 
chapter. ) 

Summary 

Elementary school geometry in 1970 was a program in a state of flux, 
a program that was generally agreed to be evolving. The fact that geom- 
etry was, and should be. an integral part of elementary school mathe- 
matics was established; the purpose and direction of the program was not. 
Although a pupil would have had many common experiences in complet- 
ing the sixth grade (point-line-plane geometry, solid geometry, metric 
geometry, coordinate geometry), the nature of these experiences varied 
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grciilly. The ^ouls of ihc programs olicn accounicd for ihc diflcrcnccs in 
the nature of the experiences. 

Some programs indicated that geometry in the elementary school should 
prepare the pupil for later work in junior and senior high school, or even 
for college; some developed geometry simply as gtK)d mathematics, appro- 
priate for any pupil. Other programs reilected the thinking that geometry 
olTcred an opportunity for the "process" goals of mathematics, emphasiz- 
ing discovery and finding relations among geometric shapes; still others 
emphasized the relationship of geometry and the real world. Finally, some 
programs reilected the belief that geometry was to be enjoyed, providing 
interesting but unrelated experiences for the pupils. In general, however, 
most programs reflected several of the purposes listed. This mixture of 
purposes left the effect, in many cases, of a program without structure 
and without direction. 

(lontrilKition^ of (vroiitotry to ihv Elriiiriilary Scliool (iurriruhiiii 

The acceptance of geometry as an appropriate area of study in ti". ■ 
mathematics curriculum of the elementary school implies that geometry 
contributes to the learning of children. In recent years, as well as in the 
past, many arguments have been adv*. iced to justify its inclusion. In this 
section three broad areas of contribution to children's learning arc pre- 
sented. 

First, the area of geometry seems well suited to the psychology of the 
learner. Geometric ideas are an integral part of nature, design, and the 
physical world. Educators have repeatedly stressed the importance of 
relating the learning of mathematics to the physical world, particularly 
with young learners. In the study of geometry the interplay between 
mathematics and the physical world can be efTectively and naturally em- 
phasized. It further appears evident that children have a natural curiosity 
and interest about geometric ideas. 

The child's development of geometric ideas is a natural outgrowth of 
his early experiences. He lives in a world of geometric objects that he 
encounters visually and tactually. These objects have shape, size, and 
location. Thus, a geometry can be constructed to describe what the child 
has already informally encountered. In a natural and intuitive way, the 
child, for example, sees similarities between a window pane, a section of 
sidewalk, the front of a cereal box, an attache case, a wooden block, a 
piece of paper, and the cover of a book. From these experiences, the 
mathematical concept of rectangle and rectangular region are later ab- 
stracted. From experience the child also possesses an intuitive awareness 
of many properties of a rectangle: that opposite sides "match/' that oppo- 
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site sides remain the same distanee apart, that the corners arc •'square.** 
and thai a paper model can bo folded so that one part exactly lUs on the 
other pan. Many similar ilkisirations demonstrate the type of informal 
experience that a child has with geometric ideas. Within a school class- 
room alone are many examples suggesting sueh important geometric con- 
cepts and relations as point, liqc plane, angle, parallelism, perpendicu- 
larity, congruence, and symmetry. The teaching of geometry draws on 
these experiences and helps a child sharpen his perception of space and 
organize his previously haphazard notions. 

Although a precise formulation of geometric notions may require a 
degree of .sophistication oji (he part of the learner, the young learner likely 
possesses an intuitive awareness of important ideas that can be used in a 
more formal development. For example, children may realize that certain 
things ij^re the same in some sense, such as the faces of a cube or the piece 
of a pu/zle thai exactly fits a space in the puzzle. In such awareness is 
en^bedded the notion of congruence, that is. figures having the same size 
and shape. The child has also seen designs that are the same on both 
sides when folded, such as the napkin shown in figure 2,1, or has made 
a paper doll by cutting a folded piece of paper, as shown in figure 2.2. 
Sueh situations are simple instances of the ideas of symmetry in the plane. 




Fig, 2.1 



Thus a child's constant contact with an implicitly geometric environ- 
ment, together with his interest in the geometric elements of his world, 
provides a natural and fertile foundation that is psychoJogically appro- 
priate for development in a more explicit manner with children. 
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Fig. 2.2 

A second jusliticaiiun for its inclusion in the elementary school curricu- 
lum is that llie study of geometry contributes to the "process" goals of 
learning nKitheniatics. The qualitaMve aspects of children's reasoning have 
iong hecn recognized as an integrc^ p^/t of malhcmalies education. There- 
fore i( is important that pupils be involved in active inquiry, in discovering 
relationships, in formulating and testing conjectures, and in critical and 
analytical thinking. One aspect of developing these characteristics is the 
involvement of learners in appropriate activities. Geomctr)' is recognized 
as an area particularly sui^^d to these aspects of learning. 

Many of the geometric concepts, facts, and relationships about which 
educators desire that children become knowledgeable can be presented 
through the active involvement of learners with materials. For example, 
children in the primary grades are well aware of many physical examples 
of space figures or closed surfaces, such as the rectangular prism, cube, 
pyramid, cylinder, cone, and sphere (sec iig. 2.3). A section of tree trunk, 
a cim of soup, a drum, and a water pipe are physical-world examples that 
suggest the cylinder. A child has seen sugar cubes, ice-cream cones, balls, 
shoeboxes. and popcorn boxes, which are examples of the other closed 
surfaces. 

Through handling these objects as well as carefully constructed models 
of these shapes, pupils discover that some objects have only flat surfaces, 
some have only curved surfaces, and some have both. The child can 
determine the edges of these solids — that is, where the surfaces intersect — 
as well as the corners, or vertices, of the figures. This information, found 
through direct experience with models, can be organized in a table such as 
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Fig. 2.3 

the one shown in figure 2.4. As a summary experience, pupils will enjoy 
trying to identify a closed surface through a description of the number 
and kinds of surfaces, edges, and corners. 
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Fig. 2.4 



Through paper folding, pupils form "square corners," from which the 
idea of a right angle is developed (see fig. 2.5), and can discover that the 
angle bisectors of a triangle meet in a single point (fig. 2.6), which can 
later be found by constructing the angle bisectors using a compass (fig. 2.7), 




Fig. 2.5 
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Using a note card and a pencil as models, pupils can explore the possi- 
bilities for the intersection of a line and a plane. (See fig. 2.8.) Then ex- 
amples in the physical world that suggest this relationship can be sought. 




The geoboard, a flat surface on which rubber bands can be stretchea 
around equally spaced pegs, is an aid for exploring many ideas related to 
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plane figures (sec fig. 2.10). Elementary kinds of experiences can be pro- 
vided by the geoboard, such as finding the different kinds of four-sided 
figures thai can be formed or determining how many different squares can 
be found in a 4-by-4-unit section. Later, work with the geoboard can be 
extended to ideas of greater sophistication, such as area measure and 
coordinate geometry. 




Fig. 2.10 



Geometry provides many opportunities for experiences in analytical 
thinking. In figure 2.11, the labeled dots can be classified as being inside, 
outside, or on each figure. Dots that fit two classifications, such as on the 
triani^le and on the circle, can also be identified. 




Fig. 2.11 
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The theorem staliniz llnit the line .sci>nh'nt conncctini^ ih: >'ni J points 
oj ino sides oj a tr 'um\ilc is onv-halj the len\^th of the third side ^ i</ parallel 
to it is one of ihc many rclationsliips that can be a vehicle In: ioiipil ex- 
ploration and discovery in the lenient a ry school. Pupils cui he asked 
to connect the midpoints of two sides of a triangle with a li^'^ segment 
and compare its Icnglh to ihat of the third side (sec lie. 2.1,'). After 
several examples with a variety of triangles, pupils will discover the gen- 
eralization for themselves. The relationship depicted in figure 2.12 can 
also be extended. See ligurc 2.13. The segments connecting the three mid- 
points form a second triangle. Pupils can be asked what relationship 
exists hetwccn the perimeters of the two triangles. Some will be chal- 
lenged to explain why the relationship exists. 




Fig. 2.13 



Geometry, then, is a most valuable vehicle for stimulating imaginative 
thinking by pupils — a process that frequently involves spatial perception — 
as well as for engaging pupils in productive activities. 

A third argument for its inclusion in the elementary school is that 
geometry represents a unifying theme of mathematics. Geometry is a 
major branch of mathematics that has its roots in the early history of 
mankind and has many significant applications today. Thus it is appro- 
priate that pupils gain an early awareness of basic concepts and also 
develop an appreciation of the breadth of the discipline of mathematics. 
A study of geometry in the elementary school means that pupils wmH have 
continual exposure to important ideas of geometry and learn that geometric 
ideas can be used to develop and clarify ideas in other areas of the mathe- 
matics curriculum. 
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Geometric concepts also contribute eiTcctivcly to the learning of number 
and measurement ideas. Perhaps the most familiar example of relating 
geometry and number is the number line (fig. 2.14). On a line, a begin- 
ning point. A, and a unit segment, AB, arc selected. A series of units 
conguent to segment AB is then marked off along the line. The whole num- 
bers, if made to correspond to the points on the line marking the congruent 
units, .show the number of segments from the starting point, or 0. 



I unit 




0 12 3 4 

Fig, 2,14 

The number line prov ides a way of "picturing" the set of whole num- 
bers, fractional numbers, and integers as they are studied in the elementary 
school. Carefully used, the number line can be an etTcctive vehicle for 
developing important number concepts, such as order relations and opera- 
tions on numbers. 

Regions arc elTeclively used in initial developmental work with frac- 
tional numbers. In figure 2.15, a rectaniiular region has been partitioned 
into two congruent regions. One of the two congruent regions, or one- 
half of the figure, is shaded. 

I 



I I 

Fig. 2.15 

In figure 2.16, two of the three congruent regions into which the triangle 
has been partitioned arc shaded; so two-thirds of the region is shaded. 

Throughout the work with fractional numbers, both the number line 
and regions have wide applications, including their application in develop- 
ing the concept of equivalent fractions. 

In the study of measurement, arithmetic aspects have traditionally re- 
ceived the major emphasis. However, a careful development of the con- 
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Fig. 2.16 



cepls of linear, area, and volume measure has its basis in geometric con- 
cepts. 

The width of a room, as in ligure 2.17, is considered to be the length 
of a line segment perpendicular to the two longer walls. To find the meas- 
ure of line segment XY, its length is compared with that of a unit segment. 
In the actual measuring process, segments congruent to the unit segment 
can be laid olT along XY: more frequently, however, the measurement is 
done by means of a ruler or a yardstick. 




Similarly, finding the area of the table top in figure 2.18 involves com- 
paring the rectangular region with that of a given unit region. Many in- 
formal activities can be used prior to a formal study of area. One early 
experience deals with which kinds of regions have the property of covering 
a surface, leaving no gaps. Pupils are given a variety of regions, such as 
those shown in figure 2.19, and are asked to determine which of them 
will cover a given surface. As further preparation for the study of area, 
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Fig. 2.19 



pupils can be asked to determine the number of regions enclosed by figures 
drawn on grids, like those shown in figures 2.20 and 2.21. 

A highly significant example of the connection between number and 
geometry occurs in the development of the coordinate plane. In this work, 
pairs of numbers are associated with points of the plane. Graphing work is 
enjoyed by elementary school pupils and has many applications at this 
level. Again, through this work with the coordinate plane, a strong foun- 
dation in geometry can be provided by using the powerful tool of graphing. 

Geometric and number ideas are also related in the use of bar, line, and 
circle graphs. These tjpes of graphs use a geometric approach for orga- 
nizing and presenting data. 




Fig. 2.20 
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Fig. 

In this section, geometry has been justified as an area of study appro- 
priate for children on the basis of psychological, pedagogical, and mathe- 
matical considerations alone. Other cases, as cvideneed in early writings, 
can be built for the study of geometry. Amoi.g these are the cultural, 
historical, and aesthetic values derived from such work. 



Persperli^ e» on ihe (^laH^rooiii Use of Geometry 

Geometry is a new area in the elementary school mathematics curricu- 
lum. As sueh. many curricular considerations are raised regarding its 
proper role and the experiences that arc the most productive for pupils 
to study throughout their educational program. The attempt to develop 
direction, perspective, and balance is of appropriate concern for mathe- 
matics educators and curriculum developers. 

Geometry also poses problems for the classroom teacher. Many teachers 
may feel insecure about their competency with geometric ideas. Some 
recall unsuccessful experiences associated with their own study of high 
school geometry, or they may equate the study of geometry in the ele- 
mentary school with approaches used in the secondary school. Teachers 
arc also faced with a curriculum that they may perceive as being already 
too extensive for the amount of time available. Nonetheless, all teachers 
share the common desire to have enjoyable, successful learning experi- 
ences with children. They are well aware of the powerful effect of such 
experiences on motivation. On this point the message is clear: Geometry 
is a mojt effective source of ideas that children will enjoy and with which 
they will find success. This source of ideas is very extensive. In basal 
and enrichment textbook materials, professional journals, state mathe- 
matics guides, and activity programs, a wide assortment of topics is 
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presented. Many geometry experiences do not require an extensive knowl- 
edge on the part of the teacher. Rather, a teacher needs only the willing- 
ness to explore new ideas with children and the initiative to seek appro- 
priate experiences for them. 

Geometry has other characteristics that recommend it for pupil and 
teacher use. Although some aspects of number and operation work re- 
quire a careful sequencing of learning with specific prior knowledge, such 
is not true of many geometric ideas. Geometry experiences that can be 
explored independently of each other exist, requiring little previous knowl- 
edge on the part of the learner. Such experiences can be brief in duration 
or can be extended over a period of several days. 

Today, many teachers desire to engage their learners in direct learning 
experiences involving physical activities. It is again being emphasized 
that the elTective learning of mathematics often involves exploration and 
discovery through the use of materials. Geometry fits well into this re- 
newed emphasis on learning through active, direct experience. This 
aspect of geometry may have been one factor in its rapid implementation 
in the curriculum. Many geometry experiences that involve cutting, fold- 
ing, drawing, con.structing, and other uses of materials can be found. Some 
of these experiences were suggested in an earlier section of this chapter. 
Since geometry, with its close connection with the physical world, lends 
itself to activity approaches, such techniques should be maximized in the 
study of geometry and take precedence over solely visual or paper-and- 
pcncil approaches. For example, the topic of the intersections of planes 
with closed surfaces is interesting to pupils. Although a visual experience, 
such as that in figure 2.22, showing possible figures formed by the inter- 
section of a plane and a cone, is helpful, clay models of cones also can 
be constructed, with a moving wire, representing a plane, being passed 
through the model. Many kinds of di> xt, physical experiences can be 
provided both in the group development of central ideas and in the indi- 
vidual L. ploration of interesting concepts and relationships. 




Fig. 2.22 
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Today, many icichcrs have found geometry to be a most profitable 
addition to their mathematics prouram. Initially, they undoubtedly felt 
hesitant about the advisability of including geometry. Yet ihe response 
of their pupils encouraged them to expand the use of geometry and to 
begin to develop a pk.nncd scries of geometry experiences. In an mc reus- 
ing number of classrooms, geometry, then, having been found enjoyable 
to learn and to teach, has gained acceptance. As educators seek to maxi- 
mi7x ihe value of a program of geometric ideas, it is important to develop 
a sense of perspective while enjoying the fun of using nevv ideas. 

Some further considerations regarding the use of geometry are now- 
presented : 

1. ft was previously suggested that one advantage of geometry is that 
many activities can be developed without an extensive background on the 
part of the learner. Yet it is important that geometry eventually be pre- 
sented as more than a disjoint collection of facts nbout figures or a scries 
of interesting discoveries. Productive learning ultimately involves the 
tilting of individual pieces of information into a larger context through the 
careful consideration of concepts, their relationships to each other, and 
the combining of concepts to generate new ideas. To emphasize only the 
bits of geometry in which little organization is evident or to use it pri- 
marily as a recreation is to reduce the opportunity for a more productive 
comprehension of geometry throughout a child's schooling. However, 
presenting the need for a systematic development of important ideas is 
not to deny the motivational value that lies in many of the independent 
experiences that can be presented in geometry — rather it argues that a 
series of such experiences alone does not constitute a sound geometry 
program. 

2. Many ideas of geometry seem obvious, at least from an adult per- 
spective. Thus there may be a temptation to try to ''nail down" learning 
too soon with children, that is. to teach for closure. It has been recognized 
that mathematical understandings develop over a period of time as a result 
of many experiences and are not a matter of instantaneous insight. This 
awareness has received renewed emphasis in recent years through the 
work of those investigating children's thinking and learning. Geometric 
ideas, too, should be developed over a period of time in different contexts 
and at different levels of abstraction before a full understanding can be 
assumed. First-grade pupils understand the idea of a straight path. Yet 
the understanding of a line segment as an infinite set of points (with all 
that statement implies) or the distinction between the drawing of a line 
segment and the idea of a segment comes much later in the child's school- 
ing. 
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There is ulso ;i tendency to teach for closure by emphasizing the abihty 
to match names with figures and rehitionships rather than focusing on the 
ideas themselves. Ahhough the naming of figures and relationships is a 
valid objective of teaching geometry, an early emphasis on this may not 
contribute to productive learning. 

3, The study of geometry ultimately involves many new terms and 
symbols. As previously noted, the tendency to focus on precise terminol- 
ogy at early levels should be avoided — the early use of the accepted sym- 
bols for such ideas as line, hne segment, ray, parallelism and perpendicu- 
larity incurs the risk that the pupils will sense that the use of symbols is 
more important than the ideas ihemselves. Of graver consequence is the 
fact that a pupil's ability to recogni/c and use the symbols correctly may 
be considered evidence that he understands the ideas and relationships. 

There is a cio.se connection between geometry and elementary set ideas. 
The study of geometry involves the study of space — the set of all points — 
and the subsets of space. However, this relationship should not be abused 
by making geometry an exercise in set symbolism gymnastics, At some 
point it is helpful to indicate that l\ABC can be considered as the union 
of three line segments with common cndpoints, but whether it is helpful 
to .symbolize this at an early stage i\s AB u BC \J CA is dcnibtful. Simi- 
larly, the fact that two lines may intersect in a single point need not be 
symbolized as /^B r\ CD |.v) for the concept to be understood by 
pupils. It may even be that .symbolizing the relationship in this fashion 
will obscure the ideas one wishes to communicate. 

There is a place in the learning of mathematics for learning how to 
communicate mathematical ideas clearly and concisely through appropriate 
symbolism. However, perceptive teaching recognizes that ideas arc pri- 
mary, and the comprehension of ideas precedes and extends beyond mere 
adroit performance with symbols. 

The Search for Direct ion in Future Program ft 

The description of elementary school geometry programs in an earlier 
section of the chapter raised the significant question, *'What should the 
program in elementary school geometry be?" This question is the focus 
of current discussion among mathematicians and educators concerned 
with elementary school mathematics curriculum development. The dis- 
cussion is the result of concern that some content included for study may 
not be appropriate for particular age levels. The eoncern is further articu- 
lated in the form of questions about the whole thrust of the geometry 
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curriculum, or at least certain emphases found at the elementary school 
level. At present, there is consensus neither on \vh:u constitutes valid 
content lor study nor on how it is to be taught. Thus it is not surprising 
that niafheniatics educators are in aizrccnicnt on the need tor continued 
study in the search lor an appropriate malhematicai and pedagogical 
direction for Jhe geon)eiry progr;im at this level. 

In order to bring the issue into sharper focus, sonic Key elements in the 
development that led to the geometry program of the car!y l^TOs will now 
be examined, Throughout the decade of the 1960s to the present time, 
the geometry program could be broadly characterized as an intuitive de- 
velopment of standard Euclidean geometry, Axioms were not stated as 
axioms, theorems were not stated as theorems, and no formal proof was 
presented. Nonetheless, the programs frequently iirst introduced the no- 
tions of point, line, and pUme. next examined relationships between these 
elenicnis (that is. the incidence relationships), and then continued to build 
logically and systematically up to the notion of polygon before investi- 
gating properties of particular classes of polygons. Even though the pro- 
gram in geometry has ctMitinued to evolve from its inception, the above 
description still characterized the major direction after ten years of devel- 
opment. 

Speculating on factors that caused this emphasis to occur can provide 
insight into why this direction was taken. Extended work in informal 
geometry was first introduced at the junior high school level and from there 
implemented in intermediate grade levels, where much of the elementary 
school emphasis in geometry was concentrated. In addition, it had long 
been advocated that pupils needed an extended informal exposure to geo- 
metric ideas prior to a formal deductive treatment in high school, Further- 
more, curriculum developers, many drawn from secondary and collegiate 
levels, felt that not only would an early, informal, yet systematic, develop- 
ment have a definite preparatory value but also that pupils could do such 
work and would likely find it enjoyable. Finally, it was recognized that 
elementary teachers had some familiarity with standard Euclidean geom- 
etry and the task of training teachers would be lessened if such an approach 
were used* Because of a combination of factors, it appeared natural that 
the direction of geometry content take the form of an elementary version 
of what would later be treated in a more formal fashion. 

As the curriculum revision movement gained in momentum, the crea- 
tion of a geometry curriculum for the primary grades was an inevitable 
step. The willingness to try new ideas and the acceptance found for 
geometry in the upper grades were among the factors that created support 
for attempts to develop curricular experiences for the early grades also. 
However, at this level the direction to be taken was far less clear. At one 
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extreme was the allcmpl lo move the systematic poim-linc-planc develop- 
ment into the prinuiry grades, while al the other extreme the work was 
limited to the recognition of common polygons and pliysieal models of 
ihcm. augmented with a few additional random experiences. Questions 
hcgan to be raised regarding the appropriateness of seven- and cight-ycai- 
old pupils trying to determine the number of lines that may p^iss through 
one point. 

The need to find a framework for primary-grade geometry was a key 
factor that led educators to question the purpose and values of studying 
gct^melry. The questions were stimulated by the desire to find a pedagogi- 
cal and conceptual framework appropriate to the thinking ol' young chiU 
drcn. It was only natural that educators eventually asked, "Why is the 
program so closely aligned with a traditional Euclidean development?" 
and "Why should a standard Euclidean approach be the basis on which 
to construct programs?" 

Thus, toward the end of the 1960s a variety of new approaches were 
suggested, many of which differed markedly from the earlier work. One 
approach that has interested many is based on ideas of transformational 
geometry. Lessons were developed centering on topics of congruence, 
symmetry, and similarity. The lessons were described as ones in "motion 
geometry" rather than as lessons in transformational geometry. Motion 
geometry was found to be an appropriate term for young children, since 
movements of figures and shapes in the plane and in space were studied. 
Because the discussion of transformational approaches is of current inter- 
est, the following brief description will help orient the reader to some 
basic elements of such work. 

The notion of congruence is central to the ^^tudy of geometry. Under a 
transformational approach, congruence receives a strong emphasis and is 
treated in a different context. Congruence can be presented to young 
learners using the intuitive ideas of *'same size and shape'' and "exactly 
match." The active involvement of children with materials provides a 
means by which the congruence of two regions can be verified. For ex- 
ample, pupils might be involved in sorting triangular disks into equivalence 
classes. The activity is planned so thai a pupil is challenged to flip some 
of the disks to determine whether they are congruent to otiiers. (See 
fig. 2.23.) 

The sliding, turning, and flipping of these triangular disks on a desk top 
provides an important intuitive experience for the more formally described 
motions of translation, rotation, and reflection. The classification of other 
polygonal forms provides similar readiness experiences. The later work 
using motion geometry builds on the intuitive work done in the eariy years. 
The learner is led to consider whether two polygons are congruent by 
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Fig. 2.23 



rotating (fig. 2.24), translating (fig. 2.25), or reflecting (fig. 2.26) one 
to fit ''exactly'' on the ether. 

In the case of the motion of reflection, the early concepts developed in 
symmetry are especially appropriate. In particular, the line of symmetry 
takes on a deeper meaning. The child recognizes that the line of sym- 
metry used in the motion of reflection is the mirror he has used in earlier 
experiences. The study of the distance relationship between the point and 
its image and the line of symmetry formalizes the learner's intuitive feel- 
ing about the object, the mirror, and the image. 

In determining whether two polygons are congruent by using motions on 
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the plane, the learner may be challenged to use a composition of two or 
more motions, as shown in figure 2.27. 

The motions described are rigid motions — that is, the shape and size of 
the polygon remain the same after the transformation. Approaching con- 
gruence from the motions in the plane seems to be natural and lends 
itself to activities appealing to both teachers and children. 

The development of programs using some experiences in rigid mofcion 
transformation has led to a discussion of the appropriateness of an intro- 
duction to topics through other transformations. A transformation that 
preserves shape but not size can be used to gcierate triangles that arc 
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similar. Again, a certain transformation might explain what happens to 
an image on a piece of sheet rubber as it is stretched. 

The fact that some elements of transformational geometry are being 
used as an approach to the study of such familiar topics as congruence, 
symmetry, and similarity is interesting. Yet it remains a question whether 
this is the apr^'opriate direction for future elementary school geometry 
programs, h i^ain appears evident that some of the interest is the result 
of work in this diiection at the secondary school level, as well as less 
formal approaches for junior high school pupils. There again remains 
the temptation to justify elementary school curriculum work primarily on 
its preparatory value for later work. 

From the preceding discussion, it is evident that the search for direction 
in elementary school geometry is still a central focus in mathematics edu- 
cation in the 1970s. Even the proponents of innovative and promising 
approaches (such as the motion geometry approach) recognize that their 
efforts have not yet resulted in total elementary school programs. 

This continuing lack of a clear direction for the geometry program is 
due to several reasons or obstacles. One of the obstacles in estabh'shing 
a geometry program that is truly a program for children and not just a 
reflection of the secondary program is the lack of agreement on the goals 
for elementary school geometry. Geometry is unlike arithmetic in that 
there is no consensus of social necessity for geometric skills as there has 
been for arithmetic skills. In a culture whose emphasis has been on utili- 
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tarian skills, the purpose of a geometry program in the elementary school 
has not been uniformly recogni7.ed. Hence, without consensus on goals for 
geometry, the prospect of agreement in the direction for content and 
pedagogy of the elcmeniary program remains remote. However, some 
progress in fashioning a geometry program has evolved from recent cfTorts: 
curriculum developers have produced some activities in elementary school 
geometry thai pupils seem to enjoy. Clearly, these efforts in developing 
activities and lessons in geometry that are appropriate for young children 
should continue even while discussion of the goals for geometry continues. 

Another obstacle to the pos.sibility of agreement in the programs is the 
lack of evidence about what young children can and cannot do in geome- 
try. Although articles on experiences in teaching geometry have fre- 
quently appeared in professional journals, the messages gained are diverse 
and often add little insight into how children think or what they can 
indeed understand. There is only a meager history of research in mathe- 
matics education related to geometry and the elementary school child. 
F"ortunatcly. a consensus among mathematics educators on the need for 
basic research on how children learn mathematics is growing. This em- 
phasis on basic research, along with a balancing effort of classroom appli- 
cations of the research, is a vital and missing link in the search for direc- 
tion in elementary school geometry. 

A third obstacle in this search for direction is the diffuse nature of 
geometry as compared to arithmetic. The pedagogical development of the 
arithmetic program is structured to a great extent by reasons of the internal 
organization and structure of the content itself. For example, the study 
of rational numbers would usually not precede the study of whole numbers; 
likewise, multiplication of whole numbers generally follows addition. In 
geometry, however, the study of polygons does not necessarily follow the 
study of incidence relations; a child needs neither an understanding of, 
nor a set of skills in. the point-linc-plane development to understand an 
intuitive development of coordinate geometry. Whatever the organization 
of topics in the programs in the 1970s, the basis for this organization was 
not apparent to the teachers and children using it. The overall impression 
was that the geometry program consisted of a diffuse set of topical ideas. 
Whether this apparent difTusencss must be inherent in the elementary 
geometry program or whether a truly organized and structured program 
can be developed remains for the future to determine. 

A geometry program conceived and developed for the elementary school 
child has not yet been fashioned. It is clear that although it would be 
desirable to outline the elementary geometry program of the future^ such 
a task is not possible now, given the state of present knowledge; however, 
some aspects of an appropriate program for elementary school geometry 



48 



GrOMETRV IN TUr. MATHliMATICS CURRICULUM 



can be described here. The following factors should be present in any 
program developed for the elementary school: 

1. The proj^rani should be fnaihcfnatically cohesive. In the early days 
of ihe reform period, the geometry program often appeared to consist of 
a disconnected set of hits and pieces of concepts. This approach has not 
been entirely withoui merit in the sense that several sets of go<^d lessons 
about a particular topic have been developed. However, these sets do not 
fit tt)gether, and thus the geometry curriculum ha,s not been presented 
as a cohesive entity either to children or to teachers. Teaching demon- 
strations related to geometry often emphasized the aspects that would be 
enjoyed by children — clearly, children should find the lessons and ex- 
perienees in geometry interesting, but the program should not he relegated 
to a role of fun and games. Although geometry does not have to be as 
tightly structured as the ahthmetie progrum (in fact, it probably should 
not he), the child should be able to relate new learnings to previous learn- 
ings, and — what is perhaps equally important — the teacher should under- 
stand why he is teaciiing a particular idea in geometry and how this idea 
fjts into a geometry sequence. 

2. The program should he inUmnal rather than formal. The view (hat 
the elementary school program serves only as a preparation for high school 
and college is one that promoted a fair amount of formality in some of the 
programs in the sixties. ConsequentJy, some programs merely included 
secondary school topics that were modified for the elementary school pupil 
only by the augmentation of explanations, illustrations, and examples. 
In some cases, the attention devoted to definitions and symbolism seemed 
to be greater than the emphasis on the geometric concepts themselves. 
Certainly a geometry program in the elementary school should not exist in 
ignorance of more advanced concepts, but it is important that the initial 
presentation of concepts be informal, using (he child's language to assure 
communication. Thus the distinctions between a rectangle and a rec- 
tangular region or between a line and a line segment may be inappropriate 
for the very young child. As valid reasons for such distinctions arise, they 
can be made in a natural setting so that retincments of concepts develop 
within the young learner. An appropriate geometry program will consist 
of informally presented concepts that, in turn, are used as building blocks 
for more formally developed ideas. Initially, then, the child should handle 
objects, discuss their properties in his own language, and discover some 
of the spatial relations himself or through interaction with other ehildren. 
These informal experiences can then be gradually translated into more 

Q formal organizing aspects embodied in definitions and symbols, 

ERIC 



INFORMAL GEOMETRY IN GRADES K-6 



49 



3. The geometry program should relate geometric ideas to the real 
world. One of the reasons continually given by educators for the inclusion 
of geometry in the elementary school is that it provides numerous oppor- 
tunities to explain spatial relations to the ever-curious minds of children. 
One focus of direction in the elementary school program, then, should be to 
encourage children to investigate the spatial relations around them. The 
child should be encouraged to observe the shapes of objects, to compare 
and contrast these shapes, to articulate and discuss the properties he has 
observed, and to begin to organize these observations. Conversely, the 
child should be encouraged to seek out in the physical world examples of 
ideas and concepts presented in a classroom lesson in geometry. Labora- 
tory activities involving experiences with geoboards and other manipula- 
tive devices should be a part of every elementary program in geometry. 
Relating geometry to the physical world (and vice versa) provides an 
opportunity for the child to see mathematics as something really useful 
in interpreting his surroundings. 

4. The geometry program should fit the thinking and learning patterns 
of the elementary child. The Jieed for basic research in the learning of 
mathematics, and of geometry in particular, has been mentioned as a 
widespread belief among mathematics educators. This research is neces- 
sary to help determine both the appropriate content and the appropriate 
pedagogical development for elementary school geometry. In addition 
to the basic research aimed at how and what children can learn, class- 
room studies must continue to examine the effectiveness of varied se- 
quences of topics. This intermeshing of basic research and classroom 
applications is a prerequisite for any definitive direction in geometry. 
Clearly, a determination of a logical order of development is not enough, 
for the logical order is not always the appropriate pedagogical order. Thus 
the development of geometry programs must rest equally as well on con- 
siderations of child development as on consideration of content. In past 
years, it appears that the latter consideration often received undue em- 
phasis in the development of elementary school, geometry. Aspects of 
child development — his interest in objects, his natural attraction to activity- 
oriented tasks, his natural curiosity, his early limitations in vocabulary — 
must be taken into account in the construction of a geometry program. 

The four factors described in the preceding paragraphs are essential for 
any geometry program developed for the elementary child. Although such 
a program does not yet exist, it is encouraging to note the many serious 
efforts that have been made in the decade of the sixties and early seventies. 
Research and curriculum development in elementary school geometry is 
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now legitimate scholarly activity for mathematics educators. With the 
continued cooperative elfons of scholars, experimental projects, curricu- 
lum writers, and classroom teachers, a program truly developed for the 
elementary child will evolve. 

In summary, as considerations are raised about the appropriate direction 
for future programs in elementary school geonieiry. I hey should not 
diminish the recognition of the substantial gains of the past decade. Geome- 
try has been established as an integral and vital component in the ele- 
mentary school curriculum, li has already been recognized as an efTective 
means of enhancing and broadening the learning of mathematics for chil- 
dren. The recommendations and hopes of matliematicians and educators 
of the past 100 years were put into eifect in the 1960s. In spite of short- 
comings in the program, geometry has enjoyed widespread success among 
teachers and children. The promise of a more appropriate program is 
encouraged by the continuing eflorts of educators through the sixties up 
to the present. While the search for direction in the elementary school 
geometry program continues, one fact remains: Geometry is and will 
remain a part of the elementary school mathematics program. 
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Informal Geometry 
in Gratles 7-14 

JOHN C. PETERSON 



Jj^oR MANY years informal geometry was the exclusive domain of the 
junior high school curriculum. Then, in the 1950s, a revolution in 
school mathematics began sweeping through the schools. These revolu- 
tionary ideas included an emphasis on the structure of mathematics and 
an emphasis on ''discovery teaching.'' The emphasis on discovery teach- 
ing should have been a boon to the leaching of informal geometry in 
secondary schools. However many teachers were reluctant to use dis- 
covery methods in their teaching, and informal geometry relies quite 
heavily on a discovery philosophy toward teaching. As a result, informal 
geometry was de-cmphasized. 

Fortunately, some of the decrease in informal geometry at the secondary 
school level can be compensated for by the increase in informal geometry 
in the elementary school curriculum. Yet, there is a place for informal 
geometry in the secondary school curriculum. As educators come to 
realize how people learn mathematics, many arc deciding that the study 
of geometry as a deductive system can be enhanced by the use of inductive 
reasoning. Informal geometry provides an excellent vehicle with which 
to use inductive reasoning. 

This chapter will include (1) a historical development of informal geome- 
try in grades 7-14, (2) a discussion of the possible role of informal 
geometry in grades 7-9, and (3) the possible continuing role of informal 



52 



INFORMAL GEOMRTRY IN GRADES 7 14 



53 



gcomclry in grades 10—14. Appropriate methods to use in teaching in- 
formal geometry and how informal geometry is related to other mathe- 
matics will be discussed. 

Hi8loriral Huek^rount! 

C\)urses In geometry were not a part of the secondary sehool curricu- 
lum until after geometry was made a college entrance requirement. In 
1865 Vale began to require geometry for entrance: Princeton, Michigan, 
and Cornell included geometry as an entrance requirement in 1868; and 
Harvard required geometry and logarithms for entrance in 1870 (20, 
p. 27). Thus when geometry entered the secondary school curriculum, 
it entered as essentially a college subject — a formal, demonstrative sub- 
ject. 

At the same time, attempts were made to introduce informal geometry 
into the elementary schools. (Since there were no junior high schools 
before I9I0, the elementary schools included grades 7 and 8.) In 1854 
Thomas Hill wrote his First Lessons in Gvometry (23, p. 10). He in- 
tended this bot>k-for children of from six to twelve years of age. Hill's 
philosophy, aptly stated in the preface of his book, can also be seen in 
the motto on the tille page: "Facts Before Reasoning." In 1863 Hill 
published his Second Book in Geometry. The motto on the title page of 
his second book was "Reasoning Upon Facts.'' He intended the second 
book for children of from thirteen to eighteen years of age. 

Another effort to institute geometry in the elementary school was made 
by Bcrnhard Marks, principal of the Lincoln School in San Francisco. His 
text. First Lessons in Geometry, was published in 1871 (5, pp. 63-64). 

Throughout New England more and more experiments were conducted 
in intuitive geometry. Cambridge, Massachusetts, began to include the 
elements of intuitive geometry in its grammar schools by 1893. "In that 
year. Professor Paul+i. Hanus of Harvard University gave a course of 
lectures *to the teachers of the seventh, eighth, and ninth grades''' (5, 
pp. 64-65). 

More and more people were advocating reforms in mathematics teach- 
ing and were in favor of the introduction of geometry into the elementary 
schools. At this time the mathematics curriculum of the eight years of 
elementary school consisted of arithmetic, arithmetic, and still more arith- 
metic. Most students completed their formal education with nothing more 
than an elementary school education, and so the majority of people had 
no knowledge of geometry of any kind. 

The 1890s saw many additional suggestions for reforms in the secondary 
school curricula. Among these was the Report of the Committee of Ten 
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on Secondary School Studies, published in 1894. The reeommendations 
of the Committee of Ten included one favoring a reduction of the ele- 
mentary school from eight years to six years. This would allow many 
secondary school subjects to begin two years earlier. The subcommittee 
on mathematics suggested that demonstrative geometry should begin at 
the end of the first year's study of algebra. However, the malhematies 
subcommittee alsu recommended that 

a course of instruction in concrete geometry, with numerous exercises, he 
introduced into the grammar school. The ohject of this course would be to 
familiarize the pupil with the facts of plane and solid geometry, and with 
those geometrical conceptions to he subsequently employed in abstract 
reasoning. During the early years the instruction might be given informally, 
in conneeiion with drawing, and without a separate appointment in ihc 
school calendar; after the age of ten years, one hour per week should be 
devoted to it. (21. p. 1061 

The recommendation specifically called for a reduction in the teaching 
of arithmetic along with the introduction of concrete geometry. Concrete 
geometry was to occupy one forty-to-forty-five-minute recitation period 
a week during the fifth, sixth, seventh, and eighth grades. 

The following year. 1895, the Commiilec of Fifteen presented their 
report to the Department of Superintendence of the National Education 
Association. Here, also, was the call for a reduction in arithmetic teach- 
ing: 

With the right methods, and a wise use of time in preparing the arithmetic 
lesson in and out of school, five years arc sufiicient for the study of mere 
arithmetic — the five years beginning with the second school year and ending 
with the close of the sixth year. (11, p. 24] 

But in conjunction with the reduction of "mere arithmetic,'' the Com- 
mittee of "Fifteen promoted algebra instead of geometry. In fact, they 
were quite vehement that informal geometry should not be included in the 
curriculum (II, p. 44). 

So we see that therr was disagreement between the Committee of Ten 
and the Committee of Fifteen. Yet there also was disagreemem among 
the members of the Committee of Fifteen: Charles B. Gilbert, in his 
dissent from the report, commented, "I desire to suggest that geometry 
may be so taught as to be a better mathematical study than algebra to 
succeed or accompany arithmetic in the seventh and eighth grades" (II, 
p. 126). 

Four years later, in 1899, the Committee on College Entrance Require- 
ments attempted to bring about better articulation between the secondary 
schools and the colleges. In their reeommendations they advised that, 
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assuming the length of the recitation period to be at least forty-five min- 
utes, the seventh grade include four periods a week of concrete geometry 
and introductory algebra and that the eighth-grade program include four 
periods a week of introductory demonstrative geometry and algebra (22). 

For the next dozen years no new recommendations were forthcoming. 
Then in 1911, just as the junior high school was becoming established, 
a new committee, the National Committee of Fifteen on Geometry Syllabus, 
submitted their preliminary report (12). The final report was published 
in 1912 (13). Commenting on the poor results that previous recom- 
mendations had brought, the committee made the following statement: 

In spite of all the discussion about constructive geometry (intuitive, 
metrical, etc.) in the first eight grades, carried on in the past half century, 
no generally accepted plan has been developed to replace the old custom of 
teaching the most necessary facts of mensuration in connection with arith- 
metic. We have, therefore, at this time, algebra in the ninth school year, 
plane geometry in the tenth, and algebra and geometry in the eleventh and 
sometimes in the twelfth. [13, pp. 83-84] 

Hoping that their suggestion would replace the "old custom," they made 
the following proposals: 

A special course in geometry in the graded school is desirable, if at all, 
only in the last grade or the last two grades [seventh and eighth]. In such 
a course no work of demonstrative character should be undertaken, though 
work may be done to convince the student of the truth of certain facts; for 
example, by 'paper folding or cutting a variety of propositions may be made 
evident, such as the sum of the angles of a triangle is- 180°, etc. ... 

Emphasis should be laid upon the facts with which the student is already 
familiar through the work described above: . . . 

Emphasis should also be laid on other work of a concrete nature which 
involves direct use of geometric facts. Thus the propositions concerning 
the similarity of triangles should be introduced by means of the drawing of 
figures to scale. ... 

Contrary to the traditional procedure, the forms of solid geometry 
should be emphasized even more than those of plane geometry, for they 
are more real and more capable of concrete illustration. [13, pp. 90-92] 

Junior high schools were becoming more and more prevalent, and the 
curriculum of the junior high schools became one of the major issues. At 
their spring meeting in 1917, the president of the Association of Teachers 
of Mathematics in New England appointed the seven-member Committee 
to Recommend a Suitable Program in Mathematics for the Junior High 
School. The committee included the following geometry recommendations 
among the topics that should appear in the junior high school course in 
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mathematics. For tlic seventh grade, mensuration was the only ceometrie 
topic. Included in the realm of niensMralioi4 were ''{a) formulas for tlie 
areas of reelilinear hgurcs and circles; ih ) rectangular and circular graphs** 
(1. pp. I3()-37). Eighth grade would include "plane geometric figures — 
construction and classilicutiiin of lines, angles, triangles, and quadrilaterals; 
graphical representation of statistics using squared paper" (p. 137). Ninth 
graders would study the "properties of plane geometric figures informally 
developed (lines, angles, triangles, and quadrilaterals)** (p. 138). 

In 1916 the National C*ommittee on Mathematical Requirements was 
established by the Mathematical Association of America. The committee's 
final reptirt. The Rrori^ani nation of Matlivmutics in St'condciry (uiucatuni. 
was published in 1923 and is often referred to as The 1923 Report ( 19). 

The 1^23 Report suggested that junior high school mathematics include 
the topics of arithmetic, intuitive geometry, algebra, numerical tri go nome- 
try^-owi-denioustrahve geometry. A detailed list of recommended intui- 
tive geometry topics was included in The 1923 Report along with a general 
philosophy toward intuitive gcomelry; 

The work in intuitive geometry should make the pupil familiar with the 
elementary ideas concerning geometric forms in the plane and in space 
with respect to shape, size, and position. Much opportunity should be pro- 
vided for exercising space perception and ini agination. The simpler 
geometric ideas and relations in the plane may prop?rly be extended to 
three dimensions. The work should, moreover, be carefully planned so as 
to bring out gcomclric relations and logical connections. Before the end 
of this intuitive work the pupil should have detinitcly begun to make 
inferences and to draw valid conclusions from the relations discovered. In 
other words, this informal work in geometry should be so organized as to 
make it a gradual approach to, and provide a foundation for. the sub- 
sequent work in demonstrative geometry. 1 19. pp. 22-23| 

The committee then tillered five plans suggestive of the ways in which 
the work might he completed. None of the five was recommended as 
superior to the others. Two of the plans completely omitted demonstra- 
tive geometry, and four of the five plans recommended the inclusion of 
intuitive geometry. 

A preliminary report of the National Committee on Mathematical Re- 
quirements entitled Junior Hii>h Sehool Mathetmitics was published in 
1920 (18). The recommendations for informal geometry in this pre- 
liminary report were essentially the same as the recommendations in The 
1923 Report. 

The January 1921 issue of the Mathematics Teacher (the first issue 
published under the auspices of the newly formed National Council of 
Teachers of Mathematics) included ''A Symposium of Discussion on the 
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National CominittL'c Report on Junior High School Mathematics." The 
symposium consisted oi" several mathematics educators giving their reac- 
tions to the report; Marie Gugie, assistant superintendent of the C olumhus, 
Ohio, schools and fourth president of the NCTM, stated that "there is no 
other phase of elementary mathematics that makes such an appeal to all 
types of pupils [as does intuitive geometry]'" (6, p. 27), and William 
Bctz. mathematics specialist for the Rochester, New York, schools and 
seventh president of the NCTM, cautioned that 'Mt might be well to inform 
inexperienced teachers that intuitive geometry is not primarily a textbook 
subject, that it requires constant contact with concrete material, and that 
the method of procedure is all-important" (p. 33). 

The 1923 Report contained no actual recommendations for including 
informal geometry in the high school curriculum. It did, however, contain 
some hints that could be inlerprctcd as advocating the inclusion of informal 
geometry. (See 1 9, pp. 36-37.) 

What efTeet were the recommendations of these various committees 
having on the curriculum? One of the several studies conducted in the 
1 92()s gives some indication. William Bctz reported on a 1924 study by 
James M. Glass on "Curriculum Practices in the Junior High School and 
Grades 5 and 6," in which Glass made a detailed study of the junior high 
school curriculum in fourteen representative centers. His results indicated 
that intuitive geometry was being taught an average of 90, 75, and 85 
minutes each week in grades 7, 8, and 9, respectively (4, pp. 1S4-53). 
Yet Bctz, the most outspoken advocate of intuitive geometry, was quick 
to point out that "intuitive geometry has not yet received the attention to 
which it is entitled" (p. 162). 

In 1932 the NCTM appointed the Committee on Geometry. This com- 
mittee originally consisted of six members, but on seeing the immensity 
of their task, they quickly expanded to twenty-six members. The final 
report of the Committee on Geometry was published in 1935. (See 2.) 
The committee surveyed 101 teachers and found that informal geometry 
was almost entirely thought of as a junior high school suhject. A few 
teachers indicated that they preferred to use the result of any inductive 
proofs. J. Shibli disagreed with his fellow committee members on the 
placement of informal geometry. He felt that the material then being 
taught in grades 7 and 8 should be transferred to grades 5 and 6. *'Most 
of this material is too easy to be interesting and challenging to children of 
grades 7 and 8; and it is easy enough for grades 5 and 6.*' He then proposed 
an inductive-deductive, intuitive-demonstrative geometry course for junior 
high school (2, p. 342). 

In 1940 the reports of two more committees were published. One com- 
mittee, the Joint Commission of the Mathematical Association of America 
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and the Nutionnl Council of Teachers of Mulhcmahcs. di\'idcJ ihcir spe- 
cific recommendations for informal geometry into tour sections: Basic 
Concepts. Basic Skills or IVcliniqucs. Imporlant (Geometric Facts and 
Relations, and Discovering and Testing (ieometrie Relationships (17. 
pp, 83-85 ). The only grades Indicated tor leaching informal geometry 
were the seventh and eighth. The ninth grade was reserved for the review 
and extension of concepts, skills, faets. and relatiiins anti applications, 
preferably in relation to algebra. 

The next year World War II enlarged, and United States tnuips were 
directly involved. The inadequacies of the niatlieniaiicai programs of our 
schools became very conspicuous in the hght of the malhematies defi- 
ciencies diseovered among the inductees. Several coniniitiees were formed 
by the U.S. Office of Education in cooperalion with the NC fM. Many 
recommendations were made, but they were priniariU concerned with 
refresher courses for high sehool students not stud\inii mathematics. 

At its annual meeting in 1944. the NC/TM created the Commission on 
Post-War Plans. This eommission was to plan for etfeeti\e programs in 
secondary mathematics in the postwar period. A cheek list of twenty-eight 
items that the eiun mission considered essential for functional compel en cc 
in malhematies was given. Among these were only four that would seem 
to apply to informal geometry in the junior high sehool { 10. pp. 

The next ten years were void of any new reeonimendalions. but in 19f^5 
the College Entrance Examination Board (CEEB) appointed the Com- 
mission on Mathematics '*to study the present secondary school malhe- 
maties curriculum with a view toward the reeoniniendation of a realign- 
ment of the entire secondary mnihenialics program to provide ud equate 
preparation for the study of present-day eollege and advaneed mathe- 
matics" (7. p. 19). In 1956 the Board of Directors of the NCTM ap- 
pointed the Seeondary Sehool Currieulum Committee. The committee was 
"to make a comprehensive and critieal study of the curriculum i:nd in- 
struction in mathematics in seeondary schools with relation to the needs 
of eonteniporary society** (7. p. 35). Both ecmimittces published their 
reports in 1959. 

The Secondary Sehool Curriculum Committee gave a detailed list of the 
elements of informal geometr\ it felt were appropriate for grades 7 and S. 
This material might well constitute from 20 to 30 percent of that presented 
in grades 7 and 8. However, the committee's only recommendation for 
informal geometry in the ninth grade was thai a liberal use should be made 
of geometric drawing in illustrating problems wherever possible (25, 
p. 406). 

The CEEB Commission on Mathematics did not feel that its task in- 
cluded a careful study of the mathematics program of grades 7 and 8. 
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However, ihc commission clid give sonic common is on junior high school 
mathematics and the essential suhjcet matter that should he ineluded. The 
gconietr) that the commission felt ^^a.s essentia) for junior high school 
students was divided into two sections: (1 ) measurement and (2) rcia- ' 
tionships among 'eomeirie elements. All this could he classified as informal 
geometry. 

In the section entitled "Specilie proposals lor gcometrv*' are these 
comments concerning tlie role of informal geometr\ in the secondary 
school curriculum: 

As has alrcad) been set forth, it is fell that a subsianiiul iniroduciion lo 
geometry on an iniuiiive and informal basis should he aceomplished in the 
seventh and eighth grades. A sense of geometric lorm, a knoweldgc of 
simple Lieomeiric facts, and skill in simple gciimeiric conslrueiions are all 
appropriate achievements for junior hiiih school or up[Kr grade-school 
pupils, . , . hi a sense, this intuitive geometry may be thought of as the 
physieal ycumeiry of the space in uhieh we live, rather than as an abstraei 
mathematical system, [9. pp, 24-25] 

Several organizations were' being formed at this time lo improve the 
teaching of mathematics. A:')onr the most notable of these were the 
School Mathematics Study Gjoup (SMSG) and the University of Illinois 
Committee on School Mathematics (UlCSM). Most of the curriculum 
organizations were interested in improving llu; mathematics curricuium 
for the colIcgc-bound student. As a result, informal geometry did not gain 
in importance, since the emphasis was placed on the axiomatic nature of 
mathematics. Thus, although SMSG believed thai the curriculum for 
grades 7 and 8 "should Include a sound intuitive basis for algebra and 
geometry courses to follow" (27, p. 455). they did not follow the recom- 
mendation of the CEEB commission to teach geometry ''as a series of 
deductive sequences linked by more informal and intuitive sections to lay 
a stress on postulational systems" (20. p. 278). However, the emphasis 
that was being placed on diseovery teaching, if used to its best advantage. 
w(^u)d have compensated for this lack of informal geometry. 

In 1963. a group of twenty-five professional mathemaliciuns reviewed 
school mathematics and established goals for mathematics education. Their 
goals, known as the Cambridge report, included some recommendations 
for the elementary school, which were given in the previous chapter of 
this book, but presented two somewhat diflerenl approaches to a curricu- 
lum for the secondary schools. The first approach consisted of algebra 
and probability in grades 7 and 8 and included in grade 9 a section on 
"intuitive and synthetic geometry to the Pythagorean theorem" (8, p. 44). 
The second approach included the axiomatic development of Euclidean 
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g«,^omclry of two and three dimensions in grades 7 and 8. In the ninth 
grade the only i»comctry that might be considered informal was that of 
the volumes of figures. Informal geometry, aceording to the Cambridge 
report, was lu become almost the exclusive properly of the elementary 
school curriculum. 

In the last eighty years, many committees have been formed and have 
made many recommendations. All the recommendations for including 
infdrmal geometry in grades 7—14 limited it to grades 7 and 8. Thus 
historically there is little justification for including informal geometry 
topics later than grade 8. But informal geometry is more than jusi a list 
of specific topics — it is a method of teaching geometry. Informal geometry 
at its best makes use of discovery methods of teaehing, inductive reason- 
ing, and the siudenl's inquisilivcncss. Thus, whereas the topics normally 
included in informal geometry have not been advocated for high school 
students, the philosophy of teaching that pervades informal geometry has 
been in the mainstream of malhcmalics education the last fifteen years, 

fnformai (^roniolry in Gradca 7-9 

Informal geometry is an established part of the secondary school cur- 
riculum. However, most of the informal geometry in the curriculum has 
been traditionally confined to grades 7 and 8. Until recently there was 
relatively little informal geometry in the elementary school curriculum. 
The fact that informal geometry is becoming more and mere a part of the 
clementarj school curriculum was pointed out in the previous chapter. 
Even with the increase of informal geomeiry in the elementary school, there 
is still a great deal of informal geometry that can be, and should be, in- 
cluded in the secondary school curriculum. 

Some of this informal geometry is a cotuinuaiion ond extension of the 
informal geometry currently being taught in elementary school. Other 
aspects of this informal geometry involve completely difjerent approaches 
to some concepts. One example of this is the University of Illinois Com- 
mittee on School Mathematics (UlCSM) textbook series Motion Geom- 
etry (26), which provides slow learners at about the eighth-grade level 
with a look at informal geometry through geometric transformations. 
Another way in which informal geometry ean be used in secondary schools 
is to provide inductive lessons that will e vuible students to form conjectures. 
These conjectures can then be either proved or disproved using deductive 
reasoning. 

This use of informal geometry emphasizes the philosophical idea that 
informal geometry is a method of teaehing as well as a list of specific topics. 
In many instances this use of informal geometry is more important than 
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the topical issue. 1'he remainder of this chapter will include examples 
of each of these three ways in which informal geometry is, or should be, 
included in the secondary school curriculum. 

Continuation and extension 

Many geometric ideas are begun in elementary school, but most of 
these ideas need to be reinforced and then extended. Reinforcement 
usually includes a reintroduction and a review of the concepts. These 
activities are necessary, since many students will have forgotten much of 
what they had previously learned. Extension, or continuation, of the con- 
cepts involves a more .sophisticated look at the concepts and uses the 
previously learned ideas to investigate some problems that, in the stu- 
dent's experiences, are unsolved. A more sophisticated look at a concept 
can be accomplished in several different ways: the concept could be em- 
bedded in a .structure, more information could be provided, applications 
could be presented, more precision could be used, or an in-depth study 
could be undertaken. 

For example, suppose the rtudents had previously learned hovi' to deter- 
mine the area of a rectangle. An exten.sion of this concept would be to 
u.se it to help determine the areas of parallelograms and triangles. Simi- 
larly, the student's knowledge of how to determine the volume of a right 
rectangular prism is used to help determine first the volumes of other 
specific types of prisms (right triangular prisms, rectangular prism.s, and 
so on) and then the volume of any pri.sm. Related to these concepts are 
the concepts of conservation of area and volume, which are begun in the 
elementary school but which need to be reinforced in the junior high school. 

Much of the work in the elementary .schools includes the definition of 
many geometric idens. Many, if not all, of these definitions are reviewed 
in junior high school. An investigation of some junior high school text- 
books being used in 1970 indicated that the following concepts were 
included: point, line, plane, space, segment, ray (half-line), half-plane, 
half-space, angles (acute, right, obtuse, straight, vertical, adjacent, com- 
plementary, supplementary, corresponding, alternate interior, alternate ex- 
terior), perpendicularity, parallelism, skewness, collinearity, coplanarity, 
coincidence, concurrence, betweennes.s, separateness, perimeter and cir- 
cumference, area, volume, polygons, circles, prisms, pyramids, cones, cylin- 
ders, spheres, congruence, symmetry, and similarity. The following con- 
structions were included: copying an angle, bisecting an angle, copying a 
.segment, copying a triangle, drawing a perpendicular to a line through a 
point either on or not on the line, bisecting a segment, drawing polygons 
(such as rectangles, squares, parallelograms, and regular hexagons), and 
drawing incircles and circumcircles. 
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The introduction of informal geometry in the elementary- sehool has 
provided mathcmalies ediieators with an exeellent opportunity to make 
better use of the spiral approaeh when teaching geometric concepts. A 
geometric concept can now be taught during three or more school ycurs 
instead of the previously iillotted two years. This extra time allows for 
additional reinforcement and extension of the concepts. Students should 
thus be able to understand a concept better and retain it longer. Examples 
of how students can improve their understanding of a concept can be 
seen in some approaches toward the measurement concepts of length, 
perimeter, area, and volume. Approaches vary, but some of the hest ap- 
proaches begin in the elementary school by focusing attention on the basic 
measurement procedure of selecting a unit, dividing the object to be meas- 
ured into the chosen units, and then counting the number of units. This 
approach enables the student to gain an understanding of the measurement 
process before he begins to generalize formulas. Figures 3 J through 3.4 
illustrate how different units can be used to measure the same object. For 
example, in figure 3j the student is asked to determine the distance 
around the object shcnvn in the ligure by using each of the indicated units; 
in the next three figures (3.2-3.4) he must determine the measure of the 
interior of the objects shown using the units indicated for each object. 
This process is extended in the junior high school. Using the understand- 
ing of the measurement concept that was established in clementar\ school, 
students are now able to generalize their ideas and develop formulas.' 



Unit A Unit B Unit C Unit D 

rift. ^ 

Exercises such as those pri)vidcd in figures 3.1-3.4 should enable the 
student to realize that the unit used to find the length, area, or volume 
is primarily a unit of convenience. He should also realize that the measure 
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of any object depends on the unit that is used to measure the object. 
Finally, the student should realize that although the unit of measure is 
arbitrary, men have selected a few units that arc usually more convenient 
to use than other units. 

Once the student has accepted the idea that convenient units for meas- 
uring the areas of plane figures arc square units, he is ready to use this 
unit to develop formulas for the areas of these plane ligures. If the teacher 
is alert in preparing problems, the counting procedure often yields an 
exact answer and is available and appropriate for many simple problems. 
As the problems become more difficult, the student gets the feeiing that 
there ought to be a better way to compute the area than counting, even 
though counting may be an appropriate method. Figure 3.5 shows how 
to create in the student the need for a better method of computing the 
area of a rectangle. The area of rectangles A and B in figure 3.5 can 
easily be found by counting, but finding the area of rectangle C by counting 
is a very tedious task and should instill in the student a need for an easier 
method to determine the area of a rectangle. 
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Fig. 3.5 



Counting is not always an exact procedure for finding the areas of 
figures. To determine the area of each of the figures in figure 3.6, it will 
be necessary for students to estimate. Some procedure must be agreed 
on for counting the squares that are not entirely contained within the 
geometric figure. The presence of incomplete squares means that students 
will experience difliculty in determining the area of these figures. This 
difficulty, plus the tedium of counting squares in such a figure as E in 
figure 3.6, should again arouse in students the need for an easier method 
for determining the area of plane geometric figures. Yet it should also 
create an understanding of what is meant by area. 
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There is some ambiguity about what is meant by length, area, and vol- 
ume. Some mathematicians assert that these concepts arc numbers. Hence 
it is odd to speak of measuring length, area, or volume. Other mathema- 
ticians are willing to equivocate in the use of these terms and find it reason- 
able to speak about measuring length, area, and volume. Thus area refers 
to a measure of the region. This understanding of area is as important as, 
if not more important than, getting the student to use a formula to deter- 
mine the area. 

One other important concept that is necessary for developing many of 
the area formulas is the concept of conservation of area. Even though 
conservation of area is taught in the elementary school, it needs to be 
reintroduced and reinforced in the junior high school. Thus the student 
must realize that the area of shape A in figure 3.7 is not altered if il is cut 
and reassembled into a different shape such as shape B. Similarly, the 
areas of shapes C and D in figure 3.7 are not altered if thev are cut and 
reassembled into the different shapes indicated by the dotted lines. Unless 
the student understands conservation of area, he will not be able to under- 
stand some of the demonstrations for determining the area of geometric: 
figures. 

Returning once again to the concept of the area of a rectangle, the 
student should realize by now that there certainly must be an easier method 
of finding the area of a rectangle than by counting squares. One approach 
would be to have the student work on exercise sets such as the one in 
figure 3.8. Again the student is asked to count, but this time he is asked 
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Fig. 3.7 



lo find not only the area but also the Icnglli and width ol' each rectangle 
in tigurc 3.8 and to enter his findings in the following table: 



Rcclanglo 
A 
B 
C 

n 

I- 



^4' 



ID 



Lcngih 



Width 



Area 



ill! 



ni±rr!l"n±ii± 



f^ig. 3.8 

The geoboard and its substitute, dot paper, have recenily become very 
popular manipulative devices for teaching the area of polygons. For ex- 
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ample', if the shaded region (A) in figure 3.9 is used to represent one unit 
ol' area, then the area ol" eaeh polygon (B through H) in figure 3.9 
ean be determined. One vcr\' interesting relation, known as Piek's theorem, 
ean be investigated by lirsi having the siudent complete the following 
table and then studying its data. The student is then asked if he can see 
a pattern in the table. 



A 
» 
C 
I) 
I 

V 
G 
H 



Numher i>t' pegs Number of pegs 

on the perimeter in the interior Area 




The unit selected to measure the area of a polygon can be altered when 
the geoboard is used in a manner similar to I he one used earlier, (Sec, for 
example, figs, 3,U3,4.) Thus the children can determine the area of 
shapes A-E in figure 3.10 in terms of each of the shaded units of area in 
the figure, recording their data in a table such as the one that follows. 
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Is Pick s theorem siill true when these units of area arc used? 

Similar approaches could be taken for developing the other formulas 
for the area of various polygons. Yet for many of those formulas it is 
important that the student understand conservation of area. This enables 
the student to understand that the area of a parallelogram is the same as 
the area of a rectangle with the same length and height. 

Another concept that is begun in the elementary school and that should 
be extended into the junior high school is similarity. Similar polygons 
have two important properties that students should realize: (I) corre- 
sponding angles are congruent, and (2) corresponding sides are propor- 
tional. It is very easy for either the teacher or the textbook to tell the 
students that if two polygons are similar then they possess both these 
properties. Figures 3.11 and 3.12 give examples of inductive lessons 
that could be used as an alternative approach to teaching these properties. 
In figure 3.11. students are told that the three pairs of polygons are 
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similar. Vhcy arc <)skcd to nioijsurc c;ich o\ the angles of ihc six polygons 
with ihcir piolraclors ami lo record these measurenicnls in the tol lowing 
table. Then ihey are asked if Ihcy see any pallern. 
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In figure 3.12 the students arc told that polygon I is similar lo polygon II 
and that polygon 111 is similar lo polygon Fhen ihcy measure with 

their rulers the lengths of corresponding sides of the similar polygons 
and complete the ratios ol these lengths in tables such as the following. 
Finally, they are asked il they see a pattern. 

nc Ajr 

I/? nc AC ni: i:i ni ni: u nr 



RS sr jv CR 

RS ST TV VR \\X A) )/ /TH HA A) )/: /\< 




R 



III 



17 




l-ig. 3.1: 
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Different approaches 

Recently there have been some innovations in the teaching of informal 

geometry at the junior high school level. To a large extent, this can 
probably be attributed lo some of the many innovations that have been 
suggested for the traditional formal geometry course. 

The largest change in the informal geometry described in the previous 

section has been a result of a program developed by the UlCSM for slow 
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learners enrolled . in the eighth tiratle. Entitled Mcnion Geometry," the 
pro^zriim essentially is a course in geometry through isometric mappings. 
The topics and concepts in "Motion Geometry*" are no dillercnt from the 
topics listed in the previous section. What makes "Motion Geometry" so 
new and ditlcrcnt is the approach used to teach the topics. 

At the present stage of development of the mathematics curriculum, it 
would be safe to say thai few students have been introduced to any trans- 
ftirmatitnial geometry. 1-or this reason, a transformational approach pro- 
vides a fresh approach to teaching many geometric concepts. Since few 
secondary scbtiol students have studied transformational geometry, the 
slow learners using this approach are given the opportunity to learn some- 
thing that the non-slow learners do not know either. For once, the slow 
learners arc taught something new instead of getting just a reh;ish of 
mat he mat leal concepts that they have seen — and failed to learn — many 
times before. 

Hinvever. perhaps what is more important than the fresh approach to 
ge(Miietry provided through geometric transformations is the fact that it 
is a veiy manipulative approach toward teaching geometry. This provides 
the teacher more opportunity to get the students physically involved in 
the course material. Physical involvement by itself, however, is not sig- 
nificant. Unless students lind this physical involvement meaningful or unless 
the physieal involvement helps to make the mathematics meaningful, it will 
not benelit a mathematics program. In order for physieal involvement to 
be signilicant. it must aid students in concept attainment. This physical 
involvement makes transformational ge netry well suited for the laboratory 
approach to teaching mathematics, whieh is gaining in popularity with 
educators. 

One of the most useful tools for a student taking UlCSM "Motion 
Geometry" is a plentiful supply of tracing paper. (In 1^70, the late Max 
Behernian stated [3. p. 2]. "Teachers now using the program have found 
that they use approximately S40 worth of expendable supplies such as ditto 
masters, ditto paper, transparencies, tracing paper, index cards, etc. for 
ench class that they teach.") Since intuitively two geometric figures are 
congruent if they are the same size and shape, students are encouraged to 
see if two geometric figures are congruent by tracing one of the figures 
and seeing if the tracing exactly matches the second figure. In this way 
students are able to verify physically if two figures are congruent or not. 

"Motion Geometry'' uses three basic motions: ( 1 ) slide — a motion along 
a straight line for a specified distance and direction without any accompany- 
ing twisting or turning; (2) turn — a motion along a circle with fixed center 
for a specified amount and and direction; and (3) fiip — a "turnover'* motion 
about a line that serves somewhat the same purpose as a mirror (26, p. T4). 
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An cxccllcnl introduction to "Motion Geometry'' at the junior high school 
Jcvcl can be found in Sanders and Dennis (24). 

Another recent innovation in the teaching of informal geometry at the 
junior high school level approaches the key concepts of nonmetric geom- 
etry by using a finite geometry. For example, unit 4 of Immcrzeel, 
Wiederanders, and Scott's CUnn Mathematics, Level 7 (15) develops the 
basic concepts of "parallelism, perpendicularity, congruence, similarity, 
and the classification of angles, triangles, and quadrilaterals" within a set 
of thirty-six points (16, p. 40). 

The thirty-six points are arranged in a 6 x ^ array, and each point is 
given a "letter" us its coordinate (see fig. 3.13). A line consists of 2, 3, 4, 

5, or 6 points. For example, in figure 3.14, CtB contains exactly 2 points, 

whereas 70, 'A 'o7-. and "AK contain 4, 6, 5, and 3 points, respectively. 
Students are reintroduced to the concepts of parallel, intersecting, and 
skew lines in this novel manner, which enables old ideas to be studied from 
a fresh point of view. All the lines in figure 3.14 are parallel. In figure 

3.15, AN and f^Q intersect at a, and thus are intersecting lines. How- 
ever, AN and B\ are examples of skew lines: they are not parallel and 
they do not intersect. 



M N 



U V w 



^ 0 t J q 

Fig. 3.13 

The unit continues with the investigation of parallelism and perpen- 
dicularity through the idea of slope, two parallel lines and a transversal, 
congruent and similar triangles, and the classifications previously men- 
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Fig. 3.14 



tioned. With the exception of skew lines, everything is analogous to 
Euclidean geometry. Skew lines are deceptive. They are not parallel, and 
they do not intersect at a point. However, they can "cross," as in the 

example of AN and B'\ in figure 3.15. 




Fig, 3J5 
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induciive lessons 

A third aspect in which informal geometry can be used in the junior 
high school is in inductive lessons, which assist students in forming con- 
jectures. Some of these examples were given in the discussion of continua- 
tion and extension. These examples were the ones dealing with the 
development of the area of some geometric figures. 

Many of the inductive lessons in the junior high school will lead to 
conjectures. Some of these conjectures the students will be able to prove; 
some they will not be able to prove either because they are false or because 
the students do not, as yet, have the necessary mathematical tools. Others 
they will disprove. 

It is only- fair to point out that a proof to a junior high school student 
does not usually mean a deductive proof. A proof can consist of testing 
more examples that seem to verify the conjecture b^:ing tested until the 
students are satisfied that the conjecture is proved. This is not a math- 
ematical proof, but it is certainly much more reasjonabJe, and often moi^ 
logical, to the majority of children of junior high school age. (This method 
^ of proof is sometimes called a ''proof by exhaustion'' because examples are 
tested until everyone is exhausted.) The teacher and the class must always 
remember that whenever they employ a "proof by exhaustion," the con- 
jecture may be incorrect, and they may later find a counterexample. 

Six examples of geometry problems that most junior high school students 
can solve are given here: 

1. Determine the area and perimeter of each geometric figure shown in figure 
3.16 and enter your answers in the table. 



3 



A 



B 




5 



8 



r 



5 



2 




9 



6 



Fig. 3.16 



What do you notice about the periiheters? What do you notice about the areas? 
Do you see any relationship between the areas and the perimeters? 
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riyiirc Area Pcriiiictcr 

A 
B 
C 

l> 
I 



2, Deter m '110 (he t umhcr o\ viiauonals in e.i'jh of the pi>I\g(ins in figme -i. 
:mkI Ciller \iMir :inswcrs in Ihe 1 o!U)\\ in ij i.ihle: 



1 rian^ilc 
Ou:uirilatcriil 
Ponla^on 
He\aLion 
Septagon 
()ciagi>n 



diiiLMMKils ^crnces 



No ot diagonals 




Do you see any pattern? How many diagonals do you think a nonacon 
siJos) would h'^ve'^ ni;m\' iliaL?nn i]s Jo \ on think i iKxKv" n ' i ^ ' 
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fill. .VIS 

Antile Mc;isLirc Anj^lc Mciisurc Angle M ensure 

, \rR / RIB / Af i: 

. f / :/ . ITJ) , ^ Ci.Q 



Merc is imothcr dniwini; (fii:. 3.19) of two parallel lines intersected by n 
transversal. Complete ihe table. 




Fig. 3.19 



I Angle 
/ >'«,V 
( / TAli 



Measure 



Angle 

I MA r 

ABV 



Measure 



Angle 



11 



/lABX 



Do you see any p:ittern? It' so, what is it? 



Measure 



Angle 



Measure 



4. Fill in the corresponding row in the table for each of the polyhedrons 
shown in figure 3.20. Let V equal the number of vertices. E equal the number 
of edges, and F equal the number of faces. 

Polyhedron V E F 



1 
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Area of circle 

AtL\i of circle Area of .f/i(7) Area of 1) 
Repeal ihc procedure vsilh ihe drawing slunsn in figure 3,22. 




l ig. }.22 

\rea t>r circle 

Area n( circle Area of Area ui l/K /^ 



6. Four triangles are shovsn in figure 3.23. I'sinc s*ur/ p .-iuctoi 
the angles indicaied < J^'it ^ sMjr fin H' ^ 
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A 
G 



D f: 



Si 



I ill. .v:.i 



1 hi' (l<Miliiiiiiii^ Hoh' ill (pi-inlt^s 10— 11 

The use of inlornia! gt'onictry in eriidcs 10-14 has hccn greatly over- 
looked. Sonic inrornial geometry iias been included in general mathematics 
and lechnical mathematics and has been of the same caliber as the informal 
geonielry in grades 7-9. However, the use of informal geometry as an 
integral part of formal geometry has been ignored by all but a few. 

Geometry courses have been courses in deductive reasoning. Students 
were given theorems and asked to prove them. Axioms, definitions, and 
theorems were arranged in a more or less logical order. Students were 
seldom given a situation, asked to use inductive reasoning to form some 
conjectures, and then asked to attempt either to prove or to disprove these 
conjectures using deductive reasoning. One of the main purposes of this 
section will be to give examples of how informal geometry can be used 
to provide opportunities for students to form conjectures. 

Several reasons can be cited for adxocating that informal geometry 
should become an integra! part of the formal geometry course. One reason 
is that some students who have dilficulty with deductive proofs will excel 
at reaching conjectures. However, probably the most important reason is 

il allows ' ' r v.^_^ * * c,i Of^'*'-' M^/.;. r^^p -y. 
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For example, the first five chapters of Coxford and Usiskin's Cvowctry: 
A Transjmmation Approach (14) is devoted to an inl'ormal investigation 
of geometry and geometric transformations. Much of this, however, con- 
sists of a review of algebra and of giving detinitions. No formal proof is 
begun until chapter 6. 

The first geometric transformation introduced is a relleetion in a line. 
A reflection in a line can be introduced by considering the techniques used 
in UICSM's "Motion Geometry" program. Consider some gcometrie ligiiic 
and a line of reflection such as in figure 3.24. Mark a reference dot on t^e 
Jine, place a sheet of tracing paper over the geometric figure and the line, 
and trace ihc geometric figure, the line, and the reference dot. as in figure- 
3.25. Flip the tracing face down so that the tracing of the line and the 
reference dot coincides with the original line and reference dot. as in 
figure 3.26. TTie tracing of the geometric figure is the relied ion of the 
original figure in the line (26, pp T4-T5). 




nti. 3 25 
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glilc what happens to points that arc cither on or not on the line of 
reflection. Results of this investigation can be used to motivate students 
lo produce the formal definition of the rejection imaiie of a point In a line. 
Once the definition is given, then two aitcrnaiive techniques for Imdinii 
the rcUcction image of a point are explained. One technique uses geo- 
metric construction with a compass: the other uses a protractor. Although 
the protractor technique is not as malhcniaticaily "'pure" as the compass- 
only technique, it is quick, easy, and probabiy highly preferred by students 
(14, pp, 70-71). 

The following example illustrates how to use the "protractor technique" 
to find the image A\ of a point A over a reflecting line /, given A and /. 
Place the protractor so that its straight edge is perpendicular to /, See 
figure 3.27. Move the protractor until this edge is touching point A. 
Measure the distance from / to A and locale A' this same distance from / 
but on the opposite side of / and touching the edge of the protractor, A 
protractor that has a ruler of some kind along the bottom edge sirnplifies 
measuring from I to A and from / io A\ 



Now that the student knows what a reflection is and has some tech- 
pneb|i'>«- '-^'-n determir:^ "-^flection images, he is able to begin 




Fig, 3,27 
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-Y.and then reflect this result in line y. Now t!ic last question can be re- 
phrased as follows: 

Given i\.ABC and lines / and what is <^ r/ {/\AnC)l 

Investigations into this question should load students to two more trans- 
formations: (I) The slide when / |j m or / ~ m and (2) the rotation 
when / r\ ni is exactly one point. 

Other questions that can be investigated informally, if U n denote 
lines, include the following twelve problems: 

1. fs it true that / / o r»/— r„, o r/? 

2. What is/-/ o o {/\ABC)1 

3. Is it true that /'/ o (/•„, o /*;..) = (/•/ o o r,,'] 

4i If >4' ^ vi o fn, {A), I \\ Nty and f/(A m) is the distance between / and is 
there nny relationship between A A' and m)l 

5. If A' = /*/ o r,u (A) and / n /;/ — [P], is there any relationship between 
m /.A PA^ and the angle between /and m? 

6. If is I rotation around point through an angle of 0, then what is /?/>,« 
o /?v.^?(D^ jsitmake:2ny d.ifercnceif P = e?lfO = 0? If <^ = -Q?) 

7. Let r.wf be a slide in the direction of AB and for a distance equal to AL. 
Is it true that T^n o ri = ri o Tjr/! 

8. Is it true that Tui o y?,, ,, Ryrj, o r^i? 

9. Is it true that /,„ o y?/> f, = /?;.„ o 

10. If / n /;/ n // — {y^} and /4 is any point in the plane, what is r„ o /•„, o ri 
o rn o /m ^ r! (A)! 

1 1. A billiard ball bounces off a side of a table in such a manner that the two 
lines along whicli ll moves before and after hitting the sides are equally inclined to 
the sides. If a rectangular billiard table is bordered by lines /, //, will a ball 
placed at point A and hit so that it bounces consecutively off /, m, n. and p return 
to point A? What is the sum of the lengths of thr. diagonals of the billiard table? 
What is the total length the bail traveled before it returned to point Al . 

12. Given the billi rd table in the previous exercise, n ball at point W, and a 
dilTerent ball at point in what direction should the ball at point A be hit so that 
it will hit the bail at point B after striking (1) exactly one sid: of the table, (2) 
exactly two sides of the table, (3) exactly three difierent sides of the table, or (4) 
all four sides of the table exactly once? 

The twelve problems above arc just a few of the questions in transforma- 
tional geometry that can be investigated inductively. Many students will 
be more interested in . proving a theorem such as 

If / /«, r„ o n (A) = A\ tlien AA' = 2d(l, m) 
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aficr investigating problem 4 above and eonjectiiring that AA' - 2cl{l, m). 
Students find thai it is more enjoyable to investigate their own hypotheses 
instead of proving something that they are told is true. 

Oflter problems 

There arc many interesting problems that students can intuitively investi- 
gate, and some examples o\ these probl'^ms follow. In most cases it does 
^ not matter whether students are takin;" .i coordinate geometry course, a 
transformational geometry course, a vector geometry course, an afline 
geometry course, or whatever. The problem will still be the same. Only 
the method of proof will differ. 

13. Shown in figure 3,28 is a triangle. A ABC. On each side of the triangle con- 
struct an equilateral triangle externa! to as in figure 3.29. What happens 



B 




Fig. 3.29 
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when you connect the certroids of the three equilateral triangles? Label this new 
triangle ^DEF, 

Repeal the exercise, only this time construct the equilateral triangles so they inter- 
sect the interior of /SABC^ as in figure 3.30. Let the ecntroids of these equilateral 
triangles be G\ I. What can you say about AG HI'} 

Compute the area of l\ABC\ /\DEF, and AO HI. Do you sec any relationship? 




Fig. 3.30 



14. Triangle ABC in figure 3.31 is an equilateral triangle. The three medians 
AD BE, and CF, are concurrent at P, Are the six triangles APE, APF, BPF, BPD, 
CFDf and CPE congruent? Do the six triangles have equal areas? 



B 




A E C 

Fig. 3.31 
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15. Let C bo any circle and P a point in the interior of C Draw a chord contain- 
ing point P. Label one end point of (he chord y4i and the other cndpoint Hi. (Sec 
fig. 3.32.) Measure WjP and /iiP and let those distances be r7i and respectively. 
(Note: Students will usually lind it more convenient to use the metric system than 
the hnglish system.) Draw several other chords, A:R^_. A^Hu and soon, containing 
point P. Let o, = y4»Pand /?, - B,P. Complelelhc following table. Do you see any 
relationship? 




16, Le t A B CD be any quadrilateral. Let E, F, G, H be the midpoints of AB^ 

BC, CD, DA^ respectively. What can you say about quadrilateral EFGHl How does 
the area of A BCD compare to the area of EFGHl 

17. Given a circle with center O, Let ZABC be an inscribed angle. Ls there a 
relationship between m/. ABC und wAAOC] 

18, Given a circle with center O. Let P be a point in the exterior of the circle- 
Let PA intersect circle O in points A and B and let PC intersect circle O in points 
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lively, be the centers of these squares. What kind of fi gure is quadrilateral 
A/iA/oA/s/V/i? Is there an> relationship between M\Mz and yV/^A^i? Let ABCDb^ 
a parallelogram and repeat the exercise. 




Fig. 3.33 



Repeat the exercise, only this time construct the squares so that they intersect the 
interior of A BCD as in figure 3.34. Let A^i, M,, A^-j, A^^i, respectively, be .he ccntersT^r 
these squares. Wl\at kind of figure is quadrilateral A^iMjA^aA^j? Is there any relation- 




Fig. 3.34 
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ship between A^iA^s and N^N.i? Let ABCD be a parallelogram and repeat the exercise. 

21. Let AABC be any triangle. Draw the medians of AABC, Does anything 
seem to happen? 

22. Let ISABC be any triangle. Construct the angle bisectors of AABC, Does 
anything seem to happen? 

23. Let /^ABC be any triangle. Let D, and Fbc points on BC\ CA. and^, 
respectively, such that D is halfway around the triangle from A, E is halfway around 
from By and F 'lS halfway around from C, Draw AD, BE, and CF, Does anything 
appear to happen? 

24. Let /^ABC be any triangle. LeU/i, /:., and /.i be the perpendicular bisectors of 
AB, BC, and CA, respectively. What seems to be true about /r, /•_>, and /a? 

25. Let AABC be any triangle. Let D be a point on BC such that AD is the 
bisector of Z fi/|C. Is there any relationship between AB, BD, DC, and CAl 

26. Let ISABC be any triangle. Let D and^ be the midpoints of AB and BC, 
respectively. What seems to be true about DEI Measure DE, AB, BC, and AC, 
Do you see any relationship? 

27. Let ABCD be any square; Join the midpoints of the sides of ABCD to form 
a square, EFGH, Determine the areas of ABCD and EFGH, Do you see any 
relationship? ^ 

28. Let AABC and ISDEF be any two noncongrucnt triangles such that AB || 

' . i-> <-> 

DE, BC II EF, and AC \\ DF. Draw AD, BE, and CF, What can you say about 
AD, BE, and C/'? 

29. LetA/^J^C be any triangle and let D, E, and f be the midpoints, respectively, 
of AB, BC, and /IC. How is l^ABC related to ^DEFl How does the area of 
A/lfiC compare with the area of ADEFl 

30. Given in figure 3.35 AABC and point P not on AB, AC, or BC, Let Pi 
fiC ]X\, PB r\ AC ^ \ V\, PC r\ AB = \Z\, Measure each of llie indicated 




Z A B 



Fig. 3.35 
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segments and place y(^ur results In the fti I lowing table. Draw two more triangles 
and repeat the experiment, Do you see any pattern? 

Triangle ' A/ \ /H RX XC C r YA 

'" I i . 

31. Draw three concurrent lines. (See figure 3.36.) On one of these lines, choose 
points A and A ' . On one of the other lines, choose /i and B\ and on the third lino 

choose Cand C. Draw A/^/^Cand tsAB'C. Draw All and A'B', ifthey intersect, 

call this point of intersection P. Draw /IT and A t . If they intersect, call this point 

of intersection C Draw flC'and B'C\ Ifthey intersect, call this point of intersection 
R. What seems to be true about P, C?. and IV, 




Fig. 3.36 



32. Let C be any simple closed curve. If «Tie area of C is 25 square uniK, what 
is the perimeter? 

33. Let S be any simple closed curve. If tne perimeter of 6 is 100 units, what is 
the area? 
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table and write in the measurements. Draw Iwo more triangles and repeal the 
procedure. Do you sec any piuicrn? 




Fig. 3.37 

35. Let A/4^C be any triangle. Draw a line //; so that //? i; and //; intersects 
AB and AC in points D and respectively, as in figure 3.38. Measure each of the 
segments indicated in the following table and write the measurements in the table. 
Complete the table. Do you .see any pattern? Repeat the procedure- with another 
triangle. Do you get the same results? 

^ I AD AE J DE \ 

AB AC j /iC , AD AE \ DE AB AC \ BC 



A 




B C 

Fig. 3,38 



I 

Triangle 
I 



Most of the problems above were taken from theorems that are stated 
and proved in many current high school geometry texts. Some of the 
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problems are relatively easy, and others are quite difficult. The easy 
problems can be ^liven to students one or two days before the teacher plans 
to prove the theorem. The more diflicult problems can be given a week or 
two in advance. This allows ample time for the teacher occasionally to 
^]\c a hint that ma} help the students if they do not see any relationships. 
Assigning interesting problems that are not in the text prevents students 
from looking ahead in the text until they (ind the theorem (or answer) 
that states the relationship. For a few of the problems no relationship 
exists — but students often think that a relationship does exist. Once the 
students believe that they have found a relationship, then they should 
attempt to prove their conjecture. Not until the relationship is proved can 
the conjecture be considered a theorem. The use of infor.nal geometry 
in what is usually considered a formal geometry course should make the 
study of geometry more interesting. 
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Conventional Approaches Using 
Synthetic £ueli€leaii Geometry 



Jn I his chapter wc slia!' consider options available to the teacher who 
prefers to teach a so;;:>:what conventional geometry course, one whose 
r<;ots extend back n;oic than two thousand years to the work of the Greek 
geometers. Many things have changed since students studied Euclid in 
Plato's Academy, but many things have remained much the same. It is 
difficult to improve on Socrates' techniques for involving students in the 
educational process. Today we continue to present many of Euclid's 
proofs in geometry classrooms for the simple reason that no one has found 
better proofs. For example, Euclid's proof of the triangle inequality 
shown in figure 4.1 is beautiful in its simplicity and elegance: 

BA, AD are together greater than BC because in t\DBC, ZC is 
greater than ID, and it has been established earlier that in any triangle 
the greater of two angles lies opposite the greater side. 



CHARLES BRUMFIEL 




Fig, 4.1 
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In organizing a convcmional geometry course, wc have essentially three 
sources for a teaching philosophy — Euclid, Descartes, and Hilbert. Euclid's 
treatment of 'geometry is wholly a development of geometric intuition. 
There is no measurement in Euclid, that is, no assignment of measures 
(numbers) to segments, angles, or regions. Euclid develops the pre- 
measurement concepts of i^reater than, less than, and .same size — the tri- 
angle inequality is concerned, not with how' much greater are the two sides 
of a particular triangle than the third, but with the fact that they are greater. 
Euclid's treatment of geometry has an inherent appeal to the aesthetic and 
philosophic sides of our natures. If it were possible to sort cnildren into 
classes, separating out those who arc not going to make a serious study of 
science, then for these future housewives, clerks, musicians, lawyers, 
writers, politicians, social workers, and so on, a Eitclidean approach to 
geometry, with its empliasis on the beauty of form, clear verbal arguments, 
and purity of logical reasoning, would undoubtedly be far more valu- 
able than a computational approach. 

During the sixteenth century, ideas of analytic geometry were created 
and very quickly had a profound influence on mathematical development. 
This marriage of algebra and geometry led quickly to the invention of the 
calculus, the tool of the practical man and the scientist. We begin to teach 
these ideas to children when we introduce the number line. It is essential 
that in our teaching of future scientists and technicians, we bring geo- 
metric, arithmetic, and algebraic modes of reasoning together. The arith- 
metical formulation of limit concepts in calculus is really too diflficult to 
teach to college freshmen, but if these students have well-developed geo- 
metric intuitions and substantial skill in the mechanics of algebra, then 
most of them can master enough of the calculus to serve their professional 
needs. 

Authors of conventional geometry texts today are attempting to present 
a mixture of Euclid and Descartes. We can disagree with particular deci- 
sions made by an author but not with his intent, which is to combine the 
piirity of Euclid's geometric approach with the practicality we associate 
with numerical methods. 

The work of Hilbert can be viewed as a reconciliation of Euclid with 
Descartes. Hilbert did two things to clarify our understanding of geometry, 
thereby showing how to "remove every blemish" from Euclid: first, he 
corrected Euclid's postulates in a wholly geometric fashion, with no re- 
liance on numerical concepts, and second, he showed that th; geometric 
structure defined by the corrected postulates is a mit*r.. / image of the 
analytic geometry of Descartes. 'vVc can either herein with Hilbcrt's geo- 
metric postulates and construct analytic concepts, or we can begin with 
^ postulates characterizing the real numbers and construct geometry. 
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Threads of geometry should run through most of the mathematics we 
teach. In order to makL* wise decisions in our selection of geometric 
material and in our choice of approaches to geometric concepts, wc should 
understand clearly the specific contributions that each of these three philo- 
sophic approaches — that of t£\iclid, Descartes, and Hilbcrt — can make to 
the teaching of geometry: Euclid for the dreamer or the artist, who wants 
to perceive beauty without dissecting it: Descartes for the practical man, 
who must feed, clothe, and shelter the rest of us: Hilbcrt for the mathe- 
matician or the scientist, who has a liercc thirst for knowledge and must 
understand everything. 

Conihining AnaJyiir and SyiilheCic (Concepts 

Analytic and synthetic geometry sit at two extremes: a geometry is 
analytic if a coordinate system (employing real or complex numbers) is 
imposed on it, thus enabling the geometer lo use the machinery of real 
or complex analysis; a geometry is synthetic if it foregoes the use of a 
coordinate system. If the analytic choice is made, no geometric postulates 
are needed; rather, definitions arc used. For example, in plane analytic 
geometry, the plane can be defined as /? x /?, the set of all ordered pairs 
of real numbers. Similarly, a distance function can be defined; for ex- 
ample, the Euclidean distance from P(.V), vi) to Q(.u, Vm) is given by 

(nP,Q)=V(x, - x,)^' + (.Vi - .V,)-. 

Lines in Euclidean geometry are defined as sets of points satisfying linear 
equations of the form Ax -f By -f C = 0. With the analytic approach to 
Euclidean geometry, all geometric concepts — betweenness, sides of a line, 
congruence, and so on — are precisely defined, and all theorems follow 
from calculations. The tools are the properties of real numbers. Euclid's 
Elements is a presentation of synthetic geometry. Descartes is generally 
credited with the conception of analytic geometry. Since the work of 
Hilbert, we have known that the two approaches are equivalent to each 
other in the sense that one can either begin with axioms characterizing 
the real number system and construct all geometric concepts or begin 
with the Hilbert axioms for geometry and construct the real number sys- 
tem. Actually, more than two thousand years before the work of Hilbert, 
the Greek mathematician Eudoxus, in developing his theory of ratio and 
proportion, showed how to construct the real number system. Implicit in 
his work is the concept of a Dedekind cut. As Eudoxus defines equality 
of ratios, each equivalence class of ratios establishes a Dedekind cut in the 
set of positive rational numbers. 

Conventional approaches to school geometry are neither purely synthetic 
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nor purely analytic. The line is coordinalizcd, lengths are assigned to seg- 
ments, and measures are assigned to angles; but the plane is not eoordi- 
natized for the purpose of proving theorems, a piactiee that seems wise. 
The successful study of analytie geometry requires a high degree of algc- 
braie sophistication. Analytic geometry leads directly into the calculus 
and is well reserved for those students whose professional interests require 
the serious study of university mathematics. As an example of the diffi- 
culty of an analytic development, a class of university juniors and seniors 
(all mathematics majors or minors who plan to teach school mathematics) 
was given I he following problem: 

If lines are uefined us sets of points satisfying linear equations. Ax -f 
/?y ~{ C ~ 0, prove that for each pair of distinct points (A'pVi). (.v._.,\..) 
there is one and only one line that contains them. 

Not one student could itandlc this problem, although all twenty-live had 
had three semesters of calculus and analytie geometry, some had taken 
advanced calculus, and many had studied modern abstract algebra. 

In teaching geometry today it is sensible to use any analytic techniques 
that facilitate the development of the ideas. We have an algebraic sym- 
bolism that was not available to Euclid, and it would be ridiculous not to 
use this symbolism. But it is just as ridiculous to force the use of algebraic 
notation and numerical computation in situations where intuitive geo- 
metric reasoning is more easily applicable. A good geometry course should 
develop both geometric and algebraic modes oi* reasoning. In many situ- 
ations the geometric point of view seems superior to the algebraic one, 
and in other situations the opposite is the case. Often the two viewpoints 
supplement each other nicely. For example, Euclid shows how to construct 
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n sqiKirc "equal** to a given reclaniilc with (ml emplovint: the iheory of 
siniilarily. He d(K*s this by lirsl etMisirneliiii: iwo SLjiiares whose tlilTercncc 
is equal to tlie reetangle and then iisiuLi the l^yihagoican ihcofLMii to con- 
sirucl a SLjuare equal Ic^ the ditl erenee of the squares. The probkMn of 
cxpressini! the reel angle as a dil Terence of squares is sc^ived bo[h Lieo- 
meirieally and algebraically in fiLiure 4.2. NtMe t.hai one ean look at the 
geometric diagram and ''see** the algebra. t\ 



SliKhMi! I iHl(M'staii<nii<: of (Fr<)iii(Mri<* Strii<Miiro 

During tlie elementary and junior high schotil years, students accumu- 
late a great many geometric facts. Most of the better students learn during 
these years to dislinguisii between the geometry of the real world nnd 
mathematical geometry. They know that mathematical geonicirv is an 
abstraction; they liave made a lew informal proofs, rradiiionally. the 
tenth-grade mathematics program has been dedicated lo a systcniatizalion 
and extension of this geonicirie knowle^lge w ith ,)riniar\' emphasis on the 
concept of formal proof based on an axiomatic structure. No one objects 
to organizing and extending ihe knoxUedge of geometry (hiring the high 
school years; however, the ellecti \cne<s of current approaches, which use 
rather C(Miiplicated axiom s\sienis. is being more and more sharply ques- 
tioned. Critics of resent practice argue that a concern with axiom a tics, 
logic, and formal proof slows the development of geometry and actually 
has only superficial impact on students, it would be illuminating lo run 
a series of si u\ lies and {\\u\ nvu what vmderslandi ng of the structure of 
geometry students reiam at thrcL' stages in their eilucalion: ia) al the end 
of their geometry course. (/>) at high school graduation, and (c) scinie 
years after their departure fn^ii high school. 

In 1934 1 started gathering hits of information on the unLlerstanding of 
axiomatic structure that sludnts carry awa\' from their high school gecMii- 
elry ctnu'scs. |-oriy fresh n in a ct^llege-algehra class were asked t(^ 
name some ihcorcms they had pnn'eel in school geometry. Mere are the 
only responses I received: 

1. We proved that if equals are added tt^ equals the sums are equal. 

2. \Vc proved that an Ist^sceles triangle has \\\^^ CLjual sides. 

1 asked fc^r a thec^-cm and what did 1 get? l-'irsi an axiom, then a de(i- 
nilion! These students in 19.'^4 had no ecMicepticMi o\' the structure of 
geometry. 

Recently, similar questions were pt^sed to a group of tweniy-fne juniors 
and seniors al the Ui .versiiy of Michigan. These were malhcniatics majois 
and minors who will themselves soon h .ching high school geometry. 
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Nearly all had studied an SMSG-influcnccd geometry based on the postu- 
late uf a distance function, the ruler postulate, the protractor postulate, 
and so on. The only axiom they could recall was that two points deter- 
mine a line. Almost none of the twenty-live could classify correctly these 
two statements: 

1 . An isosceles triangle has two congruent sides (a definition, of course). 

2. An isosceles triangle hns two congruent angles (a theorem they all 
had seen proved). 

Twelve of the twenty-five called both of these statements theorems. Not 
one of the twenty-five could say which of the following two statements 
is a postulate of special importance in Euclidean geometry: 

1. Through a point P not on a line I, there is a line parallel to /. 

2. Through a point P not on a line i there is at most one line parallel 
to /. 

Most of these students had used a text that spates the following two postu- 
lates: 

P\. Each line contains at least two points. 

P^^ There is exactly one line through any two different points. 

When asked if either of these statements could be used to prove the other, 
every one insisted that implies Pi, and several tried to write out proofs. 
Of course, some of the students also claimed that P\ implies 

Naturally, my examination of these university students left nie a bit 
dismayed. However, 1 related their confusion to the fact that they were 
at least live years removed from their study of geometry; so quite recently 
1 submitted questionnaires to lifty-two high school students early in the 
fall of their junior year. These were students headed for advanced-place- 
ment calculus in their senior year. They had taken an accelerated geom- 
etry course during the preceding year and had had only a summer to 
forget their geometry. 

The text these fifty-two students had used is a conventional one based 
on the currently popular ruler-protractor postulates. In the back of this 
text arc listed 39 postulates and 215 theorems. The students are excel- 
lent students. Their school is one of the finest high schools in the United 
States. 1 daresay that in their college work most of them will not be 
handicapped by a lack of knuwledge of the facts of geometry. 

The most important items on the questionnaire were requests that 
students — 

1. list as many postulates as they could remember; 
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2. list as many theorems as they could remember; 

3. choose sonic one interestinii theorem and write out a proof in any 
style, 

A summary of responses follows. (The students had approximately fifty 
minutes to complete the questionnaire. ) 

Postulafes 

Twenty-six students left this page blank. They listed no postulates at all. 
Sixteen students listed between them a total of thirty-four statements 
that they thought were' postulates, but none of them were. Of these thirty- 
four statements, eighteen were theorems, live were definitions, one was 
false, three were nonsense, and seven defied cla.ssification. 

Ten students listed one or more postulates each. Between them ihey 
named a total of nine of the thirty-nine postulates their text Hst.s. Of 
course, along with these postulates they also listed theorems, definitions, 
and false statements. 

Among the ten students who listed some postulates, not one student 
mentioned the ruler or protractor postulate. Only one space postulate was 
mentioned— the postulate that space exists. The student who listed this 
postulate also listed three other existence postulates: points exist, lines 
exist, and planes exist. 

Th core JUS 

The group performed better in the listing of theorems. Still, twenty-one 
of the lifty-two students could not think of a single theorem. Of course, 
mixed in with the theorems were axioms, definitions, and false state- 
ments. Theorems about transversals of parallel lines tended to dominate. 
Interestingly, only a single student mentioned a space theorem: A line 
perpendicular to a plane is perpendicular to every line of the plane through 
its foot. This fact suggests that space geometry plays an insignificant role 
in the school geometry program. 

Proofs 

1 was most of all interested in seeing what theorems these students 
would single out for proof. What had they considered beautiful and im- 
pressive? 

Forty-two students attempted no proof. 

Ten students tried to make proofs, but only one presented a satisfying 
theorem whose proof was conceptually correct. His proof as he wrote it 
follows. (Note the abuse of the symbols i> and A-) 
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A\nothcr stLiclL-ni "proved" that ihc measure of two right angles is 180"' 
by wriiiiig • 90 -~ Another ^'proved'' tlmt triangle eongruence 

implies siniilarirv by appealing to the A A condiiion for similarity. Yot 
anotlier "pnncd/* If oh he. then a . t . by writing the following: 

ab he 

Whal can I eDiieliide? Siudents of 1^)54 who st'.idicd :in oid-lashioncd 
hodgepodge I'ejnietry luid conception of geoiiielrie st.rucUnv. Students of 
who h.'fx'e studied a tight axiomatic trealmenl also \):\\c no concep- 
litMi of geiinietrie sniicture. 

It would seem that I am arguing that any emphasis on nxioms in school 
geometry is a waste of time. For the great majority of students, this is 
undoubtedly the case, as geometry is now taught. Certainly the responses 
described above suggest that we should look carefully and honestly at 
our geometry students and describe accurately their grasp of geometric 
concepts. We need to listen to students imd learn what they rcaliy think. 
If we do so listen, what we hear will provide useful guidance as we experi- 
ment in the years ahead with various approaches to the tenching of geom- 
etry. 

Let me make it clear thai I am not arguing for an abandonment of the 
teaching of axiomatic structure in geometry. Certainly we are not teaching 

ERIC 
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it cffcL'tivcIy t(H!oy. hut this is no reason to quit trying. If \vc nrc com- 
niittcd lo the goal of tcut'hing students something about logical reasoning 
and proofs, we have no choice. Ai some stage, nvc must agree on the 
bases of our arguments. We have no alternative but lo list sonic assump- 
tions. The moment we start questioning statements of ''fact** in the class- 
room, we begin to press student.s back on their fundamental bchcfs. It is 
^ood for each generation of young people to learn that undefined terms 
arc a necessity in every logical dexelopment of ideas. It is good for tlieni 
to learn that the validity of an argument can he determined from the 
lojiical sirnctwe of the argument. How can wc leach I his better than in 
geometry? (A few will answer, "By teaching formal logic." but I ehoosc 

10 ignore this reply at this time.) 

The single most important long-range goal in the teaching of niatlic- 
malies is not to teach students to perform algorithmic calculaticMis (wc 
have computers for these tasks) but to teach students how lo carry along 
ehains of deductive reasoning — how lo think in the "if . . . then . . style. 
Of course, we must have widely diiferent objectives for dilfercnt students. 
We do need a variety of choices in geometry, a range of textbooks, but 
above all, we wish students to learn t(; make concise, meaningful argu- 
ments. - . 

We shall undoubtedly continue to teach synthetic geometry in many 
high school classrooms, and we shall continue to call attention to the faet 
that it is possible lo describe an axiomatic structure for this geometry. I 
urge thai there be no unseemly haste lo do this. For the average class, 

11 seems reasonable lo focus the sharpest attention on the axiomatic 
structure near the end of the course — this could be the capstone of the 
year's work. Naturally, all through the course proofs will have been 
clearly based on assumptions, but there is no great hurry to examine the 
relationships among these assumptions. For a while, we may wish to 
assume all four of the triangle congruence conditions, SAS, SSS. ASA, and 
A AS; but if we do not at some stage in the course pause and make it 
clear thai we can esJablish the other three conditions by assuming SAS 
aione, and without dependence on the parallel poMnlote, then we shall 
have taught a miserable course indeed. 

Possible (Choices for Axioms 

It is easy to argue that il makes no difference what axioms are chosen 
for the development of a geometry text, since students will not remember 
any of them, but the selection of basic axioms docs affect the way a text 
unfolds. The axioms influence authors and teachers and thus indirectly 
affect students. 
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Most texts today use axioms patterned after those introduced by Moise 
nnd used in the geometry of the School Mathematics Study Group. These 
axioms show the influence of Euclid, Hilbert, and George BirkholT (a 
mathematieian at Harvard during the first half of this century who sug~ 
gested using a small set of axioms, two of which are essentially the fa- 
miliar ruler and protractor postulates). In this section we shall look 
briefly at the axiomatic approaches of Euclid, Hilbcrt, and Moise. 

Every geometry teacher should realize how faithfully the ten axioms 
of Euclid describe our intuitive feelings for geometric relationships. Euclid 
postulated that — 

1. a line (segment) can be drawn from any point to any other point; 

2. a line (segment) can be extended indefinitely; 

3. given any first point as center and any second point, a circle can be 
drawn containing the second point. 

These first three postulates are the ruler-compass construction postu- 
lates of Greek geometry. They reflect the Greek geometers' desire to 
understand exactly what configurations arise in the plane if one begins 
with only two points, draws the one line and two circles that these two 
points determine, then uses the four new points that are obtained as inter- 
sections to draw the nine new lines and sixteen new circles (count them!) 
that are determined, and so on ad infinitum. (See fig. 4.4.) 




Fig. 4.4 



Euclid knew that every angle and every line segment that appear as 
this network of lines and circles spreads over the plane will eventually be 
bisected. Moreover, every segment will be trisected, quadrisected, and so 
on. Triangles, parallelograms, rectangles, rhombi, squares, and regular 
pentagons appear in this expanding configuration. Many geometric figures, 
however, are not generated by this infinite sequence of construction — for 
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example, no 20'^' angle is conslrucicd, although angles of 3 arc; no 
7-sided regular polygon occurs, but I7-sidcd ones do; and no square and 
circle with equal areas are produced. Sonic of the above facts Euclid 
recognized; others are of more recent discovery. 

Euclid's remaining seven axioms enabled him to prove that figures 
brought into existence by these first ihrce axioms have certain properties. 
Continuing, Euclid postulated that — 

4. all right angles arc equal; 

5. if a transversal of two lines forms interior angles on one side of the 
transversal and the sum of these angles is less than two right angles, 
then the lines meet on that side. 

This last axiom is the famous fifth postulate, which eharaclerizcs Euclidean 
geometry. Note that a statement logically equivalent to postulate 5 above 
is the following: 

If two lines cut by a transversal are parallel, then on each side of the 
transversal the sum of the interior angles is not less than two right angles. 

It follows at once from this reformulation of Euclid's fifth postuhue thai 
for parallel lines cut by a transversal, the sum of interior angles on one 
side is two right angles and that alternate interior angles are equal. These 
consequences of the fifth postulate are probably more familiar to the reader 
than is the fifth postulate itself. 

Continuing, Euclid further postulated that — 

6. things equal to the same arc equal; 

7. equals added to equals yield equals; 

8. equals subtracted from equals yield equals; 

9. things that coincide are equal; 

10. the whole is greater than each of its parts. 

The unfolding of geometry from the Euclidean postulates is beautiful. 
Euclid proves a sequence of almost thirty theorems in Book I of his 
Elements before he finally uses the fifth postulate. Hence, these theorems 
are valid in the hyperbolic non-Euclidean geometry of Gauss, Bolyai, and 
Lobachevski. These theorems deal with the following: 

1. The SAS, SSS, ASA, and AAS triangle congruence theorems 

2. Congruence of base angles of an isosceles triangle (and the eon- 
verse) 

3. Bisection of segments and angles 

4. Construction of perpendiculars 
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5. Congruence of vertically opposite angles 

6. The exterior angle theorem and ifs important consequences, namely, 
uniqueness of the perpendicular from a point to a line, sum of any 
two angles of a triangle less than two right angles, greater side 
opposite the greater angle, the triangle inequality, and existence of 
parallel lines. 

Without appealing to the parallel postulate, one cannot even prove the 
existence of a rectangle. Use of the fifth postulate leads quickly to the 
familiar theorems concerning parallelograms. The Pythagorean theorem 
bceonics a key tool in the development of sonic important construction 
theorems. 

School texts today tend to fall into two categories: those that respect 
Euclid's judgment and withhold the parallel postulate for some time, thus 
roughly following the Euclidean order of theorems (e.g.. 6); and those 
that introduce a parallel postulate early in the development, thus blurring 
the distinction between Euclidean and non-Euclidean geonieirics (e.g., 5), 

The spirit of Euclid's treatment is lost in the usual high school course. 
Anyone who reads carefully Book 1 of The Elements cannot help but be 
impressed by the way the ideas hang together. Students would form a 
much clearer picture of the structure of geometry .han they presently ob- 
tain if at an appropriate time they could sec a few of Euclid's sequences 
of theorems. The following diagram presents one such sequence: 

SAS Base angles of an isosceles triangle arc congruent (and the con- 
verse) SSS Angles can be bisected Segments can be bisected 
and perpendiculars can be drawn 

(For details, see any translation of The FAcmen(s\) 

Another remarkable sequence of theorems in Euclid follows the exterior 
angle theorem for triangles. Figures 4.5 through 4.12 suggest some of 
these thcorcois and their proofs. 



A 



F 




B 



C 



D 



Fig. 4.5. The exterior angle theorem 



Prooj. I A ^ I ACF < Z ACD 
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Fig. 4.6. Any two angles of any triangle arc together less than two right angl; 



Proof. Z I -f 2 < / 2 -f Z 3 




Fig. 4.7. Uniqueness of perpendicular from a point to a line 

Proof. U I B and Z C were both right, this would contradict the 
ceding theorem. 




Fig. 4.8. The greater side subtends the greater angle. 
Proof. L\ < LI < LI 
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Fig. 4.9. The greater angle lies opposite the greater side; Z 1 > Z2. 

Proof, No gcometrica) argument is needed. The proof is a logical con- 
sequence of the preceding theorem. 




Fig. 4.10. The triangle inequality 



Proof. Z 1 < Z 2, . . . 



A D 




Fig. 4J1. AAS 



Proof. If DE > AB, then on cutting off segment EG congruent to BA 
we should have Z EGF ^ I A ^ I D, But Z EGF > Z D. 
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Fig. 4.12. Existence of parallel fines 



Proof. If lines / and intersected at a point P, a triangle having an 
exterior angle eongriient to a remote interior angle W(iuld be formed. 

Much has been written about the errors that come to light when one 
scrutinizes the Euclidean development from the standpoint of present-day 
mathematical knowledge, but it seem.s a bit presumptuous to criticize a 
body of n-y a the ma ties that stood without major improvemenls for over 
two thousand years. It was not until David Hilbert published in 1899 his 
Gottingen lectures on The Foundations' of Geometry that it became clear 
exactly what errors Euclid had made and just how those errors could be cor- 
rected. A brief description of Hilbert's revision of Euclid's axioms follows. 

Euclid's postulates 1 and 2 speak of drawing lines. Hilbert replaces 
these by incicLnce postulates, which include basic existence postulates. 
Modern texts that state such existence postulates as *'ln each plane are 
three noncollinear points'' and "In each line arc two points" arc copying 
Hilbert. 

Of course, Hilbert drops Euclid's third postulate. One needs only a 
dehnition of circle. Hilbert proves Euclid's fourth postulate, which states 
that all right angles arc congruent. His parallel postulate is essentially 
Euclid's. 

Euclid's postulate 6, "Things equal to the same arc equal," comes in 
for more careful treatment by Hilbert. He postulates enough about seg- 
ment cojigruencc and angle congruence that he is able to prove each to be 
an equivalence relation. 

Euclid's postulates 7 through 10 reflect his greatest oversights. Addition 
and subtraction of segments, angles, and regions cannot be treated cor- 
rectly without introducing the concept of betweenness. T\\cv^.^Qr^^ Hilbert 
replaces these postulates by a group that characterizes betwcenness for 
points on a line. By postulating ''addition of segments" and SAS, Hilbert 
is able to prove theorems concerning subtraction of segments (hence 
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Euclid's postulate 8 is not needed ) ■<\nd addilion and suhl ruction of cmglcs. 
The bcuvccnness axioms make it possible to prove that each point on a line 
Septra I cs the line into two ha If- lines and that each line separates the 
piane. Now the interiors of angles and triangles can be defmed and iheir 
properties proved. 

Hilbert's poslulute set for plane geometry is eompleled by Usling iwo 
more, a complctawss postulate and the axiom of Anliimcdcs. This latter 
is the postulate thai for any two segments there is a multiple of the first 
that exceeds the second. This postulate is really due to Eudoxus, who 
introduced it in order lo develop a theory of ratio and proportion. Euclid 
employs the axiom but does not state it formally. The axiom of Archi- 
medes, together with the congruence and hetweenncss postulates, enables 
one to define a measurement process that (given any unit segment) asso- 
ci;i(es each segment to a real number. The completeness postulate operates 
in reverse, enabling one to prove that given a unit segment, for each real 
number / there exists a segment with length 

Following is a version of the Hilbcrt postulates listed side by side with 
axioms presented in the Moisc-Downs text mentioned earlier (6): 



Hilbert Moisc-Downs text (SMSCI postulaies) 

Incidence postnltuvs 

1. There are three noncollinear points I. There are ihree noncollineiir points 
in each plane, in each plane. 

2. There are two points on each line, 2. There nre as many points* on each 

line as there are real numbers. 

3. There is a unr'que line on each two 3. There is a unique line on each two 
points. points. 

Bet\\ei'nni'^;{ piysiuUut's 

4. \f a poidi is het\s'een two points. 4. [--ach line separates the plane, 
tlic ihiec points are collinear, 

5. For an> luo points A, B, there is :\ 
point C such that H is between A 
and C, 

6. For any three points on a line, at 
most one is between the other two. 

7. If a line cuts one side of a tri- 
angle, it cuts a second side, 

Confiiiicncc and nicusuremciU posndates 

8. F-'or each segment and each ray 5. To every pair of distinct points, 
AX, there is a point li on the ray there corresponds a positive nuni- 
such that TTS is congruent lo the her, the distance between the 
given segment. points. 
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Hilhcii Moisc-I^ow ns 

( Ol}i:itlt)}{ I' lOliI Dli'dSIl) {'))}{•)}! p(>s!lll(t!(S — ({fntlfllUtl 



9. If CD and A' IV ^^CD. ihcn 

aJ >. TFir, 

10. K AM ^. ATr, HC 2^ WC ', B is 
Ix'Cwcen A nnd C und /?' is hciwccn 
W and C then JlT A C. 

11. If ra.v Afi is on the edge of a 
half-plane H and A' is any angle, 
then there is exactly one ray Af\ 
with P in //. such that /.P^Ui ^ 
A'. 

12. Every angle is congruent to itself. 

13. SAS 

14. Axiom of Archimedes 

15. A completeness postulate 



6. '!"hc points of a lino can ho placed 
in orc-io-onc correspondence with 
the real nunihcrs so that the ab- 
sohilc valvie of iho ditfcicncc be- 
tvsocn any two naniheis is tho 
distance between their points. 

7. Ciivcn i\so points P. {) of a line, 
the coordinate .system can be 
chosen v> that ihe eoordinaie of /' 
is zero and the coordinate of Q is 
posiiive. 

8. To each angle {here corresponds a 
real number between 0 and 180. 

9. Uet ray AH he on the edge of the 
half-plane //. For every number r 
between 0 and 180. there is exactly 
one ray W/\ ujlh P in such thai 
mlPAB = /-. 

10. If I) is in the interior of HAC, 
then ml 8 AC ^ ml BAD + 
/fUPAC. 

11. If two angles form a linear pair, 
then they are supplementary. 

12. SAS 



Parallel poslulotc 

16. Throuirh a point not on a given 13. Through a point not on a given 

line, there is no more than one line, there is no more than one line 

line parallel to the given line. parallel to the given line, 

(Note that this is a uniqueness, not an exisience, postulate.) 



Using the Moisc axioms, one defines bclweenness and congruence. 
Hence, n^iany of Hilberl's bclweenness and congruence statements become 
theorems. Of course, with the Hilbcrt axioms one can prove that segments 
and angles have measures satisfying the statements included in the Moisc 
axioms. It is possible to interest fine students in the diflicult proofs that 
arc involved in developing geometry meticulously from the Hilbert axioms. 
For example, figure 4.13 indicates how Hilbert proves that supplements of 
congruent angles are congruent. 




Fig. 4.13 
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Given /.B ^ IB\ one uses SAS lo prove LABC ^ IsA'B'C, and 
continues to prove, using SAS, thai both bACD ^ l\A'CD' and 
MDB ^ l\A'D'B\ 

Figure 4. 14 suggests the Hilbcrl proof of Moise's axiom 10, which slates 
thai sums of congruent angles are congruent. 




Fig. 4.1 



By SAS, /},DBC ^ ^D'B'C, Choosing A' as indicated, so that 



ERIC 



D'A' ^ DA, it follows by SAS thai i\A'D'B' ^ AADB, hence A' falls 
on ray B'T. Now applying SAS lo iriangics A'CB' and ACS, it follows 
that /"^ABC ^ /sA'B'C\ 

Comparing the two sets of axioms above, it is clear that the Hilbert 
axioms have more gcomelric content. The SMSG axioms are deceptive. 
Students probably ihink they understand them, when pictures of number 
lines nre drawn, but ihey really do noL There is a psychological circu- 
larity in the axioms that deceives nearly all students and teachers. The 
axioms pretend to lead to definitions of betweenness and congruence in 
terms of a distance function, but il is a certainty that students think of the 
distance between two points as something obtained by choosing a unit 
segment and then laying it off on the segment the points determine. That 
is, in their intuitive understandings of SMSG geometry, students rely on 
the concepts of betweenness and congruence, axiomatized by Hilbert, to 
justify the SMSG postulates 5, 6, and 7. Later in the course, they im- 
passively watch ''proofs" of properties of betweenness and congruence. 
Yet these are proofs of theorems without which the SMSG postulates 
would have made no sense to them in the first place! 

Of course, the SMSG postulates arc mathematically sound. The trouble 
is that almost no one understands their implications. An article by 
Clemens (2) nicely pinpoints some of the misconceptions related to the 
SMSG postulates. As Clemens points out clearly, a key postulate that 
forces the SMSG distance function to be the familiar Euclidean distance 
is the SAS postulate. 
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One way to gain insight into the significance of the SMSG postulates 
is to discard all geometric intuition and to subject postulates 5, 6, 7, 8, and 
1 1 to numerical scrutiny alone. Postulate 5 would be satislied if to every 
pair of points our distance function assigned the number 1. But, of course, 
ibis distance function will not satisfy postulate 6; so. we begin with postu- 
late 6. Simply think of eacb line as a set with as many elements as has 
the set of real numbers, and for each line imagine an arbitrary one-to-one 
correspondence from tbc reals to its points. Now go back and define a 
distance function. Each pair of points P,Q lies on one and only one line. 
On that line these points have unique coordinates, p.q. We assign the 
number \p — q\ to this point pair as the "distance" from P to Q. Now 
postulates 5 and 6 are in perfect harmony, and we can draw pictures that 
violate our geometric intuition (see fig. 4.15). Note the conclusions: 
d{T,Q) \.d{QM) ^ W - \ . Q IS between T and R.(l(TM) = 10^^ 
d(SJ) ^ 1/3, ({(T,Q) = 1, 7 is between Q and 5. d{S,Q) ^ 4/3. 

T P 0 R S 

Fig. 4.15 

We have defined betwcenness and congruence numerically, and as far 
as postulates 5 and 6 are concerned, there is nothing wrong with the above 
picture. 

Postulate 7 is easily satisfied. To get a coordinate system for the line 
above that has coordinate 0 for R and a positive coordinate for S and still 
gives the same distances between points on the line, simply multiply each 
coordinate by ~1 and then add 10^" to each coordinate. 

It should be obvious that in much the same v;ay we have infinitely many 
choices for coordinate systems on pencils of rays, choices which when 
pictured would violate our intuitive feeling of what it means for one ray 
to be between two other rays. There are innumerably many distance func- 
tions and angle measure functions that satisfy ihese five postulates, 5, 6, 7, 
8, and 11. It follows that other of Moise's postulates put restrictions on 
our choices lor these functions. These iu*e, of course, postulates 4, 9, 10, 
and 12. In sludy'ng figure 4,16, we see that postulate 4 (the plane separa- 
tion postulate) takes away much of our freedom to slap arbitrary coordi- 
nate systems on lines. 

Note that if P and Q are on opposite sides of /, and P and R arc on the 
same side, then since postulate 4 requires that the point 5 in which lines 
/ and m intersect be between Q and 7?, we do not have complete freedom 
in the assigning of coordinates to points on line m. 
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In his article referred to earlier, Clemens shows how to eon struct a 
distance function and an angle measure function that togetlicr satisfy all 
of Moisc's postul-atcs except SAS. Tliis is reminiscent of Hilbcrt's achieve- 
ment in his Foundatiofis of Gcoinctry. Hilbert established the independ- 
enee of several of his postulates from the others by exhibiting for eaeh one 
a geometry in whieh that particular axiom is false but a!! other axioms 
are true. Clemens has shown the independence of SAS in the SMSG col- 
lection of axioms, 

1 am sure all tlic above, and much more, was known to Moise before 
he made the selection of axioms that appeared in the SMSG geometry 
and that since then have been copied imperfectly by many authors of school 
texts. One cannot fault the Moise axioms from a mathematical standpoint, 
but imitations of these axioms often have objectionable characteri sties. One 
text may first postulate coordinate systems on lines and then postulate 
a distance function that agrees with them. This is putting the cart before 
the horse with a vengeance. Once coordinate systems are on lines, as wc 
have seen, a distance function is defined. 

Of course, criticisms of axiom choices arc purely academic. Whatever 
axioms arc printed in the text, students will not be disturbed, for ihey will 
cheerfully ignore lliem all. The goal should be to keep llie axioms from 
getting in the way too much and to move students as cilieicntly as pos- 
sible into ihc important work of geometry — the accumulation of useful 
facts and the development of skills in making proofs. 

Siiniiiiary 

We are unrealistic today m our view of geometry. Concern with the 
particular axioms that shall be used in developing a geometry course seems 
hardly justified when we look candidly al our students and recognize 
exactly what impact the axioms have on them. Any approach to geometry 



CONVI NTIONAL APPKOACHKS 



115 



that liopcs lo achieve spectacular success by sonic reorganization of the 
axiomatic structure is dciomcd to founder on the rocks of student indif- 
Icrenee. 

With all our presenl-day "ndcrstanding of geometry, we have little 
more facility in imparting understanding and appreciation of geometric 
coneepts than we hud twenty years ago. The currently popular ruler- pro- 
tractor postulates, although malhcniatically sound, have a built-in phoni- 
ne.ss. Students misinterpret the mathematical significance of these two 
axioms, whieh are of little help in proving the respectable theorems that 
need to be covereti in a serious geometry course, Employment of these 
axioms does little for students' algebraic skills antl conlributes even less 
to their ability tti reason geometrically. 

However, teaching has never been easy. Wc can look forward plcasur- 
ably to interestnig experimentation as we try to do better. Good students 
accumulate quite a bit of geometrical knowledge during their junior high 
school years, and it should be possible to build a substantial geometry 
course on this foundation. It will be interesting to watch our struggles to 
do so. 
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Approaches Using Coordinates 



LAWRENCE A. RINGENBERG 



^His CHAPTER is conccmed with high school geometry courses in which 
coordinates are introduced early and used extensively. These courses 
develop elementary geometry synthetically and analytically as a deductive 
system. One textbook designed for such a course is Geometry with Co- 
ordinates (4), a School Mathematics Study Group (SMSG) text. 

The 1959 report of the Commission on Mathematics of the College En- 
trance Examination Board included a recommendation that coordinate 
geometry be a part of the high school geometiy course. The commission 
believed that an early introduction of coordinates would add flexibility to 
the student's attack on geometrical problems, simplify the proofs of many 
theorems, and strengthen the student's preparation in algebra. 

The first SMSG geometry textbook for high school students (3) includes 
an introduction to coordinates late in the book. The commission's report 
played an important part in the decision of the SMSG Panel on Textbooks 
to promote another experimental textbook on formal geometry. The result 
was Geometry with Coordinates, a book in which coordinates play a key 
role. The 1962 revised edition includes numerous improvements sug- 
gested by the teachers and consultants who \iscd the 1961 preliminary 
edition in seven centers scattered throughout the Ur/..-d States. Since 
first published. Geometry with Coordinates has sold about 71,000 copies. 
In what follows we are primarily concerned with courses using an approach 
similar to that in Geometry with Coordinates. We shall refer to such 
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courses as GWC courses iind to Geometry with Coordinates specifically as 
SMSG-GW. 

Some two thousand years ago Euclid first dcveiopcd geometry as a deduc- 
tive system. His development has some logical shortcomings, primarily due 
to his failure to recognize the need for undefined terms and his failure to 
formulate an adequate set of postulates. GWC courses develop geometry 
as a deductive system. Although complete proofs for all the theorems may 
not be included in the course, the postulational basis is complete. Teachers 
of such courses should be able (sometimes with the help of a hint from a 
teacher's edition) to supply missing proofs or to help interested students 
write them. 

Some of the gaps in Euclid's logical development are plugged rather 
easily by postulates that capitalize on properties of real numbers. These 
postulates may be thought of as formal statements about abstract rulers 
and protractors. By means of these postulates, measurement and between- 
ness properties suggested by physical rulers and protractors are built into 
formal geometry developed as a deductive system. The ruler and pro- 
tractor postulates play a key role in GWC courses. 

In the first SMSG geometry there is a distance postulate that, roughly 
speaking, fixes the unit of distance in any given consideration and requires 
different coordinate systems on a line to have the same scale. In the 
SMSG-GW text, the distance and ruler postulates permit any two distinct 
points on a line to be the points with coordinates 0 and I in some coordi- 
nate system on thai line. T!.e SMSG-GW postulational basis is a bit more 
elaborate than the one for the SMSG geometr>', but it permits coordinates 
to be used more eflfectively in the deductive development. 

Characteristics of GWC Courses 

GWC courses are college-preparatory courses suitable for classes of 
college-capable students and have two main objectives. One objective is 
to help students learn a body of important facts about geometrical figures. 
The facts of Euclidean geometry, interpreted physically, are facts about 
the space in which we live. These facts are important for intelligent 
citizenship and for success in careers. The other main objective is to help 
students attain a degree of mathematical maturity. In the elementary 
and junior high schools, students are encouraged to learn by observing and 
manipulating physical objects. There is considerable emphasis on intuitive 
and inductive reasoning. The power and the beauty of mathematics, how- 
ever, are due primarily to its abstractness. The generality of its theorems 
makes possible a variety of applications. Understanding mathematics in 
the abstract is tantamount to understanding the deductive method in 
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mathematics. Students will attain a degree of mathematical maturity when 
they experience the development of elementary geometry as a deductive 
system. 

GWC courses are adaptable to students with varying backgrounds. It is 
expected that most students entering the tenth grade will have a background 
of experience in informal geometry and algebra that includes some ex- 
posure to the properties of real numbers and the basic concepts and termi- 
nology of sets. Sections on sets and equations may be included. The 
preparation of the students entering GWC courses should be considered 
in determining the amount of time to be devoted to algebraic topics. 

In GWC courses geometric figures are considered as sets of points. 
Point is the basic undefined term. Line and plane are also undefined terms. 
Every line is a set of points, and every plane is a set of points. Points, 
lines, and planes have no properties except those stated in the postulates 
and those that can be proved using the postulates. 

The postulates and some of the key definitions of the SMSG-GW text 
follow: 

Definition. Space is the set of all points. 
Postulate 1. Space contains at least two distinct points. 
Postulate 2. Every line is a set of points and contains at least two distinct 
points. 

Postulate 3. If P and Q are two distinct points, there is one and only one 

line that contains ihem. 
Postulate 4. No line contains all points of space. 

Postulate 5. Every plane is a set of points and contains at least three non- 
collinear points. 

Postulate 6. If P, Q, R are three distinct noncoHinear points, then there is 

one and only one plane that contains them. 
Postulate 7. No phme contains all points of space. 

Postulate 8. If two distinct points of a line belong to a plane, then every 
point of the line belongs to that plane. 

Postulate 9. H two plane.s intersect, then their intersection is a line. 

Postulate \0. If A and A' are distinct points, rhere exists a correspondence 
that associates with each pair of distinct points in space a unique positive 
number such that the number assigned to the given pair {A, A'] is one. 

Definition. The set consisting of the two points A, A' mentioned in postulate 
10 is called the unit-pair. 

Definition. The number that corresponds, by postulate 10, to a pair of dis- 
tinct points is called the measure of the distance between the points, relative 
to the unit-pair [A, A'). 

Definition. The tneasure of the distance between any point and itself » rela- 
tive to {A, A'}, is the number zero. 
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Postulate II. If {A, A'} is any unit-pair and if B and B' arc two points 
such that BB' (relative to \ A, A'}) = ], then for every pair of points, the 
distance between Ihem relative to \B, B'} is the same as the distance between 
them reltitive lo {A, A'}. 

DnriNiTioN. Let [A, A'] he any unil-pair and let / be any line. A coordinaic 
system on /, relative io the unit-pair [A, A'}, is a one-to-one correspondence 
between the set of all points on / and the slM of all real numbers with the 
following property: If numbers r and .v eor respond to points R and 5 on / 
and if r > .v, then r — j is the same as the number ^5 (relative to {A, A'\). 

Definitions. The origin of a coordinaic system on a line is the point that 
corresponds to the number 0. The unit-point of a coordinate system on a 
line is the point that corresponds to the number 1. The number that a given 
coordinate system assigns to a point is the coordinate of that point in that 
coordinate system. 

Postulate 12 (the ruler postulate). If {A, A'} is any untt-pair, if / i.s any 
line, and if P and Q are any two distinct points on /, then there is a unique 
coordinate system on / relative to {A, A'} such that the origin of the co- 
ordinate system is and the coordinate of Q is positive. 

DefinjtiON. If A and B are distinct points, then in the coordinate system on 

AB with origin A and unit-point B, the subset of AB consisting of all points 
whose coordinates x satisfy 0 < ;c < I is called the segment joining the 
points A and B. 

Definition. The distance between two di.stinct points is called the ien^nh of 
the segmenl joining the two points. 

Definition. Two segments (whether distinct or not) that have the same 
length arc confiment segments, and each is said to be con^'rnent to the other. 

PoSTUi.ATii 13. Let A and A' he any two distinct points and let B and B' be 

any two distinct points. Then for every pair of distinct points P and O, 

PQ (in AA' units) 

-_ y constant. 

PQ (in BB' units) 

Definition. A set containing more than one point is said to be a convex set 
if and only if for every two points of the set the .segment joining the points 
is in the set. Every set of point:, that contains no more than one point is 
also said to be a convex set. 

Postulate 14 (the plane separation postulate). For any plane and any line 
contained in the plane> the points of the plane that do not lie on the line 
form two nonempty sets such that ( i j each of the two sets is convex and 
(2) every segmenl that joins a point ol one of the sets to a point of the 
other intersects the given line. 

Postulate 15, For any plane, the points of space that do not lie on the plane 
form two sets such that (1) each of the two sets is convex and (2) every 
segment that joins a point of one of the sets and a point of the other inter- 
sects the given plane. 
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Definitions. An an^^Ie is ihc union of two ray.s that hiivc a common endpoint 
but do not lie on the same line. I-.ach of the two rays is called a side of the 
angle, and their common endpoint is called the vertex of the angle. 

Posrui All, 16. There is a correspondence that associates with each angle a 
unique number between 0 and ISO, 

DiiKiNirioN. The luimher that corresponds to an angle, hy postulate 16, is 
called the tticasurc of the unfile. 

De-mnition. Two angles, whether distinct or not, that have the same measure 
tire called coni^'raent angles, and each is said to be eoni^nicnt to the other. 

Dr-r-iMTJON. Let V be any point in a plane P. A vay-coonUnote system in P 
relative to l' is a one-to-one correspondence between the set of all rays in P 
with end point V and the set of all real numbers .v such that 0 < .r < 360 

with the the following property: If numbers /• and .v correspond to rays VR 

and VS in P and if /' > .v, then 

n\/:,RVS r - .v if r - v < 180; 

m Z R r.V - 360 ~ ( /■ - v ) i f r - y > 1 80; 

17^ antl I S are opposite rays if r — y - 180, 
DiiFtNiTioNs. Ihc number assigned to a ray in a ray-coordinate system is 
called its vay-coovdimite. The ray whose ray-coordinate is zero is called the 
zero-roy of the coordinate system, 

Pt)Siui All-: 17 (the protractor postulate). If is a plane and if VA and VB 
are noncollinear rays in P, then there is a unique ray-coordinate sys;tem in 

P relative to V such that VA ct>rresponds to 0 and such that every ray VX 

with A' and H on the same side of VA corresponds to u number less than 180. 
Posrui. AT/-; 18 (the inferior of an angle postulate), ^f /-AVB is any angle, 

and (1) R is the set of all interior points of rays between VA and VB, (2) 

/ is the set of all points that belong both to the half-plane with edge VA 

and containing B and (o the half-phme wifh edge VB and containing A, 
(3) .V is the set of all interior points of segments joining an interior point 

of VA to an interior point of V B, then R and / are the same set. and this 
set contains S. 

DiiMNiTiON. A one-to-one correspondence between the vertices of one triangle 
and the vertices of another triangle in which corresponding parts (sides and 
angles) are congruent is called a congruence between the two triangles. 

DEriNiTiON. Two triangles are con^^ruent if and only if there exists a one-to- 
one correspondence between their vertices that is a congruence, 

PosTULATH 19 (the SAS postulate). Given a one-to-one correspondence be- 
tween the vertices of two triangles (not necessarily distinct triangles), if two 
sides and the included angle of the first triangle are congruent to the corre- 
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sponding piirts of the second triangle, then the correspondence is a con- 
gruence. 

PosTUiATu 20 (the ASA postulate). Given a one-to-one correspondence be- 
tween the vertices of two triangles, if two angles and the included side of 
one triangle are congruent to the corresponding parts of the other, then the 
correspondence is a congruence. 

Postulate 21 (the .SSS postulate). Given a one-to-one correspondence be- 
tween the vertices of two triangles, if the three sides of one triangle are 
congruent to the corresponding sides of the other, then the correspondence 
is a congruence. 

DiiFiNiTiON. Two coplanar lines (whether distinct or not) whose intersection 
is not a set consisting of a single point are called parallel lines, and each is 
said to be parallel to the other. 

Posrui.ATH 22 (the parallel postulate). There is at most one line parallel to a 
given line and containing a given point not on the given line. 

Postulate 23 (the proportional segments postulate). If a line is parallel to 
one side of a triangle and intersects the other two sides in interior points, 
then the lengths of one of those sides and the two segments into which it is 
cut arc proportional to the lengths of the three corresponding segments in 
the other side. 

Deeinition. a line and a plane are perpendicular to each other if and only 

if they intersect and every line lying in the plane and passing through the 

point of intersection is perpendicular to the given line. 
Postulate 24. There Is a unique plane that contains a given point and is 

perpendicular to a given line. 
Definition. A line and a plane whose intersection does not consist of exactly 

one point are parallel to each other. 
Definition. Two planes (whether distinct or not) whose intersection ' not 

a line are parallel planes, and each is parallel to the other. 
Postulate 25, Two lines that are perpendicular to the same plane are parallel. 
Definition, A dihedral an^le is the union of a line and two half-planes having 

this line as edge and not lying in the same plane. 
Postulate 26. If R is any given polygonal region, there is a correspondence 

that associates to each polygonal region a unique positive number, such that 

the number assigned to the given polygonal region is one. 

Postulate 27. Suppose thai the polygonal region R is the 'inion of two poly- 
gonal regions /?, and /?m such that the intersection of and R2 is contained 
in the union of a finite number of segments. Then, relative to a given unit- 
area, the area of R is the sum of the areas of Ry and Ro. 

Postulate 28. If two triangles are congruent, then the respective triangular 
regions consisting of the triangles and their interiors have the same area 
relative to any given unit-area. 

Definition. Given a unit-pair for distance, a square region is called a unit- 
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square if and only if the square region consists of a square and its interior 
and the length of each side of the square is one. 
Postulate 29. Ciiven a unit-pair for measuring distance, the area of a rec- 
tangle relative to a unit-square is the product of the lengths (relative to the 
given unit-pair) of any two consecutive sides of the rectangle. 

Definition. The dci^rce mcasun\ mAXB, of an arc of a circle is given hy the 
following : 

1 . If AXB is a minoj- arc. then tuAXli is the measure of the associated cen- 
tral angle. 

2. If AXB is a semicircle, then niAXB ^ 1 SO. 

3. If AXB is a major are and if A YH is the corresponding minor arc. then 
mAX^B - 360 ~ mAYB. 

Postulate 30. U AB and BC are ares of the same circle having only the point 
B in common and if their union is an arc AC, then niAB luBC ~ f}TAC. 
PosTi.i.ATi- 31. The lengths of arcs in congruent circles are proportional to 
their degree measures. 



he scope of the SMSG-CiW text is suggested by its postulates and the 
definitions listed above as well tis by its chapter titles, which are as follows: 



1. 


Introduction to Formal Geometry 


2. 


Sets; Points, Lines, and Planes 


3. 


Distance and Coordinate Systems 


4. 


Angles 


5. 


Congruence 


6. 


Parallelism 


7. 


Similarity 


8. 


Coordinates in a Plane 


9. 


p-^rpendicularity. Parallelism, and Coordinates in Space 


10. 


Directed Segments and Vectors 


1 1. 


Polygons and Polyhedrons 


12. 


Circles and Spheres 



The formal geometry developments in most high school textbooks are 
overpostulated in the sense that one or more of the postulates follow 
logically from the others. Thus statements that could be proved and in- 
cluded as theorems are unproved and included as postulates in the logical 
structure. The ultimate in mathematical efficiency is achieved if the struc- 
ture is not overpostulated, that is, if every postulate is independent of the 
other postulates in the system. High school mathematics texts are over- 
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postulated to achieve pedagogical efficiency. Some stalemenls with 
involved proofs that would appear in a more advanced textbook are ac- 
cepted as postulates in a high school textbook. In some instances state- 
ments are accepted as postulates to expedite the development and hence 
to provide time for building a more extensive geometrical structure. In 
most instances statements accepted as postulates and that would be proved 
in a more sophisticated treatment are plausible statements that students 
are willing to accept without f^jss or bother. Some examples of over- 
postulation in the SMSG-GW text will now be noted. 

Postulate 15 can be proved. Sec. for example, theorem 9 in Foimda- 
iions of Geometry (5, pp. 65-66). It is appropriate, however, in a high 
school textbook to accept a space-separation postulate along with a plane- 
separation postulate. 

Postulate 18 can be proved. Given LAVB, then three sets. I, and S, 
associated with this angle are defined in the postulate. See theorems 
5.12-5.15 in College Geometry {K pp. 90-91) for proofs that R and / 
are the same set and that / contains S. 

Postulates 19, 20, and 21 are the triangle-congruence postulates. As- 
suming one of these statements as a postulate, the other two can be proved 
as theorems. See postulate 17, theorem 6.14, and theorem 6.17 in College 
Geometry (l,pp. 105—6). 

Postulates 30 and 31 can be proved. See theorem 13.15 (p. 580) and 
theorem 14.15 (p, 648) in Geometry (2), The textbook by Ringenbcrg 
and Presser (2) is a GWC textbook for the high school level. On the 
subject of properties of circular arc measure, it is less overpostulated 
than the SMSG-GW text; in other respects it is more overpostulated. The 
extent to which a particular textbook is overpostulated is determined by 
the author. The teacher of a particular textbook may increase the over- 
poslulation by treating some of the theorems as postulates. 

Examples of GWC Content 

Example I 

An exercise following postulates 1-4 in the SMSG-GW text asks, VHiich 
postulates imply that given a point, there is a line that contains it? The 
students would not be required to write a proof to support the answer. 
A student might defend his HTiswer orally as follows: A point is given. 
Call it P. Since space contains at least two distinct points, there must be 
(by postulate 1) some point Q besides P. Then by postulate 3 there is a 
line / containing P and Q. Therefore, there is a line containing the given 
point. 
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Example 2 

A theorem following the incidence, distance, and ruler postulates. 

Theorem (the two coordinate systems theorem). Ler a line I and (wo 
coordinate systems, C and C, on I be given. There exist two numbers 
a, b, mth a ^ 0, such that jar any point on I, its coordinate' x in C is 
related to its coordinate x' in C by the equation x' ^ ax -\- b. 

Proof. The postulates regarding distances and coordinate systems imply 

PX 

that a ratio of distances, such as , is independent of the coordinate 

system and that betweenness for points agrees with betweenness for co- 
ordinates (sec fig. 5.1 ). It follows that if P and Q are distinct points on 
a line with coordinates /; and ^ in a coordinate system C and with coordi- 
nates p' and g' in a coordinate system C, then for every point X on PQ, 
its coordinate ;c in C is related to its coordinate x' in C by the equation 

X - p _ x' — p' 

or 

q-p q-p ' 

which is the form of jc' - cu: + 6. 



p q X (C) 

p' q' X' (C) 

Fig. 5.1 

A useful special case of the theorem is obtained if p, q, x, p\ q', x' are 
replaced by 0, 1, k, x^, Xn, x, respectively (see fig. 5.2). In this case the 
equation relating x and A is ;c — jcj -{- k{xn - ;ci). Also, X is* a point of 

the ray PQ \i k> 0, and X is a point of the ray opposite to PQ \i k< 0. 
P OX 



\ k (C) 

X, X (C) 



Fig. 5.2 



Several exercises that illustrate the use of this theorem follow. 
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Exercise, Find the ^-coordinate of X on PQ if X lies on the ray PQ, 
PX - 5 ' PQ, the A'-eoordinate of P is 2, and the jc-eoordinate of Q 
is -4. (Sec fig. 5.3). 



f 



O I k 

2-4 X 

Fig. 5.3 

Solution. Let k be the eoordinate of X in the system with P as origin 
and 2 unit-point (the eoordinate of P is 0 and the eoordinate of ^ is 1 ) . 
Thenx = 2 + ^(-4 ~ 2),a: = 2 - 6k. Sinee PX = 5 - PQ, k = or ~5. 

Sinee X ^ PQ, k >0. Therefore ^ = 5, and it follows that x = -28. 

Exercise. Find the x-coordinate of X on PQ if A' lies on the ray opposite 

to PQ, PX =^ 5 • PQ, the jc-eoordinate of P is 2, and the x-eoordinate 
of C^is -4. (See fig. 5.4.) 



X 



k 0 I 

X 2-4 

Fig. 5.4 

Solution. Let k be the eoordinate of X in the eoordinate system on PQ 
with P as origin and Q as unit-point. Then a: = 2 + A(-4 - 2), a = 

2 - 6/:. PA^ = 5 • PQ implies that ^ = 5 or A: = 5, and A' C opp PQ 
implies that /c < 0. Therefore /c = —5, and it follows that x = 32. 

Alternate Solution. Let /: be the eoordinate of X in the eoordinate sys- 
tem on PQ with Q as origin and P as unit-point. Then a: = ~ 4 + jt(2 +4), 
X = -4 + 6^. Set ^ = 6. Then x =: 32. (See fig. 5.5.) 



k I 0 

X 2-4 



/ 



Fig. 5.5 

Example 3 

A theorem regarding additivity of angle measure. 

Theorem (the bctweenness angles theorem). Let VE, VF, VG be rays 

such that VF is between VE and VG. Then mLEVF + mLFVG = 
mlEVG. 
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Proof. The definition of bclwccnncss for rays and ihc prolracior and 
angle measure poslulaics imply thai there is a ray-coordinate system with 

center V in whicli the coordinates of VE, VT, VG are 0. /, .v, respectively. 
withO </<(;< 180. Then nUEVF ^ mclFVC = (/ - 0) 4 (.i? - /) ^ 
g ^ mlEVG, (See fig. 5.6.) 




Hig. 5.(1 



Example 4 

An exercise following the introduction of coordinates in a plane asks 
the students to plot the graphs of the sets 

A - {(^, 7): A- -7},B- {(A-,y): y > 5}, 
C = {U. v): a: - 7 and y > 5). 

The graph of A is the line parallel to the y-axis and 7 units to the right 
of the y-axis ((\g. 5.7). The graph of S is a half-plane (lig. 5.8). The 
graph of C is a half-line; it is the intersection of the line that is the graph 
of A and the half-plane that is the graph of B (fig. 5.9). Sec figures 
5.7-5.9 for the solution. 



y 




\ 5 





Fig. 5.7 Fig. 5.8 Fiij. 5» 

Example 5 

A theorem regarding parametric linear equations. 
Theorem. // A(xx, y, ) and ^(xo, y^) are any two distinct points then 
AB = {(X, y): x =z x^ k{x2 - x^), y = y, -f kiy^ - yi), k is real]. 



APPUOACHHS USING COOKDINATI-S 



127 



// k is a real nuuihcr one/ P is the point (x, y) where x 
x^ ) and y - yy -r k iy-: - y, ), (hen 



k ^ and P C AB if k > 0. 
AP 

- k . -jj^ and P C opp AB if k < 0. 

Proof (plan). Li*l AB be a line in an Av-planc not parallel to cither 
axis (sec fig. 5.10). It follows from the dciinition of an A'v-coordinaic 
system that the onc-to-oiK* corrcspoiulcnee that matihcs each point on the 
A*-axis (>'-axis) with its .v-coortJlinate ( v-eoordinatc ) is a coordinate system 
oil the .v-axis (y-axis). The .v-coordinate (y-coordinate) of a point on 

ABh the .v-coordinate (.v-coordinate) of its projection on the .v-axis 
(y-iixis). It may be proved thai the one-to-one correspondence that 

matches each point on AB with lis x-cooidinaic ( y-coordlnalc ) is a coordi- 
nate system on AB, The assertions of the theorem for the case of a line 
parallel to cither axis as well as for ihe oblique case follow from preceding 
results regarding coordinate systems on a line. 

There is a similar theorem regarding parametric linear equations and 
the representation of a line in an .v\'r.-space. 



^1 




Fig. 5,10 

Example 6 

An exercise illustrating the use of parametric equations states. G.Ken 
A " (3. - 7) and B . { - -12), iind the points of triscction of Zfi. 

Solution. 'AB =: [(.v, v): .v 3 - 8A, y -1 5A, 0 < A: < 1 ). Set 
A: rr 1 3. Then x ^ \ 7^ and y = -26 3. Set k 2 3. Then x -7 '3 
and y - -31/3. The points of irisection are (1/3. -26 3) and (-7 3. 
-31/3), 
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Example 7 

A classical theorem relating slopes and perpendicularity. 

Theorhm. Two ftoiivcrdval lines are perpendicular if and only if the 
product oj their dopes is —1. 

Proof. Yet p\ and p,^ be nonvertical lines in an .vv-plane with slopes 
and nh>^ respectively. Let q\ and be lines through O - (0, 0) parallel to 
P\ and P'*s respectively. Let /?(!, m,) and 5(1, m.^) be points on ^, and 
q >, respectively. Then is perpendicular to p-, if and only if OR is per- 
pendicular to (75. (Sec fig. 5.1 K) 





y 

A 


— ^ 






X 

\ 



Fig. 5.11 



Using the Pythagorean theorem and its converse, it follows that is 
perpendicular to — 

1. if andonly if (05)^ ^ (/?5)-; 

2. if and only I + mi"- + 1 -h m-^- = (ni] — tyij)-; 

3. if and only if num-j = — 1 . 

Example 8 

A classical theorem regarding parallelograms. 

Theorem. A quadrilateral is a parallelogram \\ ami only i{ Us (diagonals 
bisect each other. 

Proof, Given quadrilateral ABCD, set up an .vy-coordinatc system so 
that A ^ (0. 0), B = (a, 0), C = (x, y), D = (h, r). Then (by a pre- 
ceding theorem) ABCD is a parallelogram if and only \l x = a b and 

y = c. But X - a b and y = c if and only if the midpoint , of ^AC 

is the same as the midpoint {j-^j—- - ^) Therefore ABCD is a 

parallelogram if and only M AC and Wd bisect each other. {See fig, 5.12). 
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A(0,0) B{a,0) X 



Fig. 5.12 

Example 9 

A theorem whose proof illustrates the power of the coordinate method. 

Theorem. // a line in the plane oj a circle intersects the interior of the 
circle, then it intersects the circle in two distinct points. 

Prooj. Suppose point P lies on line / and in the interior of circle C. 
Set up an A^v-coordinatc system so that C, /, and P are given by C — { (x, y): 
X- + y- = r-), / ^ {(x, y): y = P (a, />). (See fig. 5,13.) Then 
a- + < r-, and the intersection of / and C is the set { (x, y) : x- + b'- — r- 
and y = b}. Since a- > 0, it follows that r- — b'~ > 0, and the equation 




Fig. 5.13 
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jc^ -r /?' = r- has two real roots. Therefore i inlcrsccls C; the two dislinci 
points of intcrscclion arc ( r- — h'\ h) and (-Vr- - h'-, b). 

Example 10 

Another theorem with a proof illustrating the power of the coordinate 
method. 

Theorem. The medians of a triangle are concurrent in a point that is two- 
thirds of the distance from each vertex to the midpoint of the opposite 
side. 

Proof. Let l\ABC be given. Select an A\v-coordinate system in the plane 

of this triangle with the origin at A, with AB the .v-axis, with the abscissa 
of B positive, and with the ordinate of C positive. Let a, b, c be numbers 
such that B = (6a, 0) and C ^ {6b, 6c). Let D, E, F be the midpoints 
of BC, CA, AB, respectively. Then AD, DE, EF^'are the medians of 
/\ABC. Then F = I3a, 0) and CF = {(x, y): x ^\^b + {3a - 6b)k, 
y 6c + (0 - 6c)A% 0 < A < 1 }. (See fig. 5.14.) The point P on CF 

such that CP - - CF '\s obtained by setting A' = Tfefien P = (.v, v) — 

3 \g 

^6/; H [3a - 6h] ^, 6c 4- [0 - 6c] ^ z:: (2a 4- 2/), 2^). 



c (eb,ec) 




A F ~ ' ' i?(6fl,0) Jt 



Fig. 5.14 

SiiJiilarly it may be shown thai the point P' that is two-thirds of the 
distance from to is P = (2a + lb, 2c) and that the point P" that is 
two-thirds of the distance from A to D is P" — (2a + 2ft, 2c). Therefore 
P - F = F\ and the proof is complete. 
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Example 11 

An exercise regarding internal and external points of division of a seg- 
ment states. Given two points A and B on a line / with .v-coordinates 3 and 

—21, respectively, find the .v-coordinates of the points P and Q ox\ AB 

that divide AB (the directed segment from A \o B) internally and ex- 
ternally, respectively, in the ratio 7/8. 

Solution. Let 5 and T be two coordinate systems on / with coordinates 
of several points as marked in figure 5.15. Then 

x-3 ^ k -Q 
-21 ~ 3 1 - 0 

AO 1 

and .V = —lAk + 3 for every point X on /. Since -p^ = , AQ is less 

than QB, and Q lies on the ray opposite to AB, The coordinates .r and x' 
of P and Q are computed as follows: 

AP = k-0 AQ^O - k' 

PB = \ ~ k QB=: I - k' 

k 1 -k' 1 



A- 8 1 - A:' 8 

7 A' = -7 

^'-]5 ^' = 171 

X = -8.2 



X 



B 



(S) 
(T) 



X 



3 
0 

Fig. 5.15 



X 

k 



-21 
I 



Example 12 

A "locus'' theorem that illustrates the use of set language. 

Theorem. The set of all points equidistant from the endpoints of a seg- 
ment is the perpendicular bisecting plane of the segment. 

Proof. Let tt be the perpendicular bisecting plane of AB and let C be- 
the midpoint of AB, Let P be a point. (Sec fig. 5.16.) There are two 
statements to prove: 

1. If PGa, then/lF = PB. 

2. ff/fF = PB, thenPG«. 



132 



GEOMETRY IN THE MATHEMAT/CS CURRICULUM 



A 




B 

Fig. 5.! 6 



To prove statement I, use the SAS postulate to prove that l^ACP ^ 
ABCP; then AP = PB. To prove statement 2, use SSS postulate to prove 
that l\ACP ^ l\BCP\ then I.ACF ^ I.BCP. It follows easily from pre- 
ceding theorems that CP L AB and that P lies in a. 

The Role of Coordinates 
in Selected Hij^h School Geometry Textbooks 

Comments on the role coordinates play, along with pertinent biblio- 
graphic information, arc given for the following textbooks: 

Geometry, A. Wilson Goodwin, Glen D. Vannatta, and F. Joe Crosswhite. 

Columbus, Ohio: Charles E. Merrill Publishing Co., 1970. 

Linear coordinate systems are introduced in chapter 2, and rectangular 
coordinate systems for a plane are introduced in chapter 5. Coordinate geom- 
etry is included as an enrichment topic near the ends of most chapters follow- 
ing chapter 5. Coordinates appear also in chapter 20 (Introduction to Trigo- 
nometry). 

Geometry, Edwin E. Moise and Floyd L. Downs, Jr. Reading, Mass.: 
Addison-Wesley Publishing Co., 1964, 1971. 

On the role of coordinates, this book is similar to the 1961 SMSG Geometry. 
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Geometry, Lawrence A. Ringenberg and Richard S. Presser. Benziger- 
Wiley Mathematics Program series. Beverly Hills, Calif.: Benziger, 
1971. 

This hook also features an approach using coordinates similar to that of the 
SMSG-GW text. 

Geometry, Myron F. Rosskopf, Harry Sitomer, and George Lenchner. 
Morristown, N.J.: Silver Burden Co., 1971. 

This book features an approach using coordinates similar to that of the 
SMSG-GW text. 

Geometry, School Mathematics Study Group. New Haven: Yale Univer- 
sity Press, 1960, 1961. 

This is the first SMSG high school geometry textbook. The postulates provide 
for a unique distance function. Postulate 2 (the distance postulate) asserts 
that 10 every pair of different points there corresponds a unique positive 
number." Coordinates on a line are introduced in chapter 3. Postulate 3 (the 
ruler postulate) asserts that "the points of a line can be placed in correspond- 
ence with the real numbers in such a way that ( 1 ) to every point of the line 
there corresponds exactly one real number, (2) to every real number there 
corresponds exactly one point of the line, and (3) the distance between two 
points is the absolute value of the difference of the corresponding numbers." 
Betweenness for points is defined in terms of distance, that is, B is between 
A and C if AB + BC — AC. The relationship of betweenness for coordinates 
to betweenness for points is established as a theorem. Set-builder symbols 
involving coordinates are not introduced to represent subsets of lines, planes, 
and space. Coordinates are not used in developing angle measure. Coordi- 
nates do not appear in chapters 3 through 16. The final chapter of the book 
(chapter 17) is devoted to plane coordinate geometry. 

Geometry, James F. Ulrich and Joseph N. Payne. New York: Harcourt, 
Brace & World, 1969. 

A coordinate system on a line and a coordinate system for rays are two of 
the topics in chapter 2. Parallels and coordinates are the subject of chapter 6. 
Coordinates are used to a considerable extent in chapter 9 (Introduction to 
Locus) and chapter 13 (Introduction to Trigonometry) and to a lesser extent 
in chapter 11 (Pythagorean Theorem) and chapter 12 (Polygons and Area). 

Lines, Planes, Space, H. Vernon Price, Philip Peak, and Phillip S. Jones. 
Book 2 of Mathematics: An Integrated Series. New York: Harcourt, 
Brace & World, 1965. 

Coordinates on a line and in a plane are introduced in chapter 2. Coordi- 
nate geomet'-y is the subject of chapter 8. Coordinates are used to varying 
extents in chapters 9 (Functions), 10 (Exponents and Logarithms), 11 (Quad- 
ratic Functions), and 12 (Circles and Spheres). 
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Modern Geometry, Eugene D. Nichols, William F. Palmer, and John F. 

Schachl. New York: Holt, Rineharl & Winston. 1968. 

Coordinates appear in three of the sixteen chapters of this book, Coordi- 
nates on a line are mentioned in chapter 1. Chapter 10 is a formal introduction 
to coordinate geometry — line, plane, and space. Equations and their graphs 
are the subject of chapter 15. 

Modern Geometry: Structure and Function, la cd., Kenneth B. Henderson, 
Robert E. Pingry, and George A. Robinson, New York: McGraw-Hill 
Book Co., 1968. 

A ruler postulate and a prolraclor postulate are introduced in chapter 4. 
The first postulate in chapter 7 coordinatizes a plane. Coordinates are used 
in some proofs. 

School Mathematics Geometry, Richard D. Anderson, Jack W. Garon, and 
Joseph G, Gremillion. Boston: Houghton Mifilin Co., 1966. 

Again, on the role of coordinates, this book is similar to the 1961 SMSG 
Geometry, 

The Role of Coordinates 
in Selecleil (College Geometry Textbooks 

Teachers whose college background in formal geometry is limited to a 
course in analytic geometry (preceding, or integrated with, the calculus) 
and a course in advanced Euclidean geometry using a synthetic approach 
should have some lead time to prepare to leach a GWC course. Many 
teachers with such a background who have taken courses in the founda- 
tions of geometry as a part of a summer institute program or an in-service 
institute for teachers are enthusiastic about GWC courses and prefer them 
to courses using the traditional synthetic approach. Many younger mathe- 
matics teachers have had a college course that includes coordinates in 
developing the foundations of geometry and are prepared for an assign- 
ment to teach a GWC course. A teacher who feels his background is inade- 
quate to teach a GWC course should be encouraged to study a textbook 
for such a course. With the aid of a teacher's edition he should be able 
to complete it as an independent study assignment. Having completed it, 
he is likely to be enthusia.stic about it and to want to teach it. 

Some comments regarding the role of coordinates in selected coWzgi^ 
geometry textbooks follow. 

College Geometry, Lawrence A. Ringenberg. New York: John Wiley & 
Sons, 1968. 

Chapters 2 through 10 of this textbook are devoted to a formal development 
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of the foundations of Kiiclidcun geometry wilh an approach thai uses coordi- 
nates extensively. 

Elcmentory Geometry from an Advanced Standpoint, Edwin E. Moisc. 

Reading, Mass.: Addison-Weslcy Publishing Co., 1963. 

This textbook is an extensive. maihematiciUly rigoroiis I real men t of ele- 
mcnfary geometry designed for prospect ive or in-service leuchers. Coordi- 
nates on a line ure introduced in chapter 3. Curiesian coordinate systems ure 
the subject of chapter IS. C oordinates ure used in several other places through- 
out the thirty-two chapters of this book. 

Foundatums of Gcomeiry, C Ray Wylic. Jr, New York: McGraw-Hill 
Book Co., 1964. 

Designed for prospective teachers and teachers of secondary school mathe- 
matics, this textbook is u rigorous development of school geometry based on 
the postulates used in the SMSG-CiW text, ^\hich Wylie helped to write. The 
hook ulso includes a curefu! diseussioiTof the axiomutie method, a treutment of 
a geometry of four dimensions, plane hyperholrc geometry, and un exposition 
of a I'uclidean model ol the hyperbolic plane. 

Fundamentals of Geometry. Bruce E. Mcserve and Joseph A. Izzo. Read- 
ing. Mass.: Addison-WeslL^y Publishing Co., 1969. 

1 his textbook is designed to provide a broaJ geometric buckground that will 
help students see ho\\ l-.uclidean geometry is related to other geometries. It 
does not contain a complete formal development of coordinates on a line or 
in u phine or in space. Assuming the existence of such coordinute systems 
(as in elementary analytic geometry), nonhotnogeneous coordinates are de- 
veloped und used to extend and relate Euclidean geometry to other geometries. 

Funiiamentals of College Geometry, 2d ed.. Edwin M. Hemmcriing. New 
York: John Wiley & Sons. 1970. 

1 he last chapter of this textbook is devoted to coordinute geometry. 
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A Traiisf ormation Approach 
to Geometry 

ARTHUR F. COXFORD, JR. 



'pHfS CHAPTER is the third in a series of five chapters in Part 11 of this 
yearbook describing different approaches to school geometry. In each 
of these chapters a case is made for the use of a particular approach to 
school geometry. The approach described in this chapter is based on the 
use of certain transformations of the plane. These transformations are 
identified below and are described in detail later. For now, it is sufficient 
to recall that a transformation of the plane is a one-to-one mapping of the 
plane onto itself. 

As indicated above, the purpose of this chapter is to describe one ap- 
proach to school geometry. But how does one describe an approach? The 
following summary of the organization and content of the chapter gives 
the reader an idea of what the author means by "describing an approach." 
It should also help the reader keep perspective as he moves through the 
details of the description. 

The first section of the chapter discusses the properties of the major 
transformations used in the approach described herein. The first five trans- 
formations are reflection, rotation, translation, glide reflection, and dilation 
(also called homothety, dilatation, enlargement, or central similarity). 
Each of these transformations is a special case of a similarity transforma- 
tion, which is discussed separately under other similarity transformations. 

There are two reasons for including the material on the transformations 
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and their propcnics. First, many who read this chapter will not have had 
in their formal education the opportunity to study these transformations. 
Thus the material will provide to these readers an introduction to transfor- 
mation ideas imd some of the fascinating associated ideas. The second 
reason, and related to the first, is that a reader cannot understand and 
appreciate this approach to geometry without a basic understanding of the 
transformation ideas used. Therefore, the material is included to make the 
probability of understanding the subsequent sections as great as possible. 
The reader who has studied transformations and their properties may either 
pass over this discussion or skim the material to refresh his memory. 

The second and third sections argue that transformation ideas ought to 
be included in school geometry and that they ought to be central to the 
development of school geometry. These arguments set the stage for the 
fourth section, the major portion of the chapter. In this section the course 
objectives are given, and the scope and sequence of a course in school 
geometry based on transformation ideas is discussed in great detail. The 
development of standard topics such as parallelism, congruence, and simi- 
larity is discussed along with the less standard topics of transformations, 
matrices, and groups. The objective is to give the reader an accurate 
picture of such a course with detail enough to provide him with a sound 
basis for comparing this approach with others described in this yearbook. 

The last two sections of the chapter are short ones. The first examines 
some is>sues that would arise if the described transformation approach were 
to be implemented. The final section includes a few personal observations 
of the author. 

Transformalions of the Plane 

The transformations of the plane — reflection, rotation, translation, glide 
reflection, dilation, and similarity — are informally described in turn in this 
section. For each transformation one or more figures that illustrate the 
definition of the transformation or the properties are given. All examples 
and illustrations deal with transformations of the plane. The reader can 
easily construct analogous illustrations for the transformations of space. 

Four of the transformations of the plane are called the isomeiries. They 
are reflection, rotation, translation, and glide reflection. 

Reflection 

Reflection in a line pJays a fundamental role in the study of isometries. 
It may be used to generate the remaining three isometries. This is illus- 
trated in the discussions of rotation, translation, and glide reflection. 

Figures 6.1 and 6.2 illustrate the definition of the reflection of a point A 
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over the line nK Notice that when A is not on m, as in figure 6.1. then the 
refleetion of A over ni is the point A' such that m is the perpendicular 
bisector of segment AA' (AA'), When A is on ni, as in figure 6.2, then 
the image of A is itself. 



A 

H 



The line m is called the mirror (or am or reflecting line) of the reflection. 
The reflection in the line m is denoted A/„,. If the mirror is unspecified or 
unknown, a reflection is denoted M. With this symbolism, the statement 
is the reflection of A in nr is written 

MJA) ^A\ 

Throughout this discussion, primed letters will denote image points and 
unprimed letters will denote prcimage points. 

To construct the refleetion image of a set of points, all one needs to do 
is to reflect each point in the set. The results of doing this for one geo- 
metric figure are illustrated in figure 6.3. For example, the set of points 'AC 
maps onto the set of points A'C\ 

Figure 6.3 also illustrates several properties of geometric figures and 
their images under refleetion. These properties are summarized as follows: 

1. If /4 is not on m, then A and A' are on opposite sides of m. 

2. Each point of m is its own image under M„,\ the points of m are 
fixed points of the transformation M„,. The line m is a pointwise 

fixed line. The line AA \ where AA' L is its own image, too. It is 
also a fixed line, but it is not pointwise fixed because each point is 
not its own image. 



^\ ^ 



A A^ 
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3. The imago of any straight line is again a straight line. In figure 6.3, 

= /'. Thus, reflection in a line preserves lines. 

4. Reflection in a line preserves distance between points, maps angles 
onto angles, and preserves the measure of angles. In figure 6.3, AB — 
A'B\M,„{LABC)^ ZA'B'C\ nUABC ^ ni IA'B'C\ 

5. Refleelion in a line reverses the orientation of three noncollinear 
points. The three points A, B, C (\n that order) are counterclock- 
wise oriented while their images A \ B\ C (in that order) are clock- 
wise oriented. 

6. Given iwo arbitiary points A and A \ there is a unique reflection M 
such that MfA-^) ^ It is the reflection determined by the per- 
pendicular bisector of AA\ 

7. Given two rays DA and DC\ there is a unique reflection M„, inter- 
changing DA and DC. The mirror m is the bisector of IADC\ 

Rotation 

The second isometry discussed is the rotation. Figures 6.4 and 6.5 
illustrate the most common way of thinking about a rotation. A point O 
is given as the center of the rotation, and a measure of an angle e is specified. 
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Then a point A ^ O (fig. 6.4 ) is rotated B units about O to a new position 
A\ A' is the rotation image of A under a rotation with center 0 and 
magnitude 6, If A happens to equal O (fig. 6.5), then A is its own image. 
Notice that OA = OA' and m/LAOA' = ^, properties that are characteristc 
of a rotation. 




Fig. 6.4 Fig. 6.5 

If you think of the rays OA and OA' as an ordered pair and think of e 

as a measure of /LAOA' from OA to 0A\ then 0 is considered positive. 
Similarly, when 6 is negative, the angle is measured in a clockwise manner-^ 

from OA' to OA in figure 6.4. A positive magnitude d corresponds to a 
counterclockwise rotation; negative 0 implies a clockwise rotation. The 
letter R is used to denote a rotation. 

Figure 6.6 illustrates several important properties of geometric figures 
and their images under a rotation /?. They are summarized as follows: 

1. Rotation is a one-to-one mapping of the plane onto itself. 

2. Under a rotation the image of a line is a line. In figure 6.6, /?(/) = /'. 

3. Rotation is a distance-preserving and angle measure-preserving 
transformation. For example, BC = B'C\ R(IBCA) = IB'CA\ 
and mlBCA = mlB'CA' ln figure 6.6. 

4. The angle between a line and its image under a rotation with magni- 
tude 6 is also 0. The angle between the lines is measured from the 
preimage line to its image. In figure 6.6, the angle between / and its 
image /' is 0, The exceptions to this occur when 6 is an integral mul- 
tiple of 180°. A rotation of 180 Ms a halj-turn, 

5. Generally a rotation R has exactly one fixed point, namely, the center 
O, Exceptions occur when B is an integral multiple of 360°. In these 



A TRANSFORMATION APPROACH 



141 



cases all points remain fixed. Thus any rotation R with magnitude an 
integral multiple of 360° is the identity transformation. 
6. Rotation preserves the orientation of three noncollinear points Com- 
pare, for example, points A, C and A\ B\ C of figure 6.6. 




Fig. 6.6 

The rotation transformation may also result when the operation com- 
position is applied to two transformations. Composition of transformations 
is identieai to eomposition of functions. If y4 is a point and G and H are 
transformations, eomposing G and H is done by first finding G{A ) = A\ 
then finding H(A') = A'\ Composing G and H results in a new transfor- 
mation, H o G, which maps A onto A'\ This transformation is called the 
product of H and G, 

When G and H are reflections in lines intersecting at a point O such as 
M, and Mm shown in figure 6.7, the product Mm q is a rotation R with 
center 0. It is easy to see that M,„ o is a rotation with center 0. Cer- 
tainly AO - OAi = 0A\ so OA - 0A\ Moreover, if M„, o m,(A ) = A\ 
then m/.AOA' is independent of /j. Thus M,„ o is a rotation with center 
Oand magnitude mZ/4(9>4' =: 0. 

It is interesting to note the relationship between the magnitude of the 
rotation, and the measure of the acute or right angle determined by the 
lines / and m. As shown in figure 6.7, 0 =: 2<^. Thus the magnitude ^ of a 
rotation is twice the measure of the acute or right angle determined by the 
intersecting mirrors. 
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Fig. 6.7 



Since the magnitude of the rotation is twice the angle between the mirrors, 
It follows that any pair of mirrors maidng this angle at the point 0 deter- 
mines the same rotation /?. Thus one pair of mirrors may be replaced by 
a second pair making the same angle at O. The reader is encouraged to 
verify this for himself by constructing the rotation image of a figure using 
several pairs of mirrors making the same angle at (9. For example, in 
figure 6.8, o M^^ — R — M„t.^ o Mj.,, Choose three noncollinear points 
such as A, B, C and verify that o M^KlSABC) = /W^s ^ A^jjCA^^C). 

The fact that any rotation can be defined in terms of the product of 
reflections suggests the fundamental role that reflection plays in transfor- 
mation geometry. The definitions of the remaining two isometries are 
stated in terms of products of reflections to illustrate this role further. 

Translation 

A rotation about a point arises when the product of two reflections in 
intersecting lines h considered. But when the lines are parallel — the only 
other possible situation in the plane — then the product of reflections is a 
translation. Figure 6.9 illustrates the translation 7 = Af^, o where || /. 
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i-ig. 6.S 

We include in the definition of parallel lines the case where / and m are 
the same line; that is, two lines in a plane are parallel if and only if their 
intersection is empty or they are the same line. 




Fig. 6.9 



Because each point A is mapped onto a point A' under the translation T 
by successive reflections in parallel lines, A and A' are on the line perpen- 
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dicular to / and lo nu Thus the lines dctcrmircd by corrcsjxinding points 

under T arc paraNeL (AA' [ BB' \ \ CC in fig. 6.9. ) 

By using directed distances, it can be shown that each point B in the 
plane is moved the same distance by a translation T. For example, ligure 
6.9 shows that 

BB' BY + YB' 

^ BB,^ B,Y^ YB' 
BB,+ 2B,Y 

BX + XB,^ 2{B,X 4- XY) 
= 2XY, 

Thus, not only is each point moved tlicsame distance, but also that distance 
is twice the di.stance from / to 

Since each point is moved the same distance and in the same direction 
under a translation T, only one pair of corresponding points needs to be 
known to determine 7. A translation, then, can be represented by any 
arrow of the correct length and direction. The equivalence class of all such 
arrows is the vector of the translation 7. In figure 6.9 the vector of 7 is 
denoted v. 

Since 7, a translation, is determined by the direction and distance any 
point moves, the mirrors / and /// in the definition may be replaced by any 
pair of parallel mirrors the same directed ciistanee apart. What property of 
rotations is similar to this? 

Several properties of a translation arc Diastratcd in figure 6.9: 

I. Translation is a one-to-one mapping; of the plane onto itself. 

2: Under a translation, the image of a line is a line iT{AB) ~ A'B' 

in figure 6.9). Moreover, a line and its image are parallel (AB '! 

A 13'), 

3. Translation is a distance-preserving and angle measure-preserving 
Iransfbrmalion. 

4. A translation has no fixed points. 

5. Translation preserves the orientation of three noncollincar points. 
(Compare A, B, C and A \ B\ Cm fig. 6.9.) 

Glide reflection 

The fourth and final isometry of the plane is the glide reflection. A 
glide reflection is the product of three reflections in lines that are neither 
concurrent nor mutually parallel. Figure 6.10 illustrates the glide reflection 
G = A^„ o M,n o M,. 




Fig. 

Fortunately there are simpler and 
terize a gl'*de reflection G. Consider 



6.10 

more easily applied ways to cliarac- 
G - M„ o Mn, o M, in figure 6.1 I. 




Replace mirrors / and m by /' and /?/' such that they make the same directed 
angle at A and such that m' l n (fig. 6.12). Thus 
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Fig. 6.12 

Now replace mirrors n and ///' by n' and //i" such that they arc also perpen- 
dicular at B but such that n' i /' (fig. 6.13). Thus 



.By 



r 



Fig. 6.13 

Notice that /«" |] Thus o Mr is a translation Finally, substituting 
rfor M„," 0 Mr, 

or in words: 

A glide reflection G is the product of a reflection and a translatir;n in 
the direction of the mirror. 
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The mirror is the axis of the glide reflection. (See fig. 6.14.) Is it also 
true that C is the product of a half-turn and a reflection? 
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Figure 6. 14 also illustrates the fc.»ct that G may be obtained cither by first 
translating then reflecting (/I to /I i to /I') or by first reflecting then trans- 
lating {A \o As \o A' ) . It is also evident in hgure 6,14 that the axis / 
bisects a segment determined by A and G{A), In the figure, M is the 
midpoint of AA'. Further properties of a glide reflection are similar to 
those listed for a reflection and are not repeated here. 

lYilation 

The first similarity to be illu.stratcd that is not also an isomctry is the 
dilation. (It is also called homothety, dilatation, and central similarity.) 
Given a point O in the plane and a positive real number the dilation 

image of a point A 5^ is the point A' on OA such that OA' = A • OA, 
\{ A =0. then the image and the preimage coincide. The leUer D is used 
to denote a dilation. Figure 6. 1 5 illustrates this definition for several points 
in the plane. 

Some of the dilation properties that are illustrated in figure 6.15 follow: 
[, The image of the center O is O, Thus a dilation is a one-to-one 

mapping of the plane onto itself. O is the only fixed point for all 

values of k. 

2, Dilation is a line-preserving transformation. (0(/) - /' in fig. 6.15. ) 
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Fig. 6. 1 5 



3. Dilations preserve angles and angle measure. (D( lACB) = lA'CB* 
and mlACB = mlA'CB\) 

4. All lines containing the center O are their own images; thus they are 
fixed lines. Are they pointwise fixed lines? 

5. Under a dilation with magnitude ^, the distance A'B' between jhe 
images of A and B is given by A'B' = k • AB. 

6. A dilation is an orientation-preserving transformation. (Compare A, 
B,C and A\ B\ C in fig, 6.15.) 

Other similarity transformations 

The five transformations discussed and illustrated in this section are 
examples of similarity transformations. Yet there are similarity transfor- 
mations that are neither isometrics nor dilations. These other similarity 
transformations are products of isometrics and dilations. An example of 
such a similarity transformation is shown in figure 6.16. The similarity 
transformation mapping AABC onto AA'B'C is the product of a reflection, 
a translation, and a dilation. 

The properties of these similarity transformations, which are referred to 
henceforth as simply similarity transformations, are those properties that 
are common both to dilations and to isometrics. Some of these properties 
are outlined as follows: 

1. A similarity transformation is a one-to-one mapping of the plane 
onto itself. 

2. Under a similarity transformation, the image of a line is a line. 
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Fig. 6.16 



3. Similarity transformations preserve measures of angles. (In fig. 6.16, 
mlABC =^ mlA'B'C.) 

4. Under a similarity transformation, the ratio of distances is preserved. 



Just as the number of isometries is finite, so too is the number of simi- 
larity transformations of the plane. The minimal set of similarity transfor- 
mations is discussed in the section on the groups of transformations. 

These six line-preserving transformations and their products form a basis 
for the study of Euclidean geometry. The central relations between figures 
in Euclidean geometry such as parallelism, congruence, similarity, perpen- 
dicularity, or intersection are relations that are preserved under these 
transformations. Thus one could, by studying the invariants of the trans- 
formations, study Euclidean geometry. The remainder of this chapter is 
a description of a means by which these transformations can be employed 
in school geometry. 

Why Transformations Should Be Included in Geometry 

Increasing criticism has been aimed at the school geometry that has been 
taught for the last half century. One of the major areas for criticism is the 
mathematical content taught. The content and organization of school 
geometry courses were patterned after the reorganization of Euclid due to 
Legendre, whose work dates from 1794. Some topics and ideas that 
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were important a half century ago have less importance today; other ideas 
retain their importance. Still other ideas, even though long recognized as 
important, needed present-day mathematical advances to highlight their 
fundamental importance in mathematics. 

One such idea that has been conspicuous by its absence from geometry 
texts is function. The importance of function is attested to by its use in 
the mathematical .sciences and by the 1959 Report oj the C()nimis.\ion on 
Mathematics, published by the College Entrance Examination Board. 
Isometries and dilations are functions, and thus they can provide the learner 
with immediately useful applications of the function concept. Other areas 
in school mathematics have more difficulty in showing significant (to the 
average learner) uses of functions. In geometry the function can become 
truly useful. (These uses are described fully in later sections.) 

In addition, employing isometries and dilations in geometry provides 
"readiness'* experiences that will stand the learner in good stead if he 
studies affine geometry, projective geometry, or topology. For example, 
the notion of invariance, so easily brought to the fore while using isometries 
and dilations in school geometry, is likewise important in these other 
geometries. Perhaps the learner will better appreciate the significance of 
invariant properties of sets of points under a transformation if he begins 
his study with transformations that preserve nearly all properties of the 
sets, as do the isometries, and studies later other transformations that pre- 
serve fewer and fewer properties. This sequence appears to be a major goal 
of the English School Mathematics Project materials, Books 1-5 (8; 9; 10; 
11; 12). 

If for no other reason, transformations should be introduced in geometry 
in order to provide another tool useful in solving geometric problems. A 
favorite example follows: 

Given a triangle ABC, construct a square with two vertices on AB 
and one vertex on each other side. 

This problem is most easily solved using dilations. Many other similar 
problems are in the literature. The two-volume set Geometric Transjorma- 
tious I and II by I. M. Yaglom (17; 18 ) and Geometry Revisited by Coxeter 
and Greitzer (2) represent sources for such problems. Another useful 
source is Transformation Geometry by Max Jeger (5). 

Not all the uses of transformations as tools are elementary. Advanced 
topics in geometry employ transformation ideas. For example, in his book 
Plane Geometry and Its Groups, Guggenheimer (4) uses transformations 
in his development of hyperbolic geometry. True, the transformation he 
uses is inversion in a circle, but this turns out to be interprelable as reflec- 
tion in a line in the hyperbolic plane. The point is, these valuable tools 
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can and should be introduced to sehooi-age youngsters not only for their 
immediate use but also for their long-range use. 

Structure in mathematics has been established as a central notion in 
conteinporar\' school mathematics. Courses in algebra emphasize the held 
of real numbers as the basis for algebraic manipulation and deduction. 
Geometry, too. has its set of axioms that give it its structure. Transforma- 
tions provide the basis for an axiom system different from present examples. 

The introduction of transformations provides, additionally, opportunities 
to examine structures that are common both to algebraic and arithmetic 
objects and to geometric objects. For example, the set of isometrics is a 
group under composition; subgroups also exist and are easily identilied. 
In addition, the finite symmetry groups of geometric figures provide furtlier 
examples that have as their objects geometric entities rather than nunierica! 
ones. These examples should help the learner to fathom the importance 
of common structures for all mathematics and to begin to see the power 
of abstraction and generalization. 

Transformations provide an additional way to emphasize the interplay 
between algebra and geometry. Initially, transformations may be intro- 
duced in completely geometric terms, as was done in the first section of 
this chapter. Such a description can be thought of as a geometric repre- 
sentation of the mathematical ideas. Subsequently, transformations may 
also be represented algebraically with matrices. Studying two representa- 
tions of the same mathematical idea, one geometric and one algebraic, 
should help the student gain confidence in his ability to do mathematics 
by making him aware of various approaches to the same idea. It should 
also help him in his ability to interpret different mathematical represen- 
tations. 

The preceding paragraphs include some more or less mathematical 
reasons for introducing transformations into the school geometry program. 
Essentially, the main point is that mathematical transformations, their prop- 
erties, and their representations are important both to mathematics and to 
a student of mathematics. A final argument for transformations is more 
pedagogical in nature. Its validity is partially based on the author's per- 
sonal experience in teaching a transformation approach to geometry. 

When trying to teach a youngster a mathematical concept, we seek a 
development that is closely associated with his previous intuitive notions. 
We try to give him an intuitive peg on which to anchor the ideas to be 
learned. For example, in teaching congruence, we usually say it means 
the '*samc size and shape." The learner is able to determine whether two 
figures are congruent by deciding physically or mentally whether they ''fit'' 
one onto the other. Often when the formalization of the concept occurs in 
geometry classes, little attempt is made to use the intuitive peg of the 
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learner (because superposition is not accepted). Instead, a correspondence 
is defined. What could be more natural to the learner than to use isometries 
that map one figure onto another in the formalization of the concept of 
congruence? 

The argument, then, is that transformations can be used to organize 
instruction so that it is more closely related to youngsters' intuitive ideas. 
There are other pedagogical and mathematical benefits also. For one, trans- 
formations provide a means to present geometry in a more unified fashion 
than is usually the case. Their use also allows greater student flexibility 
and creativity in constructing proofs. These latter two points will be more 
fully amplified in the remainder of this chapter. 

The entire argument for the incorporation of transformations in geometry 
can be succinctly summarized as follows: Transformations provide a unified 
and mathematically contemporary orientation to geometry that is extremely 
sound pedagogical ly. 

A Fuii<luniental (Question 

Having presented the case for including transformations in the study of 
geometry, a fundamental question yet remains; namely, in what manner 
and form should transformations be incorporated in the school geometry 
work? 

This question has many answers, but there are two types of approaches 
that include extended work with transformations. These approaches are 
attempts to do more with transformations than simply add a chapter to a 
standard text. One approach makes the transformations and their proper- 
ties the objects of study in geometry. Such an approach is well represented 
by the works of Yaglom (17; 18) and Jeger (5). Each of these works 
assumes that the student has a knowledge of much traditional Euclidean 
geometry. Euclidean results are used to derive properties of the transfor- 
mations and relationships among transformations. Each work has a large 
collection of problems whose solutions follow from applications of transfor- 
mations. These works are a good source of ideas and problems, but as they 
stand, they are beyond the reach of many school students. 

An English series that takes a similar point of view, yet written expressly 
for British students of ages eleven to sixteen, is the School" Mathematics 
Project's (SMP) Books J-5 (8; 9; 10; 11; 12), In these materials, trans- 
formations are introduced intuitively in the first two books. In the same 
books, topics such as angle, polygons, area, volume, and the Pythagorean 
theorem are also developed intuitively. A similar pattern is evident through- 
out the series of texts, namely, the parallel development of some standard 
Euclidean topics with the transformation ideas. But as the student pro- 
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gresses through the series, the geometric emphasis centers more and more 
on the transfornjations themselves, as the following remarks suggest: 

In the S.M.P. texts. Transformation Geometry makes an early appear- 
ance and one consequence of this is that the treatment is biased towards 
the intuitive. ... it is in Book 2 that one begins to study the transforma- 
tions in earnest. [9, p. v] 

In this chapter [chapter 2] the emphasis shifts from the geometrical 
figure to the transformation, and the results obtained and the experience 
gained are more relevant to later work on matrices, functions and groups 
than to work on pure geometry. [10, p. v] 

This last quotation suggests another feature of the School Mathematics 
Project materials: 

The emphasis now begins to be placed on the interrelations that exist 
between the various topics. For example, matrices, which were first en- 
countered in Book 2, arc now used to illumine the study of topology, 
transformation geometry, relations and inverse functions. [10, p. v] 

Another feature of these materials is their lack of clearly delineated 
assumptions. The reader of these materials will be hard put to discover a 
basic set of assumptions for geometry or any other mathematical topic. 
This should not be construed as a criticism of the materials, for it is con- 
sistent with SMP's policy to encourage student discovery and with its 
further policy not to encourage geometric proofs for children in the age 
range of twelve to sixteen years (8, p. vii). Furthermore, Book 5 includes 
a summary of each topic studied. In some sense these summaries could 
be taken as .the assumptions of the mathematical topics in the course. It 
can be argued convincingly that the assumptions made regarding a mathe- 
matical topic ought to be the end product of the study rather than the 
beginning point, for it is then that the important ideas are clearly recog- 
nized, and it is then that these basic ideas can truly organize and structure 
the topic. In any case, undefined terms and assumptions are not evident in 
the SMP texts. 

In the author's opinion, the SMP Books 1-5 are excelljcnt materials. 
They satisfy most of the reasons given for including transformations in 
geometry. Unfortunately, the development of geometry is done over a 
five-year period. Presently this fact precludes their use in most secondary 
schools in the United States. However, if the organization of mathematical 
instruction in the United States were to be modified, these materials would 
constitute an excellent source of ideas for developing new sequences for 
mathematics courses. 

The materials briefly described above should be classified as transforma- 
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lion geometries in that the major emphasis is the study of the transfor- 
mations themselves. For example, the table of contents of Jcgcrs Trans- 
formation Geometry reads in part (5, p. 1 1 ) : ( 1 ) Mappings, (2 ) Reflection 
in a Line, (3) Translations, (4) Rotations, (5) The Group of Isometrics, 
(7 ) Enlargements, (8 ) Similarities, and (9 ) Affinc Transformations. 
Similarly, chapter titles in the SMP Books 7-5 include Symmetry (8, chap. 
13), Topology (9, chap. 1), Similarity and Enlargement (9, chap. 3), 
Reflections and Rotations (9, chap. 5), Translations and Vectors (9, chap. 
7), Isometrics ( 10, chap. 2), Shearing (10, chap. 12), Matrices in Trans- 
formations (11, chap. 1), Isometrics (11, chap. 5), Vector Geometry 
(11, chap. 12), and Invariants in Geometry (12, chap. 6). These titles 
clearly suggest that the emphasis is on the transformations and the study 
of their properties. 

The second type of approach to the inclusion of transformations in school 
geometry fits more readily into the present American curriculum sequence. 
It assumes that Euclidean geometry is a valid area of study, or liiat at least 
certain portions of Euclidean geometry are appropriate to study. This type 
of approach manifests itself in two forms. 

The first form is represented by the text by Paul J. Kelly and Norman E. 
Ladd (6). In the first six chapters of this text, topics such as the founda- 
tions of geometry, congruence, parallelism, similarity, and convexity arc 
discussed. Much of the content in these chapters is similar to tiiat found 
in contemporary geometry texts. For example, in the chapter on congru- 
ence, segments are defined to be congruent if and only if they have the 
same length (6, p. 101). Similariy, angles are congruent if and only if 
they have the same measure. Congruence of triangles is a special one-to-one 
correspondence between triangles, one in which the corresponding sides 
and angles are congruent (6, p. 104). In order to have a basis for demon- 
strating triangles congruent, the side-angle-sidc (SAS) congruence axiom 
is stated. Other content is not nearly as familiar — for example, the work 
on the convexity of plane and solid figures (6, pp. 318-70). 

In the seventh chapter, geometric mappings are introduced. Two ideas 
are initially emphasized. The first is the generality of this idea of corre- 
spondence or mapping or transformation of one set onto a second. The 
second emphasis is that some property or relation of one set may carry 
over to a second set under a transformation. This is the idea of invariance, 
or preservation. 

The point of view of the work with transformations is well stated by the 
authors: 

We will be particulariy interested, for example, in certain mappings of 
space onto itself, such as a rotation of space, in which congruence is pre- 
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served. Such a mapping is called a tmtion of space. When you apply a 
motion to space, you automatically know thai every figure maps onto a 
congruent figure. Such mappings will give us a way of defining congru- 
ence for general sets, and they will extend our method of congruent 
triangles by providing us with an infinite number of congruences simul- 
taneously. [6, p. 372] 

Thus mappings will be used to extend the idea of congruence (and also 
similarity, as we shall sec later). 

The particular isometrics are introduced as examples of distance-preserv- 
ing mappings. They are introduced only after extensive work is done with 
distance-preserving mappings in general. The sequence of major definitions 
and theorems for this development follows. ( Prior to this seqeuncc, invari- 
imcc of measure and reJation on sets was defined and shown to hold for 
the product of mappings. ) 

DEFINITION. A mapping in which the measure ol distance between pairs of 
points is invariant is called a distance-preserving mapping' (6, p. 386). 

Thhokhm. If R and S are distance-preserving mappings and the product RS 
exists, then the product is also distance preserving (6. p. 386). 

Theorem. If R is a distance-preserving mapping, then its inverse is a distance- 
preserving mapping (6, p. 386). 

Theorem. If R is a disiancc-preserving mapping of T onto S, then point C is 
between poinls A and B in 7' if and only if its image point R{C) is beUveen 
the image points RiA) and R(B) in S (6, p. 388). 

Lemma. If P, (?, and R are three collinear points and if A and B are two points 

such that AD = PQ, then there is exactly one point C in AB such that AC ^ 
PR and BC = QR (6, p. 388). 
Theorem. In a distance-preserving mapping, the image of a line is a )ine (6, p. 
389). 

Thf.orem. In a distance-preserving mapping, the image of a plane is a plane 
(6, p. 390). 

Theorem. In a distance-preserving mapping, the image of a triangle is a con- 
gruent triangle, and the image of an angle is a congruent angle (6, p. 391 ). 

Definition. If sel S is ihe image of set 7 in a distance-preserving mapping, 
then T and are said to be congruent sets (6, p. 392). 

The remainder of tlie chapter deals with a study of reflections, rotations, 
and translations as examples of distance-preserving mappings and with 
similarity mappings, which are defined as follows: 

Definition. A mapping R is a similarity mapping* if there exists a positive 
number k such that, for every pair of points P and Q in the domain of /?, 
R{P)R{Q) • P(2(6, p. 413), 
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The niiijor points of il;e work on similarity mappings include these: 

Thuorhm. In a simiiarity mapping, ihc image of a tritingle is a similar triangle, 
and the image of an ungle is a congruent angle (6, p. 417). 

DnriNiTiON. if a set 5 is the image of a set jT in a similarity mapping, then T 
and S are similar xets (6, p. 418). 

Special instances of similarity mappings are expansion and contraction (6, 
p. 418 ) . Thus the notions of congruent and similar sets — notions that began 
with the notions of segments, angles, nnd triangles — are extended to any 
set of points. 

An alternative to the Kelly-Ladd treatment is one in which transforma- 
tions — specifically the isometrics, dilations, and their products — ure iniro- 
duccd first, then assumptions are made about them, and finally they are 
used to help develop and unify topics that are typical of geometry in Ameri- 
can schools today. This approach is less of a departure from the American 
tradition than is the study of transformation geometry described earlier. 
Because it can be incorporated into the sequence of mathematics courses 
that exist today and because it employs transformations in a fundamental 
manner from the beginning of the course, it is carefully and fully developed 
in the subsequent sections of this chapter. The reader should note, however, 
that this choice does not imply that the particular development described 
is the best one possible, nor does it imply that the study of transformation 
geometry is inappropriate for American schools. Rather, a decision was 
made to describe one particular point of view. No judgments were made 
regarding other approaches except those relating to the possibility of imple- 
mentation in the present American system. Thus the central message of 
this chapter is that transformations can, and probably should, be incorpo- 
rated into school geometry in some manner. The manner to do so is not 
specified. The description following delineates one possible organization 
that has been verified as feasible by teachers and learners in regular 
classrooms. 

Course Ohjcotives for Gcoiiit'lry Using Transform a I ion S: 

At present the author is aware of only two textbooks that use transfor- 
mations in the way indicated above to develop the ideas of Euclidean 
geometry. The first of these is a Dutcii series written by Troelstra, Haber- 
mann, deGrool, and Bulens (13; 14; 15). This series is written in Dutch, 
The second is a book by Coxford and Usiskin called Geometry: A Trans- 
fomation Approach (3), The second book, being more familiar and 
written in English, forms the basis of the subsequent detailed discussion. 
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The major objectives of the geometry course using transformations fol- 
low. The geometry eourse is designed — 

1. to transmit the factual aspects of Euclidean gtometry that are com- 
monly included in American high school geometry courses — aspects 
including properties of polygons, relations betwc n lines, congru- 
ence, similarity, intuitive geometry of space, circics, and parallelo- 
grams; 

2. to introduce the concept of transformation and its particular instances, 
isonieiry and similarity; 

3. to use transformations and their elementary properties as a basis for 
an axiomatic treatment of geometry; 

4. to extend student understanding of th'^ nature of proof by employing 
deductive reasoning lo verify geometric propositions in text and in 
exercises; 

5. to introduce matrices and matrix representations of transformations 
and geometric figures in icr to highlight the relation between 
algebra and geometry; 

6. to introduce the algebraic stujcture of a group and to examine the 
group structure of sets of transformations under composition; 

7. to provide a pcdagogically and mathematically defensible and unified 
development of congruence and similarity. 

Sropo and -anient of Geometry Llsiiip: TraiisforinationB 

Prerequisite and review mate rials 

The course employs postulates similar to the ruler and protractor postu- 
lates of the School Mathematics Study Group. These make it necessary 
for students to review certain algebraic topics. Students are expected to 
have studied such ideas as real numbers, equality and its properties, opera- 
tions on the reals, properties of thes'^ operations, and inequality relations 
and properties thereof. The properties of the operations and inequalities 
mentioned here are standard, with the exception of one that states, 'if a and 
b are positive, then a h > a and + /) > (3, p. 6). This is called the 
positive number-sum property and is used in the study of the geometric 
inequalities of the triangle. 

Some knowledge of absolute value is also assumed, as well as familiarity 
with sets and the relations between sets. Two sets are defined to be equal 
if and only if each is a subset of the other. Familiarity with operations on 
sets, namely, intersection and union, is also a prerequisite expectation. As 
is the case in most coniCmporary American school geometries, geometric 
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figures are thought of as sets of points that may intersect or that may be 
defined as the union of two or more set? of points. 

Even though, strictly speaking, no geometric knowledge is assumed, 
practically speaking the student is expected to be familiar with many funda- 
mental geometric concepts and their properties. In particular, the undefined 
ideas of point, line, and plane and their relationships are assumed to be 
famiJiar to students. The first postulate in this development summarizes 
these relationships (3, pp. 18-20). 

Postulate I (point-line-plane postulate). 

a) A line is a set of points and contains at least two points, 

b) Two different lines intersect in at most one point, 

c) Every pair of distinct points lies on at least one line, 

d) A plane is a set of points and contains at least three points that are not 
colUnear, 

e) There is exactly one plane that contains three noncollinear points, 

/) If two points lie in a plane, the line determined by these points is a 
subset of the plane, 

g) if two different planes intersect, (heir intersection is a line. 

As with postulate 1, postulate 2 is thought of as a summary of ideas 
already intuitively accepted and reasonably well understood by students. 
The student's previous experience that forms the basis for this understand- 
ing is his work with the number line in elementary and junior high school, 

Postulate 2 (ruler postulate). The points of a line can be placed in cor- 
respondence with the real numbers so that — - 

a) to every point of the line tliere corresponds e,xactly one real number 
called its coordinate; 

h) to every real number there corresponds exactly one point of the line; 
c) to each pair of points there corresponds a unique number called the 

distance between the points; 
rf) ^iven any two distinct points A and B of a line, the line can be coordi- 
mitized in such a way that A corresponds to zero and B corresponds 
lo a positive number. [3, p. 22] 

Students are expected to have had some experience with deduction in 
previous mathematics work. Throughout the initial chapters of these mate- 
rials informal deduction is citen used to support the truth of geometric 
assertions. The point of view taken is that the deductive chain forms an 
argument that informs the reader that the proposition can be verified on 
the basis of previously accepted notions. 

Several theorems are informally deduced from postulate 2. Some of 
these follow (3, pp. 22-34) : 
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1 . A line is an infinite set of points ^ 

2. // poinf B is between points A and C. then AB BC — AC, 

3. On a ray there is exactly one point at a ^iven distance frofn the end- 

point. 

4. A se^'nient has exactly one mid point, and if M is the midpoint of AB, 

then AM ~~ l- AB, 
2 

The third posluialc deals with separation (3. p. 36): 

Postulate 3 (plane-separation postulate). Every line separates the plane 
into two convex sets. 

The development of this postulate assumes some student acquaintanee with 
separation and eonvexity. but clearly not as much familiarity as is expected 
for other topics. These ideas are used io review the ideas of the interior 
and exterior of a polygon and of a convex polygon. 

The final area in which students arc assumed to have had quite extensive 
4)revious experience deals with tiic angle, its measure, and its special prop- 
ertied. An angle is defined as the union of two rays with a common endpoint 
for which the following assumptions arc made (3, p. 46): 

Postulate 4 (protractor postulate). To each lAOB there corresponds 
a unique real number greater than or equal to 0 and less than or equal 
to 180 called (he measure of (he angh\ written m LAOB, so that- — 
(/ ) the ansle formed by two identical rays has measure 0: 

b ) the cn\^le formed by two opposite rays has nwasure 180: 

c) if OC (except for point O) is in the interior of LAOB, m/-A()C 
ml COB ^ mlAOB: 

d) if OA is one ray of an aui^le, there is exactly one ray in each half-plane 
of the line OA with a given measure between 0 and ISO. 

Notice that parts a and b of postulate 4 deal with angles with measures 
of 0 and 180, This assumption is not made explicitly in many popular 
American geometry texts. The major reason for including these ideas is 
that it is important to have rotations through angles that measure 0 (the 
identity) and 180 (a half-turn). The only apparent diffieul' 2S arising from 
angles with measure 180 are that either half-plane may be chosen as the 
interior of the angle and that an angle may not be a subset of a unique 
plane. These difficulties are less constraining than would be the ease if 
half-turn.s had to be deleted. (In the School Mathematics Project's Book /, 
angle is defined as the amount of turning [8, p. 55]. The term turn is not 
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defined. Moreover, in addition to acute and obtuse angles, the SMP text 
defines a reflex angle as greater than a half-turn. This suggests that there 
is little consensus on how angle should be treated.) 

The assumptions expressed in postulate 4 are used informally, yet de- 
ductively, to verify standard properties of supplementary, complementary, 
and vertical angles. For example, the following theorems are presented (3, 
pp. 50-54): 

1. All supplements (complements) to an angle have the same measure, 

2. If the noncommon sides of two adjacent angles are opposite rays, the 

angles are supplementary. 

3. Vertical angles have the same measure. 

Two lines arc defined to be perpendicular if and only if they form a 
right angle. Part d of postulate 4 is employed to emphasize the fact that 
at a point on a line there is a unique perpendicular to the line. This fact, 
together with the uniqueness of the midpoint of a segment, permits the 
deduction that a segment has a unique perpendicular bisector, or mediator. 
Similarly, the uniqueness of the angle bisector is pointed out. 

Even though students may not be equally familiar with each topic dis- 
cussed above, it is evident from the materials that some familiarity is 
assumed. Postulates are stated as summaries of "known" facts and rela- 
tions. Theorems are informally deduced, and generally their content is 
found in junior high school texts. Finally, in the suggestions for teaching, 
the teacher is encouraged to move his class through this material quite 
rapidly. These factors justify, at least partially, considering this material 
as prerequisite and review material. The material described in the next 
section cannot be similarly categorized. 

Transformations 

As decided on earlier, the approach to geometry being discussed here is 
designed to use transformations in a fundamental manner to develop other 
Euclidean topics. Thus it is mandatory in this approach to develop student 
comprehension of transformation ideas and to present an axiomatic basis 
for the topics to be developed later. In the Coxford and Usiskin materials, 
as well as in the Dutch materials by Troelstra et al., transformations are 
introduced by means of the specific transformation called reflection in a 
line. Intuitive work is done prior to the formalization of the idea. The 
definitions of reflection given in each work are essentially the same; each 
emphasizes the relation between a point and its image (3, p. 70). 

Definition. // A is not on line m, the reflection image of A over line m is 
the point A' if and only ij m is the perpendicular bisector of A A'. If A is 
on m, then the reflection image of A is A itself. 
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Notice that, strictly speaking, the transformation rvflection has not been 
defined. Rather, the reflection image of a point in the plane is defined. The 
reflection itself is the mapping of the plane onto itself such that each point 
is associated with its image by means of the definition given above. In ihc 
Troelslra ct al. and in the Coxford-Usiskin works, the emphasis on trans- 
formations is on mapping one geometric figure onto another rather than on 
thinking of a mapping of the plane onto itself. Only when the group char- 
acteristics of certain sets of iransformations are discussed is the transfor- 
mation itseli (not the transformation of figures) the object of study. The 
reasons for this are at least twofold: ( 1 ) Pcdagogically it is easier to exam- 
ine a figure and its image than it is to examine the plane and its image, and 
(2) the materials are designed to include the study of figures and their 
properties and relations between figures. Thus figures and their images are 
of prime importance. It is posited that the image of a figure is the set of 
images of the points m 'iking up the figure. 

An important result deduced from the definition of reflection over a line 
is that if B is the reflection image of A over m, then A is the reflection image 
of B over m. By the use of the notation introduced in the first section, this 
can be stated as follows: 

UMAA) =^B, tlienM;,(5) =:A. 

In the Troelstra materials, only four axioms are given in the entire work. 
Many other assumptions are tacitly made. Three of these axioms deal 
with reflections: 

Axiom 1. The mirror imai^e of a strai\>iu line is a^ain a straight line (13, 
p. 44). 

Axiom 2. A line se\^mcnt and the itnaiie line segment are the same length 
(13, p. 44). 

Axiom 3. Au angle and the inwi^e an^le have the same measure ( 1 3. p. 44 ) . 
The fourth axiom is equivalent to the parallel postulate: 

Axiom 4. Ij a quadrilateral has three ris^ht angles, then the^jourth angle is 
also right ( 1 3, p. 61 ). 

The assumptions concerning reflections made in the American materials 
follow. Each part of these assumptions is intuitively introduced and dis- 
cussed. The learners' intuitions are summarized and stated as assumed 
(accepted) properties of the transformation (3, p. 73-85). 

Postulate 5. 

a) Given a line of reflection, every point has exactly one image. 

b ) The reflection image of a line over any reflecting line m is a line. 
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c) The reflection imai^e of P is between the inuiiics of A and B if and 
only if P is between A and B, 

d) Let ni he a reflecting line. Let A' he the inuiiic of A over m and B' 
the inioiie of B, Then AB ^ A'B\ 

e ) The reflection ima^^e of an anijle is an ani^le of the same measure, 

PoSTULATlt 6. 

a) Let Ai, A-^, , , , , A„ he the n vertices of a convex pol\'{i()n. Then 
the path from A^ to A-^ to A^^ to A„ i.s either clockwise oriented or 
counterclockwise oriented and nor both, 

h) Let polyi^on A]'A'/A:{ . . , A ,/ he the reflection ima^e of polvi^on 
A\A'jA:i . . . A„. ff Ai to A -J to A„ is cl{}ckwise oriented, then Ax' 
to Ay to A / is counterclockwise oriented, and vice versa. 

Each of these assumptions ean be eonvineingly illusiraicci by simple eon- 
siruclions of the imaj?es of special sets of points and corresponding measure- 
ments or other observations of the resulting image sets. Logically, the 
assumptions made are not independent. For example, preservation of 
betweenness ean be deduced from tile assumptions and theorems stated 
previously. However, from a pedagogical point of view, the effort needed 
to prove this result far overshadows its instructional benefits. 

The image of a polygon is the polygon determined by the images of the 
vertices of the polygon. Conversely, when two polygons are images of each 
other, then the vertices arc images of each other. When a polygon is its 
own image under reflection in a line, the reflecting line is a line of symmetry 
for the polygon. The polygon is said to be symmetric with respect to the 
line. Thus the idea of reflection allows a clear and concise definition of 
line symmetry. 

The definition of transformation given by Coxford and Usiskin is, A 
transformation is an operation such that each point in the preiniai^e set 
has a unique ima^e, and each point in the ima^e set is the inui\^e of exactly 
one point (3, p. lOO). Operation is essentially an undefined term. It could 
be substituted for by rule, mapping, or perhaps assi\^nment. Under this 
definition, reflection is a transformation. 

The composition of transformations is introduced as the operation of 
applying one transformation to a figure, then applying to the resulting image 
a second traiusformation. As a result of composing transformations, new 
transformations arc generated — they are called composites, or products. 
In particular, reflections arc composed to get composites of reflections. 
When the reflecting lines number two and lie in a phine, the product of 
reflection is one of two transformations. The new tran.sformations are the 
translation and the rotation. Even though translations and rotations arc 
new, they are familiar to students because their physical representations, 
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the slide and the turn, arc so eommon in experience. The definitions follow 
(3. pp. 105-8) : 

1. A fransjorniofion T is a translation // ami only if 7 M,„ c M/ w/urc 

ni I or in - L 

2. A transjov)nation R is a rotation // and on(y if R ~ A/,,, ^ M, where m 

and I have a point in cofjimotK 

Notice that the possihility of an identity translation and rotation can be 
handled hy these delinitions. For translation, the identity (or zero transla- 
tion) occurs when ni -- L The situation is suiiilar for rotation: however, it 
is not explicitly mentioned that when and / ha\e a point in common." 
they may coincide. 

The introduction to these transformations is quite informal. Translations 
and rotations arc examined mainly as examples of transformations. Their 
properties, which depend only on the fact that they are products (com- 
posites) of reflections, arc discussed. Discussing the relations between the 
angle of rotation or the length of translation to the reflecting lines is delayed 
until parallelism and congruence have been studied in some detail. Then 
these properties are derived as applications of congruence and parallelism. 

A major result deduced at this time is that every product of reflections 
preserves angle measure, hoiwcenncss. collinearity (lines), and distance. 
Thus translations and rotations preserve these properties. 

The discussion of products of reflections lays the foundation for the 
definition of congruent figures. First, an isomcfry is defined as a reflection 
or a product of reneelioiis. Then the following definition for congruent 
figures is stated (3. p. 116): 

Two fi inures a and arc congruent // and only if there is an i some try such 
that the imai*e of a i\ /i. 

Two immediate results of this definition are that { I ) congruent segments 
have the same length, and (2) congruent angles have the same measure. 
These two results follow because isometrics, as products of reflec,ions. 
preserve the length of segments and the measure of angles. 

The concept of congruent figures as defined here is a completely general 
one. The defuiilion is not restricted to segments, to angles, or to triangles. 
Any pair of geometric figures that are "alike in size and shape" or that are 
images of one another under an isometry are congruent. 

The definition also provides a straightforward strategy for determining 
whether two figures arc congruent. All one needs to do is to find an 
isomelr)' that maps one figure onto the other. Even though the stratcg>' 
is clear, the details may vary from one student to another. Thus there is 
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room for creativity also. This point is amplified in the discussion of con- 
gruent triangles later in this chapter. 

Proof 

Formal proof is an integral part of geonictr>' in the United Slates. One 
reason for this is thai geometry provides a good medium in which to prac- 
tice discovering and writing proofs. It is a good medium because proof 
can be stimulated by the abundance of phiusibic propositions available in 
geometry. Moreover, the figures used in geometry provide a heuristic to 
proof. 

In any treatment of geometry, written proofs usually deal initially with 
reasonably well understood concepts. The reason for this is that we wish 
to emphasize the mechanics of organizing and writing a proof rather than 
the discovery of the proposition to be proved. Later, the discovery of 
propositions and the writing of proofs can be combined. In the transforma- 
tion approach to geometry, the student repertoire of geometric concepts 
available at the time proof writing is introduced includes fundamental prop- 
erties of lines, planes and angles, reflections, and the properties of reflec- 
tions. The latter concepts are used to introduce the learner to proof. Thus 
after a discussion of "if-then" statements, axiomalics. and deductive chains, 
written proofs are introduced through the content of reflections and their 
fundamental properties. 

The first examples arc very simple ana involve short deductive chains. 
(See fig. 6.17. ) For example: 

UM,(A) ^ B and M,(C) ^ D.ihen BC = AD, 

The proof comes directly from fundamental ideas: 

1. M,{A)^B, M;(0 = D (given) 



A 



D =M/kC) 




C 



Fig. 6.17 
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2. MiiB) = A (why?) 

3. BC - AD ( reflection preserves distance) 

The practice material is also ccnter^*d on reflections and their properties. 
OnL* example follows (sec fig. 6.18): 



A 



Fig. 6.18 



Given: yU,(fi) r. ^' and figure 6. 18. 
Prove : 

h) AB^AB' 
c] AB -= AB' 

Part a follows because of the segment reflection theorem, which states that 
the reflection image of a segment AB is the segment determined by the 
images of the endpoinis of AB. Part b follows from the definition of con- 
gruence and a ray reflection theorem similar to the above given segment 
reflection theorem. Part c is a direct consequence of postulate 5 (J), which 
asserts that reflection preserves distance. 

The introduction to formal proof through propositions dealing with 
reflections seems natural. The students use directly in proofs ideas they 
have just studied in a less formal manner. Moreover, using such a means 
allows for the maintenance and consolidation of essential notions that are 
not as familiar as many other ideas in geometry. Proof is continually 
emphasized throughout the course. However, this is not unique to a trans- 
formation approach. 
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Symmetry 

Two activities arc central to geometry: the tirst is the study of individual 
figures and their properdes, and the second is the study of relationships 
between figures. Symmetry with respeet to a line, as defined earlier, is 
useful in each of these activities, but it is vital in the first. 

One of the simplest geometric figures with a line of symmetry is the 
segment. In fact, the segment has two lines of symmetry. /// and /; as shown 
in figure 6.19. The useful symmetry line is m, the unique perpendicular 
bisector (mediator) of ilic segment. 



A second fundamental geometric figure with line symmetry is the angle. 
The protractor postulate can be used to prove that the image of each side 
of an angle over the bisector of the angle is the other side of the angle. 
Thus reflection of an angle over its bisector switches the sides of the angle, 
h is clear, then, that the bisector of an angle is a symmetry line for the angle. 

The line .symmetry of the segment and the angle are fundamental in 
examining the symmetry of other important geometric figures. The isosceles 
triangle has a line of symmetry: the bisector of the vertex angle, hi figure 
6.20, m is the bisector of the vertex angle, B, of isosceles triangle ABC. A 
proof goes a.s follows. Because an angle is symmetric with respect to its 

bi;>cctor, the images of BA and BC arc BC and BA, respectively. More- 
over, the image of A \s C because the image of A is on BC and the same 
distance from B as is T. Similarly, the image of C h A, B is its own image. 
Thus the image of triangle ABC over m is triangle CBA. These are two 
names for the same triangle. S(* ni is a line of symmetry. 




\ 
\ 
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A 




Fig. 6.20 

The symmetry of the isosceles triangle is used to derive iniportanl prop- 
erties <3,pp. 154^55): 

TnKORtM. Base aiiijiles of an isosceles irian*^le are congruent. 

One proof uses the fact that the image of IB AC is LBCA. Thus by 
definition of congruence, / BAC ^ /.BCA, 

Thhorem. The bisector of the vertex aui»le of an Isosceles trlani^lc Is the 
same line as the mediator oj the base oj the triani^le. 

This follows because the unique angle bisector of IB perpendicularly 
bisects AC. Since the mediator of AC is unique, the two lines are one. 

The symmetries of the three figures — segment, angle, and isosceles tri- 
angle — are used to examine symmetries of other figures and the properties 
of these figures. Some examples follow. The proofs are left for the reader 
(3, pp. 174-89). 

Definition. A kite is a quadrilateral with two distinct pairs of adjacent 
sides congruent. 

Theorem. A kite has a symmetry line, the line determined by the endpolnts 
of the pairs of ronf^ruent sides. (Proof hint: Think of the mediator of 
AC 'm fig. 6.21.) 

What properties of a kite can you deduce, knowing that it has line 
symmetry? 
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D 

Fig. 6.21 



Theorem. A rhombus has dvo symmetry lines, the lines containing the 
diagonals. 

What are some consequences of the symmetry of a rhombus? 

Theorem. A cirele has many symmetry lines, the lines containing the 
center. 

Theorem. A line has many symmetry lines: (a) itself or (b) any line per- 
pendicular to it. 

The symmetry of figures is further developed when parallelograms are 
studied. (In that material the line symmetries of the rectangle and the 
square are discussed.) These topics follow a study of parallelism and the 
introduction of a parallel postulate. 

An interesting outcome of the %vork on symmetric figures is the develop- 
ment of necessary and sufficient conditions for the congruence of segments 
and angles. It has already been demonstrated that if two segments or angles 
are congruent, then the segments or angles have the same measure. The 
sufficiency of these conditions is easily^ established. Only the case of seg- 
ments is presented in detail here. 

Theorem. // /Ifl CD. then AB^ CD. 

Proof. Let m be the mediator of AC. Then M,AA ) = C and M^XB) =^ 
B\ 

1. U B' z=z D, then M.AAB) ^ CD and .4/? ^ BD by definition (see 
fig. 6.22). ^ ^ 

2. If fl' D, then M„AAB) = CB' and AB ^ CB'^CD. ADCB' is 
isosceles and reflection over the bisector of Z C maps CB' onto CD. Thus 
M„oM„,(ZB) rr CD and Jfi ^ CD. (See fig. 6.23. ) 
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Fig. 6.23 



A similar iirgument can be used for angles ( 3, p. 161): 

Theorem. // ml ABC ml DBF, then lABC ^ IDEF, 

U is interesting to note that these theorems involving the necessary and 
sufficient conditions for the congruence of segments and angles arc often 
taken as definitions in nontransformation approaches to geometry. The 
generality of the definition of congruent figures in terms of isometrics is 
apparent. 

ParalleUsm 

The treatment of parallelism in a transformation approach does not 
have as many unique features as are apparent for many other topics. The 
assumption made is well known (3, p. 203). 
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PoSTUi.ATi: 7 (parallel postulate). Throuf^h a point tuyi on a line there is 
cwaetly one line parallel to a ^iven line. 

Transformations arc used in the proofs of a few of the standard theorems 
on parallel lines. The use of transformations is not extensive. A few 
examples of theorems follow (3. pp. 196-204]: 

\,^'»T\v(f lines perpendicular to the same line are paralleL 

2. // n? is a line and P a point not on tn, then there is of least one line 

eontainini> P and parallel to m, 

3. // a line is perpendicular to ime of two parallel lines, it is perpendicular 

fo the other. 

The theorems on the symmetry of a rectangle and a square were men- 
tioned previously. If a rectangle has twu symmetry lines — the mediators 
of the opposite sides — what properties of a rectangle can be deduced? if a 
square is a quadrilateral, which is a rhombus and a rectangle, what 
symmetry lines does it have? What arc ils properties? 

Perhaps the most distinct feature of the transformation approach to 
parallelism is exhibited in the development of the alternate interior angles 
tlieorem. The key theorem in that development and its proof are given 
below (3. p. 214): 

// two parallel lines are cut hy a transversal, then the acute alternate interior 
ani^les are con i^n tent. 

In figure 6.24. parallel lines ni and n are cut by transversal / at P and Q, 
and ZP, and Z(?, arc acute. Construct perpendiculars QR and to m 




Fig. 6,24 
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and //. respectively. Then RQ ± /;. .S7^ 1 //. and RQSP is a rcctantile. 
Let a and /) he the symmetry lines for the rectangle. Then 

MA .J\) ^ ^PRS 
M,A / PRS) ^ ^Q,. 

Thus 
Finally 

Since the acute angles are congruent, so arc their supplements, if / 1 
/// and / 1 //. then all angles are right angles and thus congruent. This 
takes care of all eases: so the alternate interior angles theorem is 
demonstrated. 

The remaining work with parallelism does not make specific use of 
translorniations. It includes other theorems (and their converses) on the 
angles formed by parallels and a tran.sversal, the theorem about the sum 
of the interior angles of a triangle, and the relations between interior and 
exterior angles of a triangle. 

Cof / triangles 

Whatever the figures, they are congruent if and-only if one maps onto 
the other under an isonielry. 1 his is the unifying idea whenever congruence 
is studied. Just as with segments and angles, certain conditions on pairs of 
ligures are sufficient for the congruence of those figures. In the case of 
triangles, three pairs of conditions are needed to insure that the triangles 
are congruent: these sufficient conditions for the congruence of triangles 
are commonly abbreviated SAS, ASA (or AAS). and SSS. 

In the transformation approach to geometry, the sufficient conditions 
SAS. ASA, and SSS are demonstrable. In other more or less axiomatic 
treatments, one or more of them are postulated. Pedagogically, it is more 
satisfying to derive these results than lo assume one or more of them 
because none of the conditions is readily accepted by students without 
extensive intuitive work. Also, transformations provide a common unifying 
point of view toward these conditions and other similar ones for right 
triangles. Students can observe how each specified condition on the tri- 
angles is used in showing that one may be mapped onto the other by an 
isonietry. 

Even though there is a clear strategy for proving SAS, ASA, and SSS, 
there are many variations possible in the proofs themselves. The variations 
allow student creativity in proof construction. This is exemplified by the 
three proofs of the SAS congruence theorem given below. 
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Given : A^FC and /\XYZ (see fig. 6.25 ) 
AC^XZ 
BC^YZ 

Prove: [\ABC ^ [S XYZ 

Proof I. Translate AABC so that C maps onto Z: /^ABC ^ /SA'B'Z, 
Let m be the bisector of LA'ZX; m is also the bisector of LB*ZY, Reflect 
/SA'B'Z over m. Then M,„(Z) = Z. /V/,,(^') = ^ and M,,XA') = X be- 
cause [^A'ZX and [\B'ZY arc isosceles triangles. Thus ISABC is mapped 
onto tsXYZ under the product of a translation and a reflection — an 
isometry. Therefore I\ABC ^ tsXYZ, 



B 




Fig. 6.25 



Proof 2. Reflect A ABC over the mediator of BY. (Sec fig. 6.26.) 

l^,n{AABC) ^M'YC\ 

Reflect A^'y^C over «, the bisector of IC'YZ. (See fig. 6.27.) 

MntA/^'y^C) :=^l\A"YZ. 

Reflect A/l"yZ over TZ. The image is AA'yZ (why?). Thus IsABC 
maps onto l\XYZ under an isometry, and l\ABC ^ (\XYZ. 

Proof 3. Since AC ^ XZ, wc can map AC onto A'Z by an isometry. 
(See fig. 6.28.) Under this isometry, B maps onto B\ and B is in one of 

the half-planes determined by XZ. If B' and Y are in opposite half-planes, 

then reflection over XZ maps B' onto ^ and AXB'Z onto A'KZ (why?). 
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Thus /I ABC ^ XrZ^ If B' and Y arc in ihc same half-plane of XZ. 

reflect L:.XB'Z over XZ to l XB"Z, Then B" and Y are in opposite 
half-planes. This is the situation discussed above., and thus i\ABC ^ 
fsXYZ. 




The three proofs shown are representative of the types of proofs avail- 
able. The first allows the use of any isonietry desired; the second uses 
only reflccHcns; the third uses more abstract reasoning. Most students can 
construct at least one of these types of proofs. 

Proofs of ASA and SSS are left for the reader to construct. He should 
construct proofs when the triangles have opposite orientation and when 
they have the san.j orientation. What is the maximum number of reflec- 
tions needed to map one congruent triangle onto another when the orienta- 
tions arc the same? The opposite? 

When SAS, ASA, and SSS are demonstrated, they are used as tools to 
obtain other familiar results. These results include the conditions on right 
triangles sufficient for congruence, the AAS theorem, the converse of the 
base angles of an is(rsccles trianeic Hu-orcm pr<v 'f-tje*; r\ i^(^scL'I'^' 
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the basis of an iniporiani strategy for iicomctric proor. Many proofs based 
on congruent triangles arc also quite easy to organize. Thus students get 
the opportunity not only to gain familiarity with a new mode of proof but 
also to gain that famtiiarity in problem situations that promote suecessful 
prcnf writing. 

Finally, congruent triangles are used to help demonsirnte properties of 
translations and rotations. These properties include the following theorems 
(3. pp. 277-82): 

1 . Under a translation every line is parallel to its inuii^e. 

2. Under a iron slat ion sei^n tents determined hy points and their images are 

f parallel and cons^ruent. 

3. // m n and P' r. o rjPl, then PP' _L ni (and n). and PP' is twiee 

the distance between in and n. 

4. if a point is on both in and n, then it coincides with its inutile under R ~ 

r,„ c (The point is a fixed point under the rotation R.) 

5. Let P' and Q' he the iinat^es oj P and Q under a rotation with center C. 

Then m/ P'CP mlQ'CQ. 

6. The inai^nitude of the rotation R — r,„ o r„ is twice the measure of the 

an^le between ni and n, measured in a direction from n to in. 

The theorem stating that the sei^inent connect in the midpoints of two 
sides of a tiian\*le is parallel to the third side and is half the length of the 
third side is used in the demonstration showing that the midpoint of a 
segment and its glide reflection image is on the axis of the glide reflection 
(3, p. 273). 

The summary of congruence work done from a transformation approach 
suggests the importance of two tools: ( I ) the transformations themselves 
in deriving suflicient conditions for the congruence of triangles, and (2) the 
suflicient conditions in demonstrating properties of common figures and of 
less familiar transformations. Both aspects are valuable in geometry. 

Similarity 

The development of similan ; . .. :cording to the course objectives, is to 
he related to congruence. This is done in the transformation approach to 
geometry by delining similar figures as those that are images under a simi- 
larity mapping. A special case of a similarity mapping is an isometry. which 
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poini A, let S(A ) bv the fuunt A* on CA whose (listame frof/i C is k 
limes the distance of A from C, A'C - k - AC. Then S is the size trans- 
f on flat ion with nw^^nitudv k and center C, 

Notice that the given definilion specifics thiu h is greater than zero. Other 
definitions allow A" to be any nonzero real number. The magnitude k was 
chosen to be positive for pedagogical reasons; using negative real numbers 
would be more difTicull for the learner both conceptually and manipulativoly 
and might interfere with understanding the transformation itself. In addi- 
tion, if one wanted to introduce negative magnitudes, he could do so easily 
by defining a size transformation with a negative magnitude k as the product 
(composite) of a size transformation with magnitude k and a half-turn 
about the center of the size transformation. 

The definition of a size transformation, in a manner similar to the defini- 
tion of reflection, defines the image of one point. The image of a set of 
points is the set of image points. As with the other. transformations, the 
initial emphasis in work with size transformations is on figures and their 
images. Thus the mapping of the plane onto itself is justifiably de-enipha- 
sizcd. 

One final note on the definilion of a size transformation. The image 
point A' is defined to he the point k times as far from C as is /I. that is, 
A C ~ k ' AC. This statement is an attempt to bypass the well-documented 
difliculties students have with ratios. The emphasis is on the multiplicative 
nature of the relationship rather than on the constant quotient, that is, 

AC - 

Properties of a figure and its image under a size transformation arc 
intuitively discovered by constructing images of sets of points. The essential 
properties are assumed in postulate 8 (3. pp. 298-3021; 

Postulate 8 (size transformation postulate). Each size transjormatic: 
preserves (a) angles and ani^le measure. ((}} heiwe 'nness, and (c) colline- 
ariiy (lines): (d) under a size transjornmtion of nwi^nhude k, the distance 
between iniai^e points is k times the distance between their preima^es. 

The following theorems are consequences of postulate 8 (3. pp. 299-310^* 
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4. A line parallel to a side of a triangle buerscctin^ the other m^o sides in 

distinct points splits these sides into jour proportional segments 
(side-splitting theorem ) . 

5. If a line intersects two sides of a friantiu' and cuts off se^uments t>ropor- 

tional to these sides, then the line is parallel to the third side. 

The proof of tile last tiicoreni stated above goes as follows, f See fig. 6. 29 J 



Proof. Consider tlie size transformation S with eenter A and magnitude 



PQandi5C! (Why?) 

In order to introduee the similarity transformation in a!l i^s forms, the 
coneepts of tiie identity transformation and the inverse transformations are 
needed. The identity transformation. /. is tlic transformation that maps 
eaeh point onto itself, that is, J(P) = P for ail P. For example, a transla- 
tion or rotation with magnitude zero and a size transformation with magni- 
tude 1 aie each an example of the identity transformation. 

Two transformations, T and T\ are inverse transformations if the produet 
T o T' = L rHp? T o T'(P) - P Examples of • ^^-^ '•■?.nsf^rpflt^ - ■ 



A 




Pig. 6.2y 
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Dealing with identity and inverse transformations is preparatory to intro- 
ducing groups of transformations. Tht^se ideas are also used immediately 
in the work on similarity transformations. 

Whereas an isometry is a reflection or a product of reflections, a simi- 
larity trr'^sffM nation is more than a product of size transformations (3, 
p.319). 

Definition. A sinularity transformation is a product of i some tries and size 
transformations. 




Fie. 6.30 

The diagram in figure 6.30 depicts a similarity transformation, S, that 
maps ALMN onto ARST, S is the product of a size transft..;mation (center 
Cj), a half-turn with center M' and a second size transformation (center 
CO. 

Similarity transformations, being products of isonietries and size trans- 
formations, preserve those properties of sets of points that are preserved 
by both isometrics and size transformations. Thus images and prcimages 
under a similarity ^ransformalion have their corresponding angles congruent 
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Any isomclry can be thought of as ihc product of the identity size trans- 
formation and the isomctry. Thus iwo figures related by an isomctry arr 
related by a similarity transformation. Congruent figures are, therefore, 
similar figures. This relationship adds unity to the study of congruence 
and similarity. 

Sufficient conditions for the similarity of two triangles are stated in the 
AA, SAS, and SSS similarity theorems (3, p. 326-28). These theorems 
are easily proved using the definition of similar figures. As with congruent 
triangle work, the strategy is to find a product of size transformations and 
isometrics that map one figure onto the other. The AA similarity theorem 
is proved below. The proof is due to a ninth-grade student in a class taught 
by the author. (The girl made the proof while being observed by a methods 
class of twenty-five college students. See fig. 6.31.) 

Given. ZA>15Cand AA'KZwith Z/4 ^ IX, IB^ Z K. 
Prove. ^ABC^ /\XYZ, 

Proof. Choose a point P as the center of a size transformation H with 

... AB 

magnitude k - 

H(lsXYZ) = ISX'Y'Z' 

ZA" ^ lX ^ lA 
X'Y' = k XY =^ ^ ' XY ^AB 
Thus AX'Y'Z' /^.ABC by ASA. 
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By dclinilion of congruence there is an isomctry 7'sych that T{ /'_^X'Y*Z') 
AABC, Thus ToH{i,XYZ) z:. A/i/?C and XY>>^ iL\ABC^^_^ 

The proofs of SAS and SSS are similarly simple and are Icftfor the reader. 
After demonstrating the sufficient conditions for triangle similarity, several 
of the standard applications can be investigated. These include right- 
triangle similarities, the theorem of Pythagoras and its converse, trigono- 
metric ratios, the slope of a line, parallel and perpendicular lines, and 
certain theorems on circles (3, pp. 331-80), 

M at rices 

Mathematical entities are abstractions. They have no physical existence. 
However, they may be represented in various ways — for example, a point 
may be represented geometrically by a ^'dot.'' The same point may be repre- 
semed algebraically by an ordered pair of numbers or by a pair of distinct 
linear equations satislied by that ordered pair. In a similar manner, a line 
may be represented by ?. mark on paper, by a linear equation, or by two 
planes intersecting. 

Geometric figures and transformations, being mathematical entities, may 
have various representations. If coordinates are available, a useful means 
of representing geometric figures and transformations is the matrix. 

The study of different representations of ideas, especially algebraic rep- 
resentations of geometric concepts, is important in school mathematics for 
several reasons. In much of advanced mathematics algebraic representa- 
tions predominate, but geometric terminology is widely used in the descrip- 
tions. Moreover, the ability to use different representations of the same 
mathematical idea does not appear to be a strength of most secondary 
students. This could hinder the development of problem-solving skills. 
Finally, studying the same ideas in various representations cannot help but 
suggest to the student that mathematics is a unified whole and need not be 
thought of as algebra, geometry, trigonometry, and so on. 

As represented by the Coxford and Usiskin materials, the work on 
matrices and their uses is not extensive (3, pp. 459-510). However, there 
is the possibility of extensive and meaningful work with matrices. In the 
descriptions thnt follow, we shall not kcl restricted hv what is act^'^Uy 
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In ihc initial stages of instruclion, matrices arc defined as rectangular 
arrays of numbers, and equality is discussed. Matrices may be applied 
immediately; points in a coordinate plane can be represented by a column 
matrix. For example: 



(.V. V) 



A polygon, being determined by its vertices tal;cn in order, may also be 
represented by a matri;«. In figure 6.32, quadrilateral A BCD is repre- 
sented in matrix form by 

-3 1 2-1 
1 2 ->l -3 



A BCD. 





k 




^(1.2) 




1 \ ' • ■ ' > 




}c(2,-\) 


ZX-I -3) 




Fis. 6.3 


-> 



In anticipation of representing certain transformations of the plane by 
2x2 matrices, the multiplication of 2 x 2 matrices and the properties of 
2x2 matrices under matrix multiplication may be developed. Important 
results are listed as follows: 
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When the determinant D = ad — be \s not zero, the inverse of 
r a b 



IS 



d/D 
c/D 



'b/D 
a/D 

By the manipulation of 2 X 2 matrices, each of these results is easily 
demonstrated in detail. Property 5 is important, for only invertible matrices 
can be used to represent one-to-one "onto" transformations of the plane. 

How can a matrix be used to represent a transformation? Recall that a 
transformation is an operation (1) that assigns the points in one set to 
those in another such that each point has a unique image, and (2) such 
that each point in the image set has exactly one preimage. 



Let any point P be represented by the column matrix 



A = 



a 

c 



Also let 



be an invertible 2x2 matrix. Define the image of P to be the point 

P' = AP = [ + 

\_ ex + dy J 

It follows from the definition of transformation that the matrix A represents 
a transformation. First, P' is a unique point. Second, the point P' has 
exactly one preimage because A is invertible and thus has a unique inverse 
(see property 5) that when multiplied by P yield? the point P. 

We know that the transformations studied so far map lines onto lines. 
Do the transformations represented by 2 X 2 matrices do the same? Fortu- 
nately, the answer is yes. This fact may be demonstrated by showing that 
betweenness is preserved under a transformation represented by a 2 X 2 
invertible matrix. 

As a very special case, wc show in figure 6.33 that the midpoint of the 
segment with endpoints A = (0,2) and B = (2,4) maps into the midpoint 
of the image segment under the transformation represented by the matrix 

r 5 3 1 

[4 2J 

Proof. The midpoint of 7^ is M = ( 1 ,3 ) . 
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The midpoint of A 'B' is 



2 ' 2 

Under the transformation, the image of M( I»3 ) is 

5 3 
4 2 



3 J' [lo] 



B{2A) 

•M(l,3) 
'^(0.2) 



^'(6.4) 



^W'(14.I0) 



J?' (22.16) 



-J 1 I I I 1 ■ r r t t 1 I I |_j I ! I_J I I 1 



Fig. 6.33 



Since lines map onto lines> the image of a polygon is a polygon. An 
example is shown in figure 6.34. The image is found by multiplying the 
matrix representing the polygon by the transformation matrix: 



0' 

1 



0 



-2 
1 
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1 


0^ 


0 


-I 


0 


r 


1 


0 


0 


-I 


I 


0 


0 


1 


I 


0 



-I 0 
0 1 
' 0 -I 
-I 0 
-I 0 

0 -I 

1 0 
0 I 



Size transformation, center 0, magnitude A' 



'k 0 1 
0 k \ 



Each of these matrices may be obtained by examining the effect of the 



transformation on the two points 
reflection in the .r-axis. 



Lo 

has image 



and 

I" 
0 



0 
I 

, and 



For example, under a 



has image 



0 
-1 



B'{0,5) 



:'(-2,l) 
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Thus the matrix for M 



maps 



matrix 



[i] 

'4: 



onto 



xis 0 — in*gcneral, if a transformation 
^ t^"^ '"'^^^ t^l' transformation has 



The composition of transformations is accomplished by the multiplica- 
tion of matrices. That is, if two transformations and arc represented 
by matrices ^, and An, then the product transformation T ^ Tj o T] is 
represented by the product matrix A An • A^, This idea can be used to 
derive ihe matrix representations of the rotations of 90^, 180°, and 270° 
al^put the origin. 

As an example, the product of Mj..„^,j.s with M, „ y is a rotation of 90° 
about the origin: 



use the opposite order?) 
Similarly, /^un- <^ Rwu- - 



I 

0 



M.. 



0 
1 



1 

0 J 





" 0 I 1 f 1 0 ' 




" 0 -1 " 


s 


_ 1 0 J L 0 -1 _ 




_ 1 0 _ 



(Why not 



/?imi"; so 

0 -] 

1 0 



0 - 



Simple facts about the trigonometric ratios for 30°, 45°, and 60° angles 
could yield rotation matrices for these angles. Further grasp of trigonometry 
would allow the development of the general matrix for rotation about the 
origin through an angle with nfeasure 0\ 



cos i9 
sin d 



-sin ^ 
cos 0 



The major emphasis of the work on matrix representations of transfor- 
mations should probably be. on finding the representation for familiar trans- 
formations. However, there are easy examples of the opposite emphasisvfor 
example, the transformation called the shear with .v-axis fixed can be de- 
fined to be the transformation represented by the matrix |^ J Its 
effect on figures can be investigated algebraically. For example, in figure 

6,35 the rectangle [^q ^ 1 oj ""^^^ ^^^^^ |^o ij'^ mapped 
onto the parallelogram as follows: 

ri. 4] ro .. 0 -3 3 7 r 0 4 7 
[o ij io 2 2 0 J L 0 2 2 



3 
0 
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(0.2) 



(0,0) 




(3.2) 



(AD 



T4.2) 



(3.0) 



The properties of tlie shear iire summarized in tlie next theorem. The 
proof of the theorem is left for ihe reader (3, pp. 499-501 ). 

Let H be a shear rcprvsmjicii hv ? . Then — ■ 

(/> ) A point and its iwa\^c are on the same horizontal Une: 

( c ) H pre sen 'c:< colli near ity an d he t wenn ess: 

(d) H preserves distance between points on horizontal lines; 

(e) H does no: nreserve auyle measure or distance, in i^eneral. 

The reader should also convince himself that the areas of a figure and its 
image under a sliear are identical. This idea is used extensively in the 
School Mathematics Project materials. 

Translations, other than the identity translation, do not leave the origin 
'fixed. They are not representable by 2 x 2 matrices. They may be reprc- 
.sentcd by 2 X 1 matricer. however. In ihis case, a translation that moves 
every point a units on the horizontal and h units on the vertical is .;iiven by 

To apply this translation to a point, , matrix addition used; 
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The reader may wish lo invesligulc the properties of these transformations. 
They arc discussed in the School Mathematics Project materials ( 1 1, p. 11; 
1 2. chap. 13). 

Groups of tixuwjonuations 

Using matrices to represenl geometric objects and to represent certain 
transformations provides one link between geometry and algebra, A second 
link is provided hy examining the algebraic structure of sets of transforma- 
tions under the operation composition. The structure found is the group. 
•A set .V wi(h an operation is a group if and only if — 

1. there is an identity for the operation in .V; 

2. the inverse of any clcnicni is in S: 

3. the operation is closed in .V; 

4. tile operation is associative. 

With the composition operation many sets of transformations form 
groups. For example, translations, rotations and translations (direct isome- 
trics), rotations about a point, all isometrics (congruence group), size 
transformations with a given center, and all similarity transformations are 
groups vvit!^ composition. Additionally, the symmetries of a geometric 
figure form a group — for example, the symmetries of an equilateral tri- 
angle, of a square, of a rectangle, or of a parallelogram (see lig. 6.36), 
These groups are finite-order groups. 

In the Troclstra and in the Coxford-Usiskin materials only a selection of 
these groups is discussed. In the Troclstra materials each of the groups of 
isometrics mentioned above is discussed along with one symmetry group, 
that of the equilateral triangle ( \ chap. 7 ), 

After introducing the idea of n group and some familiar examples, the 
first group of transformations studied in the American materials is the 
symmetry group of the equilateral triangle. This example is used to moti- 
vate students to discover the following general result ( 3. p. 576) : 

With coinposHiou, the set of all i some tries which map a fii^ure onto itself 
fonns a \^roup. 

A consequence is that every figure has an associated symmetry group. For 
"irregular" figures the group has only one element, the identity. 

The most important group discussed that is not of finite order is the 
congruence group, the group of all isometrics. The mathematical develop- 
ment of this result is interesting. The fust theorem is left for the reader to 
prove (3,p, 580): 

Theorem. With composition, the set of distance-preserving transforma- 
tions forms a group. 
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Members of group : /. A/,. Mk. Members of group ; /, A/.,, A//.. 

A-/,, /^-M.pfboih aboui O) A/,/. /?.nK. /^-.^ (all aboui 




Members of group: /, M„, Members of group: /, 

/?is(^ (about O) /?isoo (aboui 0) 

Fig. 6.36 



Now the task is to show that the set of isometrics is also the set of distance- 
preserving transformations. Clcariy, since reflections preserve distance, aJJ 
isometrics do also. What about the converse (3, p. 581)? 

Theorem. Every distance-preserving transformation /.v an i some try. 

Proof — part 7. Suppose T is distance preserving, and furthermore, that 
T fixes a point P. Let A be another point and T{A) = A\ Since T pre- 
serves distance, PA =z PA\ Let B be another point with T(B) = B\ Thus 
{\PAB ^ l\PA'B\ The two possible configurations are shown in figures 
6.37 and 6.38. 

In figure 6.37, T is a rotation with center P and magnitude mlAPA* 
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A 



A 



P 




A' 



B 



B 



Fig. 6.37 



Fig. 6.38 



(prove this). In figure 6.38, 7 is a reflcetion over the mediator oi AA' 
(prove this). Thus if a distance-preserving transformation has a fixed 
point, it is a reflection or a rotation — an isometry. 

Proof — pari 2, Suppose T has no fixed point. Then T{P) = P'. Let M be 
the refleetion over the mediator of PP\ Then M{F) = P and AV[7(P)] - 
P. That is, P is a fixed point for the distanee-preserving transformation 
MoT, By part 1, M c 7 is an isometry. Certainly then, M o (M o 7) is 
an isometry. But M o M = /; so / ° T = 7 is an isometry. 

The set of distanee-preserving transformations is the set of isometries. 
The group of isometries {distance-preserving transformations) is the eon- 
gruenee group. The set of orientation-preserving isometries is also a group 
thai is a subgroup of the eongruence group. 

The isometries form a group, but the elements of that group are not 
cxplieitly known. That is, one docs not know how many isometries there 
are or what they are. Several theorems are needed to deduce that there are 
exactly four isometries. 

Theorem 1. Suppose I and m are lines intersecting at P. Let I' and m' be 
the images of I and m under any rotation with center P. Then 



Proof, The magnitude of the rotation M„, o M/ is twice the measure of 
the angle from / to m. This measure is unchanged by rotating about P. 
Therefore M,„ o Mi and M,,,* o Mr have the same magnitude. They also have 
the same center P and are thus the same rotation. 

Theorem 2. Suppose I \ \ m. Let V and m' he the images of I and m under 
any translation. Then 

M„,oM,-M„roMr^ 
The proof is similar to that for the last theorem. 
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The essence of these two theorems is tiiis: The reflecting lines used to 
define a rotation or a translation may be replaced by anoiher pair with the 
same characteristics. 

Theorem 3. The product of three reficctiofis in parallel lines us a reflection 
(see fig. 6.39). 

Proof, Let T - M„ o M^^^ c M,,, Apply theorem 2 to replaee A* and //; by 
lines k' and = n. (That is. translate k and ni to A' and Thus 

r = M„ o Mn, O Ml, 

^ / o Mf,- 



i 



Y 

k' m n^ni' 
THtoREM 4. A translation is the product of two half-turns (see fig. 6.40). 



Proof, Let translation T — M„ o Let / be perpendicular to ni and /t 
and let I r\ m - QJ n Since M, c M^- I,T ~ M„oMioM,oM,„ = 

H H^^ where H u and /Y,^ arc huU-turns about R and Q respectively. 

Theorem 5, The product of three half-turns is half-turn (see fig. 6.41). 

Proof. Let E, F, and G be the centers of the half-turns. Let EF = / and 
let k, ni, n be perpendicular to / through E, F, and G, respectively. Let o 
be perpendicular to n at G. 

= M„ ° A^/:' (by theorem 3) 
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Theorem 6. The product of two translations is a transkuion. 
Proof. Let the translations be T, and 7^. By theorem 4, 
T, =: A/ , o Hn and T > = He ^ Hi„ 

= Hr o ///> (by theorem 5) 

— r (a translation by theorem 4) 

The remaining theorems are left for the reader to prove. 
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TfiLORLM 7. 7'lu' prodiH'i oj three Jtc licet ions in ronrnrrctu litics is a 
reflection, 

Tut-OKHM 8. Tlw procfiH't of two }otation.s of niaiinitniU'.s a aiid h is a 
rolatioti with nw^nitudc a 1- h. If a i h _ ISO. then the product is a 
translation, 

Th i£ OR I: M 9. The product of a tran,slation and a rotation is a rotation, 

Throri-m 10. The product of In reflections is a rotation (>r a translation, 

Theori-m 1 1. Tlie prodiwf of 2n f 1 reflections is tlw product of at most 
three reflections, 

Thi£ORI-m 12. Tlie product of tliree reflections is eitiier a reflection or a 
i>lidc reflection, (The proof of this theorem is given in the proofs of 
theorems .\ and 7 and in the initial scetioii of this ehapter. ) 

Theorem 13 should now he clear: 

Thh0R!:M 13. Tlie product of any ntnnher of i,s'onH'tries is a reflection, a 
rotation, a translation, or a i>ilde reflection, 

A development as detailed us that given in theorems 1 — 13 is not found 
in cither the Dutch or the American texts for high school students. It is 
included here for its intrinsic interest and because these thet^rems are appro- 
priate for inclusion in geometry classes studying transformations as a topic. 
Other theorems that may be proved arc the following: 

TheORUM 14. Witli conif)osition. translations form a ^roi4[), 

ThiiOri-m 15. Tlie product of a half-tnrn with itself is the identity trans- 
formation, 

Tur.ORKM 16. Hi: ^ Hi ^ H,; Ht; c /-//. c Mr where Hf:, Hf., and Ha are 
any half -turns. 

Theorem 17. 7- ^ T\ ~ T^ c 7- where Tx and 7^ are translations. 

There is another more elegant but perhaps less instructive proof of the 
fact that there are only four isometrics of the plane, in the proof tiiat every 
distance-preserving transformation of the plane is an isometry, it can be 
recalled that if an isometry T had a fixed point, it was either a reflection 
or a rotation and the product of at most two reflections. 

Let T be any isometry that fixes no point. Then there is a reflection M 
such that MoT fixes a point. Thus 

MoT — reflection, or M o T - rotation. 

Consequently, 

M 0 (M oT) = M o (reflection), or Mo (MoT) = M o (rotation). 
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But since M ^ M I , 

1 - M (rcflcciion), or T o (roiation). 

Thus r, an isomciry with no fixed poinl, is the product of ai luost three 
reficciion.s. Wc have proved, then, the following theorem: 

I:\'cry isomctry T is the product of at fnost three reflections, 

1 1 is an easy exercise to deduce that the isonietries with no fixed points 
are ininslalion (two reflections) and glide reflection (three reflections). 
The proof of the latter fact follows by using theorems 1 and 2 to prove 
theorem 12. It is suggested that the reader eonstruct the proof. 

The only other group explicitly discussed in the Coxford-Usiskin male- 
rials is the similarity group. This group is the set of similarity transforma- 
tions with the composition operation. The discussion provides a bare 
introduction to the similarity group (3. pp. 588-89). 

If a teacher wishes to expand the treatment of the similarity group, he 
can identify the minimal set of transformation types that make up the 
elements of the group. This minimal set includes the isometrics translation 
and glide reflection (where a reflection is a special case of a glide reflec- 
tion). In addition to these transformations, there are only two others 
needed to form a closed set of transformations under the operation compo- 
sition. They arc the spiral similarity and the dilative reflection, 

Dei-tnition. a spiral similarity with center C. rotation ani^ie 0 and simi- 
larity coefficient k is the product of a dilation with center C and similarity 
coe/'/ic/ent k and a rotation about C through the ani^le 0, taken in either 
order. (See fig. 6.42. ) 




Fig. 6.42 
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In figure 6.42, the figure F has as its image under the spiral similarity 
the figure F\ Corresponding points are A and A\ To transform F to F\ 
we may use cither f i or as the intermediate image. In the one case, we 
rotate first, then dilate (F Fi F'). In the other, we dilate first, then 
rotate (F-^ F.-^ F'). 

Definition. A dilative reflection is the product oj a dilation with center C 
and similarity coefficient k and a reflection in a line m containing C, taken 
in either order, (Sec fig. 6.43.) 

i 




C 



m 

Fi^. 6.43 

Figure 6.43 depicts a dilative reflection of figure F to figure F'. The order 
of operation is optional here; one may reflect in m first, then dilate (F -> 
Fi — > F' ) , or one may dilate, then reflect \nm ( F F^-^F'). 
^ For a complete discussion of spiral similarities and dilative reflections, 
the reader is referred to Yaglom's Geometric Transformations I! (18, pp. 
9-62). 

A most impressive conclusion to be drawn from an. examination of ele- 
ments of the similarity group is that two similar plane figures that are not 
co»'gruent are related by either a spiral similarity or a dilative reflection. 
M.>reover, if the figures are directly oriented, then they are related by 
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cxaclly one transformation — the >^piral similarity. Similarly, the dilative 
reflection is the only transformation needed to map one of two similar 
llgures into a second that is oppositely oriented. Construct ions for these 
transformations are found in Yagloni, Verilication of the construetjons is 
not beyond the high school level. 

This concludes the discussion on the scope and seqiienCx of the content 
of the transformation approaches to iiec .letry found in print at the present. 
Other sequences are possible, and no claim is made that the sequence 
described in this chapter is the best mnthcmatically or pedagogicallw 

Often other conteiit was described in addition to what was actually 
included in any one set of materials. The reader may think of these com- 
ments as describing variations of, or additions to. the main sequence. The 
place where the greatest opportunity for variation in content exists is in 
the extent of the work on the transformations theni.sclves. Time permitting, 
a great deal of additional work can be done with matrices and with trans- 
formation groups. Assuming a certain amount of geometric knowledge, 
the study of geometry using transformations can easily turn into the study 
of transformation geometry. As youngsters come out of junior high schools 
with a better understanding of Euclidcaii geometry, more time will be 
available lo study the transformations themselves. As this occurs, the scope 
and sequence, as described here, must ehanjzc. 

Podagogiral Oueslions 

In the scope and sequence section of this chapter, the content of a geome- 
try course based on transformations was described. Associated with this 
content, as is the case with any mathematical content suggested for sec- 
ondary schoc! consumption, are many pedagogical questions. Such ques- 
tions include, hut are not limited to, the following: 

1. What evidcnc exists concerning the "teachability" of the material? 

2. What ability must a younj;'.sier have in order to succeed wUh the 
material? 

3. What elTect will incorporating this material into the curriculum have 
on other work in mathematics? 

4. Is teacher training necessary in order to teach such material? 

These questions are considered individually below. 
Teachahitity 

Several sources on the evidence of the teachability of the material are 
available. The major source is c» port of an investigation carried out by 
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Usiskin during the 1968/69 school year (16). Thirteen sehools were 
involved in ihe study, six used the Coxford-Usiskin materials, and seven 
used standard geometry texts. There were 425 youngsters and eight teach- 
ers using the transformation approach, and 475 youngsters and nine teach- 
ers using contemporary approaches. 

The geometric knowledge of both groups of students was measured in 
the fall and again at the end of the .school year. The instruments used were 
alternate forms of the Cooperative Geometry Test. These tests measured 
traditional geometric knowledge; they included no questions on transfor- 
mations. 

In addition to the measure of standard geometric knowledge, the young- 
sters using the transformation approach completed a test on transformation 
ideas at the end of the year. All teachers were surveyed in regard to their 
opinions concerning the transformation materials. 

The students using the transformation approach spent approximately live 
or six weeks studying topics unique to the transformation approach. The 
remainder of the time, thirty or thirty-oMc weeks, was spent on relatively 
standard geometric topics. In eontrast co this division of time, the control 
group spent thirty-six weeks on standard geometric content. 

On the measures of the achievement of standard geometric concepts, the 
group using the transformntion approach scored slightly lower than the 
control group: the transformation group answered correctly approximately 
95 percent as many questions as did the control group. On the test of 
transformation concepts administered at the end of the year, the youngsters 
who had studied transformation ideas performed as well as they did on the 
standard content. 

One school that used the transformation materials again in 1969/70 
and gave the same Cooperative Plane Geometry Test at the end of the year 
reported no differences in achievement for those studying the standard and 
transformation approaches.^ These data suggest that the transforma{ion 
approach is teachable. The author's experience with teaching the approach 
to ordinary tenth graders confirms this. Additionally, the schools that used 
the approach in the experimental setting continue to use it, and teacher 
comments continue to be favorable. 

Ability 

The evidence concerning achievement for different ability levels of stu- 
dents is similar to that discussed above for geometry students in general. 
The lower-ability youngsters using the transformation approach answered 
correctly nearly 41 percent of the items on the final test of transformation 



I. Zalman Usiskin, 1970: personal communicalion. 
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ideas and also approximiilcly 41 percent of ihe items on the test of standard 
gconiclric ideas. The control students answered correctly approximuieiy 
45 percent of the iicnis on the lest of standard geometric ideas. Neither of 
these pereents is large. The transformation approach appears to be as 
appropriate for lower-ability youngsters as other geometry courses, but 
none are uppropriate as they exist today. In order to adapt a geometry 
course to the rate of ieurniiig exhibited by siouvr students, topics would 
have to be deleted and emphases changed, whether the course he transfor- 
nuuion, vector, attinc, or standard. In particular, the emphasis on proof 
would have to be diminished, for it was this area that caused most slower 
learners the greatest difliculty. 

The rale of correct response on both the Jinai test covering transforma- 
tion ideas and the Una) test of standard geometric ideas was approximately 
64 percent for the higher-ability students in the transformation approach. 
The higher-ahrlity students studying the standard treatment answered cor- 
rectly approxinuitely 67 percent of the items on the final test of standard 
geometric content. These rates are quite similar. In each approach addi- 
tional concepts could easily be incorporated into the course. Certainly the 
problem of differences among individuals is not solved by using a transfor- 
mation approach to geometry. Greater changes would have to be made. 
But perhaps :i transformation approach offers accessible alternatives for 
both the slow and the fast learner in that the transformations lend them- 
selves either to a manipulative and constructive approach or to a more 
formal treatment that culminates in the study of abstract groups. 

Ejjccts on other mathematics 

One may consider this issue in two parts: (1 ) prior mathematics and 
(2) subsequent mathematics. 

As far as effects on prior mathematics are concerned, there appear to be 
none. That is, no apparent changes in prior mathematics work are neces- 
sary in order to institute a transformation approach to geometry. As evi- 
dence, one may cite the fact that such materials have been successfuly 
taught in a number of high schools throughout the nation with no changes 
in the mathematical work done in the elementary or junior high school. 

The evidence concerning effects on subsequent mathematics is sparse 
and must be considered as tentative because the approach has not yet been 
used extensively in the United States. The one bit of evidence available is 
due to KLort (7). Korl investigated the effects of studying a transformation 
approach to geometry in the tenth grade on eleventh-grade students* reten- 
tion of geometric concepts and on their achievement in function and inverse 
function concepts. Kort found that there was no diiference in overall reten- 
tion of geometric concepts but that the transformation-studying group was 
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signilkantly supLTior in ihc r,.ncntion of congruence, similarity, and sym- 
metry. In addition, the transformation group was .significantly stipcrior in 
the achievement of funetions and relations and inverses of functions and 
relations. No dillcrcnccs \/erc found in the achievement of circulnr functions 
and inverse circular funetions. 

The only other evidence available on this question is subjective. Several 
teachers who have used the transformation approach have also taught subse- 
quent courses. They reported no uncommon dilficultics or sueeesses in 
that work. The.se results and those reported by Kort are not unexpected 
because the transformation approach that was used emphasized Euclidean 
geometry. Only in the work on congruence, r.iniilarity, and symmetry were 
transformations emphasized. If Kort's results ean be replicated, then the 
transformations approach to congruence, similarity, and symmetry may lead 
to a better understanding and retention of these ideas. The greater achieve- 
ment in functions and relations is, if replieable, an added benelit, for func- 
tions and relations are often diflieult to teach efTectively. 

Teacher trainiu^ 

Training teachers in the concepts, problems, and procedures of trans- 
formation geom.etry would enhance a school geometry course based on 
transformations. With such training, a. teacher wou!d feel more confident, 
would allow students to be more creative in proof and problem solving, 
and would be able to provide more stimulating enrichment topics. If trans- 
formation geometry per se is to form a significant portion of the course 
taught, then teacher training in transformations is an absolute must because 
such work is not at present a part of the standard collegiate mathematical 
preparation of teachers. 

The evidence presently available to the author strongly suggests that 
specific teacher training in transformation geometry is not necessary (even 
though it is desirable) in order to implemen'. the sequence outlined in this 
chapter. The major evidence comes from the research of Usiskin (16). 
In his project he offered several training services to the teachers. These 
included a question-answering service — by telephone and by mail — and 
the opportunity for regular in-service meetings of all the teachers using the 
transformation approach. No telephone or mail request for assistance was 
received. The in-serv»cc meetings were dropped because only one or two 
teachers regularly attended. Additional evidence comes from the fact that 
many schools have taught the transformation approach successfully using 
only the text materials and a brief teacher's commentary. 

The argument here should not be taken to imply that teacher training in 
transformations is not desirable. It is! Most teachers will do a better job of 
teaching when they have had training directly related to the "material to be 
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taught. The suggestion hctv is simply that training in geometric iran.sforma- 
tions does not appear to be necessary to instituting the course described in 
this chapter. 

( !oiir]uc)in<; HinttarkK 

The eourse deseribed in this chapter is obviously' only one of many pos- 
sible courses using transformations. A basic underlying assumption of that 
course is that transformations have a place in school geometry and that liiey 
ought to be employed in a pedagogical ly and mathematically sound manner 
It is hoped that the course described in this chapter satisfies this assumption. 
If it does not. new and distinct alternatives will be forthcoming. But this is 
exactly as it shotild be — the only way that the mathematics taught in the 
schools can remain fresh, alive, and relevant is for people with ideas to 
present those ideas to teachers and to students, to try them in the testing 
ground of (he classroom, to modify or discard them, and to present materi- 
als reflecting those good ideas to the public. With such a continual evalua- 
tion of the school mathematics taught, there is hope that the most appro- 
priate mathematics for the schools will continue to evolve. 
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An Af f ine Approach 
to Euclidean Geometry 

C. RAY WYLIE 



^Fi-iNE GEOMETRY Can bc looscly described as Euclidean geometry 
stripped of its capacity lo measure lengths > and angles. Conversely, 
Euclidean geometry can bc approached through affine geometry, as we 
shall point out in this chapter, by introducing into the affine plane suitable 
dcfmitions of distance and angle measure. This raises two important 
questions: 

1 . What is an affine plane? 

2. How can an affine plane be obtained? 

Affine planes arise in various ways. For instance, it is possible to con- 
struct an affine plane, or an affine space of any number of dimensions for 
that matter, by defining the affine space to be a set of dements, called 
points, on which the additive group of a linear vector space of the appropri- 
ate dimension acts as a group of translations (3, pp. l-IO). However, 
since this procv -s requires a substantial background in the theory of vector 
spaces, it is probably inappropriate as the starting point of a development 
intended for high school students, 

A more familiar plan is to regard the affine plane as a specialization of 
the classical projective plane, I1-, in which one line. A, is singled out to be 
the so-called ideal line, or "line at infinity" (I, pp. 206-15; 5, pp. 230-34). 
Lines of Ho that intersect on A are then defined to be parallel in the reduced 
system IT^ — A, where properties that depend on parallelism but not on mea- 
surement can now be investigated. Analytically, this amounts to the study 
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of the properties of IT- that arc invariant under Miose projective transfor- 
mations that leave A fixed. These linear transfonnat'ons form a subgroup 
of the projective group known as the ailinc group. Tnis approach, presup- 
posing a knowledge of projective geometry, also seems to be too sophisti- 
cated for high school students. 

Finally, in addition to the approach through linear algebra and the ap- 
proach through projective geometry, attine geonietr\' can be developed 
independently from the appropriate set of axioms. This has the advantages 
of presuppo.si'ij! no sophisticated background material and of providing 
substantial, thuugli not excessive, experience with the axiomatic method — 
two features that recommend it as a possible program for high school stu- 
dents. The bulk of this chapter will be devoted to a discussion of the 
appropriateness of this approach and an exposition of the material itself, 
beginning with the necr-.sary axioms and culminating in the Euclidean plane. 

However, before en. barking on this venture, we shall attempt to answer 
the first question we raised above, namely. What is an affine plane?, by 
describing in some deia'l two affine planes, one finite, one infinite. 

Tko Particular Affine P3aiies 

First example 

Our first example of an affine plane is a ver>' simple one suggested by 
our earlier observation that affine geometry can be regarded as a specializa- 
tion of projective geometry. 

It is well known, and easily verified, that llie system PG4 (the symbol 
PC I, is commonly used to denote a finite projective geometry in which every 
line contains exactly A points), consisting of 13 points, Pi, . . . , Py,u 

and 13 lines. l\. /- /k^, connected by the incidence relations shown 

in table 7.1, satisfies the usual incidence and connection axioms of projective 
geometry, namely: 

1. For any two points there is one and only one line that contains both 
points. 

2. For any two lines there is at least one point that lies on both lines. 

3. Every line contains at least three points. 

4. All points do not lie on the same line. 

5. There exists at least one line. 

If some line of say is singled out to play the roJe of the ideal 
line, or line at infinity, then in the reduced system PG^ — described by 
the incidence table shown in table 7.2, lines that in PG^ intersected in a 
point of no longer have an intersection. In other words, they are parallel. 
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TABLL 7.1 

(x t: li U I L I. U I, 1 1.. /ii /• /,! 
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5 arc 


Still valid 


but in 
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parallel axiom: 

2\ \{ I is a line and if P is a point that is not on /, then there is one and 
only one line that contains P and has no point in common with /. 
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For example, in PC4 ~ the unique parallel to the line h = {Pa. Pt. P7. 
(Pu)] through the point P.-, is the line /,; = {P^. P:„ Pj,, (Pn)), since the 
point of intersection of these lines in PG^, namely, the point Pn, is not a point 
of PG^ — In contrast, if another line of PGu say /i„, is identified as the 
ideal line, then in the new system AG * — PCj — /m, described by the 
incidence table shown in table 7.3, the lines = {(P:t), Pu Pr, Pn) and 

= {(Pi), Pr„ P.u Pii} are no longer parallel, since their intersection in 
PG4, namely, Pn, not being a point of /m, is still a point of PG^ — l^u In 
AG;t* the unique parallel to ^ through P.-. is the line A, = {(P-a). Pr.. Ph, 
Piu], since the intersection of Ij and ^4 in PG4, namely, P:<, being a point of 
/in, is not a point of AG-a'^ = PG4 — 

TABLE 7.3 
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Conversely, beginning with AG-^, say, it is possible to recover PGa by 
adjoining lo AC^ a line al infinity, that is, /j;, = {Pi„, Pn, Ppj, /^i.t}, whose 
points arc in onc-lo-one correspondence with the families of parallel lines 
in AG:s. 



and serve as the intersections of any two lines of the parallel families to 
which they correspond. Similarly, of course, Fd can be recovered by 
adjoining the necessary line of points to AG:^*, 

Among other things, these observations suggest, by extrapolation to the 
familiar Euclidean plane, that there is a sense in whieh it is meaningful lo 
say that **paranel lines meet at infinity." 

The preceding example is especially appropriate as a lirsl illustration 
because it begins with an extended system in which the points and lines 
that appear as ideal elements are present from the outset and are clearly 
no different from any other points and lines. Moreover, it illustrates in an 
exceedingly simple setting how points that are ideal elements for one afTine 
specialization become ordinary points in another and, conversely, how 
ordinary points in one affine specialization become ideal points for another. 

Second example 

Our second example is more sophisticated because, in the first place, it 
involves an infinite rather than a fmitc number of points and lines and, 
secondly, it begins with a system in whieh the ideal elements are not appar- 
ent and have to be postulated rather than perceived. 

Our starting point is the coordinatizcd Euclidean plane, that is, the 
familiar Cartesian plane, which we shall henceforth denote by the symbol 
Our first step is to create a conceptual extension of this plane in which 
without exception every two lines will have a point in common. This we 
do by postulating the existence of additional points, called ideal points, with 
the property that — 

1. each line contains exactly one ideal point; 

2. all lines of the same parallel family contain the same ideal point; 

3. the locus of ideal points is a line. 

Clearly, the ideal points that wc have thus added to the original Euclidean 
plane, E, arc in one-to-one correspondence with the directions in E, and 
lines that arc parallel in E can be described in the extended plane as lines 
that intersect on, or are concurrent with, the ideal line. 
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A more detailed discussion of the introduction of ideal elements can be 
found in Introduction to Projective Geometry (5, pp. 28—42). However, 
for our expository purposes whatever mystery may seem to surround these 
new objects can best be dispelled by a careful reconsideration of the 
reversible relation between PG^ and AG.^ (or between and /IGj^*), 

which wc described in our first example. There these ideas can bi.? traced 
out and understood without any of the perceptual difficulties that arise 
from our long experience with the Euclidean plane and our unfamiliarity 
with any larger, more inclusive plane. 

We now raise the following question: Is it possible in the extended 
system we have just created to single out another line to play the role of 
the ideal line and to say that lines that are concurrent with it are parallel, 
even though to our eyes, prejudiced in favor of the Euclidean plane with 
which we started, they still appear to intersect? This can, in fact, be done, 
and as preparation for our subsequent discussion of the afline approach 
to Euclidean geometry, we shall explore this matter in some detail and 
describe how perpendicularity can be defined and distances and angles 
measured in a way consistent with our new definition of parallelism. 

To be specific, in E let us select the line y 2 to be the new ideal line, 
and let us select the lines x — 0 and y - x as the axes of what we hope, 
after a suitable new definition of perpendicularity, will be a new rectangular 
coordinate system. Furthermore, let / be the point with coordinates { 1,1 ) 
in E, let J be the point with E-coordinates (0,1 ), let U be the ponit with 
E-coordinates (2,2), and let V be the point with £-coordinates (0,2), as 
seen in figure 7. 1 . 




Fig. 7.1 

Our first step is to introduce new coordinate systems on the proposed 
new axes, OU and OV. In doing this we must remember that the ideal 



206 



OiiOMhTRY IN THE MATHhMATICS CURRICULUM 



points originally postulated on OU and OV arc now perfectly "respectable" 
points and must huve coordinates, while U and V themselves, being now 
ideal points, do not belong to the system we are constructing and, tlie re- 
fore, cannot have coordinates in the new plane. A further requirement that 

wc intend to impose is that on OV the coordinates of O and / are to he 0 

and I, respectively, and that on OV the coordinates of O and ./ are to be 
0 and 1, respectively. 

To set up the required coordmate system on OV, wc begin by considering 
the set A I consisting of all the lines on V with the exception of the new 

ideal line VU . Since these lines are all concurrent with the ideal line VV 
at the one ideal point K, they arc, by definition, parallel in the new plane. 
In terms of the rectangular coordinate system in £, the equation of any 
line of this family can be written in the form 

A(y-2) -h A-rrO. 

The lines of Aj are thus in one-to-one correspondence with the values of 
the parameter A. Moreover, since the lines of A| are clearly in one-to-one 

correspondence with the points of the set OV - V , it follows that there is 
a one-to-one correspondence between the values of A and the points of OV ~ 
V. Thus if P is the arbitrary point of OV - V, the value of a correspond- 
ing to the line VP can be thought of as the coordinate of and we shall 
make this identification, in particular, since the equation of the line VO is 

X - 0, that is 0( y - 2) -i- x ~ 0, and since the equation of VI is (y - 2 ) + 
.V = 0, it follows that the coordinates of O and / are 0 and I, respectively. 
Two further properties of the new coordinate system are worthy of note. 

Since the original ideal point on OV is, by definition, common to OV and 

the line on V that is parallel to OV, namely, the line — (y ^ 2) ^ .v - 0, it 

follows that th^ new coordinate of this point is —I. Also, points on OV 
that in E are arbitrarily close to V have new coordinates that are arbitrarily 
large in absolute value. Specifically, consider the general point P: {um) 

on OU. The line A{y - 2) + .v ^ 0 will contain this point if and only if 

A(//~2) +//rrO or Arr y-ry/ 

and clearly as u approaches 2, and therefor^'V* approaches V, the coordinate, 
A, of P becomes infinite (see fig. 7.2). 

Similarly, to establish the required new coordinate system on OV , we 
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Fig. 1,2 

consider the set A// consisting of aii the lines on U with the exception of the 

ideal line IfV. The equation of any line of Ar can be written in the form 
jx{y ^ 2) -f (y — a ) = 0, and we choose as the new coordinate of an arbi- 
trary point P of the set OV — V the value of /x in the equation of the line VP, 
In particular, it is easy to verify that the coordinates thus assigned to O 
and J are, respectively, 0 and I, that the coordinate of the original ideal 

point on OV is —1, and that points arbitrarily close to V have coordinates 
that are arbitrarily large in absolute value (see fig. 7.3). 

An arbitrary point in the new plane we are evolving has coordinates that 

are defined in terms of the new coordinate systems on 01 and OJ in the 




X 



Fig. 7.3 
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following way. Let P be an arbitrary point and consider the onique line 

througli P tliat is parallel to 6V. In terms e)f the new definition of parallelism, 

this line, of course, is the line PV. This line necessarily intersects the iixis Oi 
in some point, and the p.ew coordinate, of this intersection is defined to be 
the abscissa. X, of P, Similarly, the ordinate, Y , of P is defined to be the 

new coordinate, b, of the intersection of OJ and the line through P that is 

parallel (o OI, that is. the line PV, Clearly, under this scheme the ordinate 

of any point on Ol is 0. and the abscissa of anv point oa 6) is 0 (see fig. 
7.4). 



Y 




Fig. 7.4 



Given an arbitrary point, P, it is now necessary to obtain the equations 
relating its coordinates in the old and the new coordinate systems. To do 
this, let (An,yo) be the coordinates of P in the coordinate system in E. Then 
the line A(v — 2) + a - 0 on V will contain P if and only if A(y<, -2)4- 

Ai» = 0, that is, if and only if A = -—^ — . By definition, this is the abscissa, 

X, of P in the coordinate system in the new plane. Likewise, the line 
/Wy — 2) -f (y — a ) - 0 on t/ will contain P if and only if /aC vo — 2)4- 

(yu — A'o) 0, that is, if and only if p - ^ and this, by definition, 

is the ordinate, of P in the new coordinate system. Thus we have 



(1) 



X = and Y = — i 

2 - y 2 - y 
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as the equations expressing the new coordinates {X,Y) in terms of the 
(.v,v) coordinates in /:. Conversely, solving these equations for .v and 
wc obtain 

(2 j -V = w : V- ^ 1 



Y -1 I • X 4- )' 1 ! 

as the equations that express the (.v,v) coordinates in /: in terms of the 
new coordinates, X,Y, From these two sets of equations it is clear 
that points for which v = 2, that is, points on the new ideal line, have no 
coordinates in the new plane, since in fact they do not belong to this plane. 
Similarly, points for which A' 4 K -h 1 - 0 have no (xa ) coordinates. 
I hey, of course, arc the ideal points for the original plane, E, and A' f / + 
1 ~ 0 is the equation of this line in the new plane, where it is just an 
ordinary line. 

Consider now the set of all lines except those that pass through the 
point V, that is, the set of all lines except those that in the new plane are 
parallel to the K-axis- In terms of the (.v.y) coordinates, the equation of 
any line of this family is of the form 

a.x t /)v i c ^ 0, c 9^ -2h. 

If this equation is expressed in terms of the {X,Y) coordinates by means 
of equations (2), wc obtain 



Under the assumption that c- 9^ ~2h, this equation is always meaningful 
and in fact has the familiar form Y - MX + B. By analogy with the situa- 
tion in t, we shall define 

(3) M^- 2.-.2/,^. 



2h -f c 

to be the slope of the given line in the new plane, even though as yet we 
have no definition of angle measures and, therefore, cannot interpret M as 
the tangient of any angle. Clearly, if c - —2h, the slope M is undefined. In 
this case, as we have already observed, the line is parallel to the V-axis, 
and the fact that it has no slope is just what we should expect. 

It is now interesting and important to note that in our new plane two 
lines are parallel if and only if neither has a slope or they have the same 
slope. The first part of this assertion is obvious, since a line has no slope 
if and only if it is parallel to the K-axis, and two such lines are necessarily 
parallel to each other. 

To check the second assertion, consider two lines 

Y rr M,X 4- B, and Y = M,X + 5, 
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such thai A'/, - /V/^. From equation (3) this means iliiii 

2c7j - 2h] -r Ci _ 2(r. t 2h.^ (■._. 
2/)i - c'l 2/) J - ' 

or simplifying. 

which is easily verified to be the necessary and sufficient condition that the 
intersection of the lines 

Y M,X - - axx ■ h,y - c, 0 

and 

Y ^ M,X - B, = a.,.\ - /),v - ( , :z. 0 

should lie on the line.v - 2. Thus - A/._. if and only if the lines intersect 
in an ideal point, that is, are parallel. 

Once our new plane is coordinatized, an arbitrary line, /, that is not paral- 
lel to either the A'-axis or the V-axis bears two coordinate systems, one de- 
tined by the A'-eoordinates of the points of / and the other defined by the Y- 
coordinafes of (he points of/. These two systems are related by the equation 
of /. say Y — MX r B. On a line parallel to the A'-axis all points have the 
same ordinate, hence the K-coordi nates do not form a coordinate system 
although, clearly, the A' -coordinates do. Similarly, on a line parallel to the 
y-axis, all points have the same abscissa, hence the A'' -coordinates do not 
form a coordinate system although the V-coordinaies do. 

At this stage, the distance between two points is not defined in our new 
plane, but the ratios of the distances between points on the same line are 
delined to be the ratios of the absolute values of the differences of the 
coordinates of the points in either of the coordinate systems on the line. 
Although similar triangles are not available for use in the proof, by using 
the equation of the line, Y - MX + B. it is easy to show that the ratio of 
two distances on a general line is the same whether the Af-coordinates or 
the K-coordinates arc used in the computation. 

We have nr^w developed a coordinatized affine plane. From it we shall 
construct, as an illustration of the central theme of this chapter, a new 
Euclidean phnK\ E''\ by introducing suitable definitions for the measure- 
ment of distances and angles. Until we have these definitions, however, we 
arc restricted to the eon^parison of distances on the same line and, roughly 
speaking, affinc geometry is concerned with theorems that involve, in addi- 
tion to parallehsm, only this limited type of measurement. As an example 
of such a theorem, let us consider the following result: A line parallel to 
one side of a triangle divides the other two sides in the same ratio. Although 
coramonly taught and accepted as a theorem of Euclidean geometry, this 
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is really an nilinc theorem that is true under weaker assumptions than those 
that characterize the Euclidean plane. 

Let the vertices of '\PQR be. respectively, the points whose coordinates 

in li are ^ 1. (4.1 ) and whose A', >'-eo(irdiiKites are. therefore. 

(2.1 ). (5.0), (4.-3) by equation (1 ), (Sec fig. 7.5.) Easy calculations, 
identical to those of elementary analytic geometry, i^ivc us the A'.K-cqua- 
tions of the lines that contain the sides of l\!^QR: 



PQ: X ?>Y 
QR:3X ~ y 
RP: IX H y 



15 



Now consider a general line that is parallel to PQ, Since we have just ob- 
served that its slope must be the same as the slope of PQ, it must have an 
equation of the form X \ 3K = Z^. This line intersects PR in the point 5"; 
I ^ , — ^ — \ and intersects QR in the point T: y — j-^^ — . 

3/i 15 \ using the A'-coordi nates on PR and QR. we easily find 



10 



that 



PS^ 
SR 



~B 5 



QT 
TR ' 



B - 5 

Thus for all values of B except B --z —5, that is, for all lines parallel io PQ 
except the one that passes through we have verified that 

PS _ QT 
SR TR' 



/A' 



Q. 



/ 



/ 



5 




(X) 



Kig. 7.5 
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Other afiinc llicorcms thai arc instructive to verify are ( 1) the diagonals 
of a parallelo^ran} bisect each other, and (2) the medians oj a triangle are 
concurrent. 

Ordinarily the notion of perpendicularity is subordinate lo the idea of 
angle measurement. It is possible, however, to make perpendicularity a 
primary concept and use it in Ihc definition of distance and angle mcasurc- 
menl. To implement this point of view, we observe that perpendicularity 
is a relation between lines whieh possesses the following properties: 

1 . No line is perpendicular lo itself. 

2. If a line / is perpendicular to a line m, then fn is perpendicular to /. 

3. For any line / and any point /^ there is one and only one line that 
contains P and is perpendicular to /. 

The obvious way to define a relation with these properties is to construct 
an equation - 0 such that — 

1. /(M,,M]) - 0 has no (real) roots; 

3. jiMiM'j ) - 0 has a unique solution for Mi given M},- 

and then say that two lines are perpendicular if and only if their slopes. 
Ml and A/-, satisfy this equation. The simplest equation with these properties 
is aiMsM.,) 4 h(M^ 4 M.) + c = 0. or 

(4) M,,= -MlJ:£, /,._„c-<0. 

While equation (4) does define a perpendicularity relation with the re- 
quired properties , it is loo general for our purposes. In particular, we want 

the new axes. OI and OJ, to be perpendicular. Since the slope of Ol is - 

0 and since OJ has no slope, this requires that in equation (4j the 
cocfTicienl h must be zero (and therefore -ac < 0), giving us the condition 

(5) Mo rz - or M^M'> =^ - - =^ K < Q. 

For all negative values of K, equation (5) provides a definition of per- 
pendicularity according to which the new axes, 01 and OJ, arc perpendinj- 
lar, as desired. However, even this is too general to be consistent with inc 
familiar definition of distance that we hope to introduce, as we continue on 
from £ via our affine plane lo a new Euclidean plane, £*. Naturaiiy, we 
waat both the Pythagorean theorem and the usual distance formula to hold; 

that is, if PQ 1. RO, we want the formula (PR)' - {PQy -i- (RQ)- io 
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hold, and wc want the distance between the points Px '. (^Vi.>'i) and 
(X-,,Y-^) to be given by the formula 

To see how this restricts the perpendicularity relation (5 ). let us apply the 

distance formula to two points /^ and Pj such that OF^ 1 Ol'.^ according 

to equation (5 ). The equation of OP^ is Y M\X and the equation of OP_. 
is Y — M-,X, where A/, AY- =: K. The coordinates of P^ and /'j are then, 
respectively. {P\.M]f)\) and (/^-.AY-/;^ ) . The distance fornuila. which wc 
accept as a matter of definition, thus gives us (OP^)'- ~ pr -t- pi'-Mr. 
(OA,)- ^ py - /^L'-AY,-. and ^P^P,)- r:^ (/;, - /;,)- + (/;,AY, - p^M^)-• 
Using these, we observe that the Pythagorean theorem will hold if and only 
if (OPi)- + (O/^,)-, or 

(Pj - p\)- + (a'-AYm - /;,A7, )- ~ (/;,- ~^ PrMr) - (/;>' - p-/M.-), 

which simplifies immediately to 

MiAY, = -J, 

whicli, of course, is just the familiar perpendicularity condition of ele- 
mentary analytic geometry. Thus in (5) we must take K =z 

Many students, even those with a sufficient flair for abstraction to grasp 
the idea of extending the Euclidean plane into a new system in which, with- 
out exception, every two lines intersect, find it difficult to understand how 
two lines that intersect (even outside the system in which they were origi- 
nally parallel) can still have the property of equidistance. To explore this 
question, let us consider two lines that arc parallel in £** (and therefore 
intersect on 3^ = 2 in £), say 

Y = MX ^ B, and Y = MX + B-,, B, 9^ B ,. 

An arbitrary line perpendicular to these two lines is defined by the equation 

Y — —\x + B, and its intersections with the two parallel lines arc easilv 
M 

found to be 

„ /(B-'B,)M B,^M-B\ , p ((B-'B^,)M B-. -\- M-B\ 

The distance between these two points of intersection, that is. the perpen- 
dicular distance between the two paraiiei lines, we find to be 

Since this is clearly independent of B, that is, independent of which common 
perpendicular of the two lines is used, the equidistance property is verified 
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lor this particular pair of parallel linos in E*, in spite of whatever subjective 
reservations to the contrary wo may have. (See fig. 7.6.) 

Given two intersecting rays, QP and QR, it is now possible to show that 
the quantity Z defined by the equation 

(6) {PR)- ^ (QP)~ + (QRy - 2(QF){QR)Z 

has the following properties: 

1. It is independent of the points P and Q on the respective rays. 

2. It satisfies the inequality ~\ < Z < 1, 

3. It is I if and only if QP and QR are the same ray; it is 0 if and only il 

QP _L QR; and it is - 1 if and only if QP and QR are opposite rays. 

Thus Z has the necessary propcrt;es to permit it to be taken as the definition 
of cos IPQR. With this definiiion, equation (6) becomes the familiar law 
of cosines, and with it angles can now be measured and the law of sines 
and the angle-sum theorem verified. In particular, for the triangle shown 
in figure 7.5 an easy calculation .shows that 

coU PQR=0, coslQRP ^ ~, cos^lRPQ = 

\/2 v/2 

mlPQR^W, mlQRP ^AS"". mlRPQ = ^5". 

Hence l\PQR, despite its appearance and its actual dimensions in £, is an 
isosceles right triangle in /:*. 

Many other interesting observations may be made about configurations 
considered simultaneously in E and For instance, the unit circle. A'- -f- 
K- = 1, in £*, is in E the curve whose equation, by ( 1 ), is 




Fig. 7.6 
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This curve, plollcd in is ihc hyperbola shown in figure 7.7. yel it is the 
locus in l-y of points ul a unit distance from the origin. 




Similarly, the circle whose equation in E is -v- y- = is in the 
conic whose equation is, by (2), 

(8 - n)X'- + (8 - lr-)XY ^ (4 - r-)Y- ~~ 2r-X - Ir-Y - t- ^ 0. 

The discriminant of this conic is 

(8~2r-)-- 4(8 - r-)(4 ~ /•-) l6(/---4). 

Hence if r < 4, the curve in is an ellipse; if — 4, tiie curve in is 
a parabola; and if r- > 4. the curve in Z:* is a hyperbola. It is instructive 
to note that r- < 4 is the condition that in E the given circle does not 
intersect tfie line \* — 2, which is the ideal line, or line at infinity, in /:**. 
Likewise /- = 4 is the condition that in E the given circle is tangent to the 
ide'^1 line of and r" > 4 is the condition that in E the given circle 
intersects the ideal line of £** in distinct (real) points. This, perhaps, sheds 
new light on the observation sometimes made in elementary analytic geome- 
try that ellipses are conies that do not intersect the line at infinity, parabolas 
are conies that are tangent to the line at infinity, and hyperbolas are conies 
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thai inlcrscci ihc line al inliniiy in iwo points, the tangents ut these points 
being the asymptotes of the hyperbola. 

We have now explored in sonic detail the n:\ture of a particular affine 
plane and have traced the evolution of a Euclidean plane from such a plane. 
What we have done should be helpful as an illustration of the more abstract 
approach we shall begin to describe in the next section. However, an alVine 
approach to Euclidean geometry obviously cannot begin with a precxistent 
Euelidean plane, as did our example. Instead, as we suggested earlier, what 
\vc shall describe in the rest of this chapter is, first, the axiomatic develop- 
ment of affine geometry, and second, the evolution of the Euclidean plane 
from the alFine plane. 

The affine approach to Euclidean geometry is probably to be regarded 
as still experimental, and although it has been well tested, a variety of 
suitable texts i.s mn available. Accordingly, the presentation we shall now 
make follows closely the original work of the Wesley an Coordinate Geome- 
try Group as it appears in the text thai resulted from thai work. Modem 
Coardinatc (jco/nctry (4). 

PiMlajsogjical (*.on8i<lerations 

One of the major characteristics of mathematics today is its emphasis on 
synthesis. Working mathematicians are continually striving to discover 
relations between fields that previously seemed unrelated and to create 
structures capable of subsuming what were previously disjoint topics. At 
the same lime, the rigid barriers that once separated the various courses in 
the mathematical curriculum are being broken down, and unified courses 
are appearing at all levels. Separate courses in plane and solid geometry 
are largely a thing of the past. Analytic geometry and calculus are now 
normally taught as an integrated subject, and at least some linear algebra 
is being incorporated into a variety of eourses. 

The affinc approach to Euclidean geometry is an example at the pre- 
calculus level of this tendency toward unification. It leads to all the results 
obtained in traditional courses in geometry, and at the same time, as an 
essential part of the development, it leads to substantially all the analytic 
geometry of the straight line and the circle. It thus provides an excellent 
background for a modern integrated course in analytic geometry and 
calculus. Furthermore, it introduces and makes effective use of the cosine 
function and thus prepares the student for a more detailed study of the 
trigonometric functions in a subsequent course in the elementary functions. 

Since the development proceeds in a rigorous fashion from a set of care- 
fully stated axioms, the student obtains considerable experience in the 
axiomatic method, so important in cqntemporary mat/icmatics. But since 
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the number of axioms is small (only live, compared to twenty or twenty-live 
in the usual development of Euclidean geometry), deductive reasoning from 
them does not dominafe the work. At the same time, this approach is much 
more alt];ebraic tlian is the usual course in geometry. Hence the student, 
instead of having a year's ••vacation" from algebra, is given ample oppor- 
tunity to consolidate and extend his previous work in algebra. 

Minimicni subject matter prerequisites for this approach arc probably no 
more than a good one-year course in algebra together with a reasonable 
background in intuitive geometry. However, because of the serious use of 
sucli relatively sophisticated ideas as mappings and their composition and 
restrictions, affinities, similitudes, isometrics, and obhque coordinate sys- 
tems, as weii as the general level of precision and rigor to be maintained, 
an intangible prerequisite of maturity is highly desirable. The need for 
maturity and a certain flair for abstraction is underscored by the fact that 
in the nature of the afline approach the early work is afline and not con- 
ventionally Euclidean. As an example, the introduction of coordinate sys- 
tems before the notion of perpendicularity is defined requires, both for 
clarity and for honesty, that they be drawn as though they were oblique. 
The great advantage of such systems, stemming from the ease with which 
ihey can be adapted to particular configurations, is not always sufficient to 
outweigh their seeming strangeness for some students. 

The experience of the several test centers that tried out this approach 
using the materials prepared by the Wesleyan Coordinate Geometry Group 
in the summer of 1964 seemed to indicate that it is suitable primarily for 
students capable of college work and that for the upper 30 or 40 percent 
of these, it is a genuinely exciting intellectual adventure. 

It is doubtful that a course based on the affme approach should be con- 
sidered a replacement for the courses jn geometry normally offered for the 
average student. For a very select group of students it might be olTcred in 
the tenth grade and then followed by courses in the elementary functions, 
advanced algebra, and analytic geometry and calculus. More realistically, 
it probably should be offered in the eleventh grade to students with a back- 
ground of two years of algebra. A subsequent year devoted to the ele- 
mentary functions and an introduction to analytic geometry and calculus 
would then provide an excellent preparation for cc llege-level mathematics. 

The Aftine Line 

Fundamental to the affine approach is the notion of an affine junction, 
that is, a function, /. defined by the linear rule 

j{x) =ax b, a 0. 
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At the outset, a number of properties of aftinc futictiotis must be estab- 
lished. Among these, the following are the most important: 

L Every afl'ine funetion is a one-to-one mapping from the set of reitl 

numbers to the set of real numbers. 
2. The inverse of an afline funetion is an atline function. 

The composition of two afhnc functions is an afline function. 

4. If /) and c/ arc distinct real numbers and if r and .v are distinct real 
numbers, then there is one and only one aHine function. /, such that 

/(/;) = /• and /((/) ^ .v. 

5. If (/, r, y arc real numbers such thai 9^ .v, then / is an afline func- 
tion if and only if 

lip) - IKI) ^ l>-q 
fir) - /(.s) r-.s 

6. If / is an afline function, then jiq) is between /(/;) and /(/ ) if and 
only if q is between /; and 

Careful proofs of these results should be well within the grasp of any student 
who ht)s successfully coi7ipleted a one-year course in high school algebra 
and should provide desirable reinforcement of his previous experience in 
algebra before it is put to work in geometry. 

With these algebraic preliminaries out of the way, the concept of a line 
can be introduced. However, unlike the usual treatment in which a line is 
initially a very Simple object on which a coordinate system is gradually 
created, here a line appears at once with a full-blown coordinate structure. 
Specifically, consider a set, of unspecified objects and a nonempty collec- 
tion. C, of one-to-one correspondences between L and the set. /?, of all real 
numbers. Then the pair (L, C) is said to be a line if and only if the fol- 
lowing two axioms hold: 

A.I. U a and h are distinct elements of the set L, then there is one and >, 
only one correspondence in the set C that pairs a with the number 
0 and /) with the number I. 

A. 2. If r and c' arc any correspondences in the set C and if r and r' 
are, respectively, the numbers that c and c' pair with the element 
X of L, then there exists an atline funetion. /, such that r' = /(/ ) 
for all X in L. 

From these axioms it is clear that a line is a complicated thing that cannot 
be visualized simply as a set of unspecified objects, called points, but must 
be understood to involve both a set of elements, L, and a set of coordinate 
systems, C, In spite of this, however, we shall often refer to the line (L,C) 
simply as the line L. 
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Because these axioms arc quite different from those encountered in the 
usual course in geometry, it may be helpful to illustrate their significance 
by a specific example. In the coordinatized EucJidean plane, let L be the 
set of parabolas that pass through the origin and the point (1,1 ) and have 
their axes vertical. The equation of any such parabola is of the form y = 
OX' -h ( 1 — a)x, and if the degenerate parabola y = x, corresponding to the 
value ^ = 0, is included, this equation establishes a one-to-one correspond- ' 
ence between the set of parabolas, L, and the set of real numbers, R. Be- 
cause of this, we are free to speak of *'the parabola a,'' meaning, of course, 
the parabola whose equation is determined by the value a. 

A set, C, of one-to-one correspondences between L and R can now be 
established in a variety of ways. For instance, the equation r = pd^ H- q 
defines such a correspondence, provided only that /; 9^ 0. To verify axiom 
I, let Qis and fli be two particular parabolas that are to correspond, respec- 
tively, to the real number 0 and 1. Then p and q must satisfy the equations 

0 = pQy;^ H- q and 1 = pa^'^ + q, 

and these equations have the unique solution 

1 a^? 

Hence there is one and only one correspondence in the set defined by the 
equation /• = pa* + q, namely. 



which pairs the parabola cu^ with the number 0 and the parabola with the 
number 1. 

To verify axiom 2, let 

c: r = po'^ H- q and c' : r' = p'a'^ + q\ p^p' 9^ 0, 

be any two correspondences of the set C Then the relation between r and 
obtained by eliminating a'^ between these equations, is 



P 



which clearly is the rule of an affine function. Thus both axiom 1 and 
axiom 2 arc satisfied, and hence the set of parabolas, L, and the set of 
one-to-one correspondences, C, together constitute a line, (L,C). 

Other lines could have been created from L by using other sets of corre- 
spondences. For instance, if C is the set of correspondences defined by the 
equation r = pa^' P ?^ 0, then the pair (L,C') is also a line. The pair 
iL,C vj C) is not a line, however, since now there are two members of the 
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set C U C, one in C and one in C\ which pair a given parabola with the 
number 0 and a second parabola with the number 1. 

The elements of any set L satisfying axioms 1 and 2 are naturally called 
points, and the correspondences in the set C are referred to as coordinate 
systems on L. For any particular coordinate system, c, on the points 
that C pairs with the numbers 0 and 1 arc called, respectively, the origin and 
the unit point of c. Axiom 1 thus asserts that given any two points of L, 
there is a unique coordinate system in the set C for which these points arc 
respectively the ori^n and the unit point. Axiom 2 further describes the 
structure' of L by asserting that given any two coordinate systems on L 
there exists an affine function, /, such that for each point of L its coordi- 
nates, r and r' in the two systems, are related by the formula r' = /(r). 

On the basis of the coordinate systems identified by axioms 1 and 2, it is 
now a straightforward matter to define the relation of betweenness for the 
points of a line L in terms of the arithmetic order relations of the coordi- 
nates of the points and to prove that it is independent of the particular 
coordinate system used to identify the points. Segments and rays can now 
be defined in terms of the concept of betweenness, and the usual theorems 
can be proved. Finally, the distance between two points of L is defined as 
the absolute value of the difference between their coordinates in a particular 
system, and such questions as the relation between distances measured in 
different coordinate systems can be explored. 

Affinilies 

Before taking the full step from the affine line to the affine plane, it is 
convenient to consider relations between two lines not thought of as em- 
bedded in any larger system. Specifically, since the points of any line are 
put in one-to-one correspondence with the real numbers by any coordinate 
system on the line, it is obvious that a one-to-one correspondence between 
the points of two lines can be established by setting up a one-to-one corre- 
spondence between their coordinates in any two particular coordinate sys- 
tems. When the relation between the coordinates on the two lines is an 
affine function, the one-to-one correspondence induced between the sets of 
points on the two lines is known as an affinity. Affinities are crucial in the 
development of the affine plane. The roles of the two coordinate systems 
and the affine function in defining an affinity arc shown graphically in the 
diagram on page 221, 

It is important to distinguish clearly between an affine function and an 
affinity. An affine function is a one-to-one mapping from the set of reals 
to the set of reals defined by a rule of the form r* =^ ar + b, a 9^ 0, By 
contrast, an affinity is the one-to-one mapping between the points of a line 
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A (a set of points) 



an affinity, F 



U (a set of points) 



(a coordinate 
system on /.) 



> f (the real numbers) 



/(an afRne function) 



(a coordinate ^ (the real numbers 
system on L') 



L and the points of a line L' that is induced when the coordinates of the 
points of L are related to the coordinates of the points of L* by an affine 
function. Three things arc thus required for the definition of an affinity: 
a coordinate system on each of two lines and an affine function relating the 
coordinates in these two coordinate systems. 

Although an affinity, F, is defined in terms of coordinates relative to 
two particular systems, it is actually just a one-to-one correspondence 
between two sets of points. It is therefore natural to ask if it does in fact 
depend on the particular coordinate systems employed in its definition. The 
answer, which is contained in the following theorem, shows that a given 
affinity can be defined equally well in terms of any coordinate systems on 
the respective lines. 

Theorem. Let F be an affinity from a line L to a line L' defined in terms 
of the coordinate systems c and c' and the affine function /. Then if 
is any coordinate system on L and if c/ is any coordinate system on L', 
there exists an affine function, /i, such that F is also defined by Ci,Ci', 
and fi. 

Various properties of affinities can now be established. In particular, the 
following properties are important for subsequent use in the study of the 
affine plane: 

L The inverse of an affinity is an affinity. 

2. If P and Q are distinct points of a line L and if P and Q' are distinct 
points of a line L\ there is a unique affinity that maps P onto P' and 
Q onto Q\ 

3. Under any affinity the image of a ray is a ray and the image of a seg- 
ment is a segment. 

4. If P\ Q\ R* are the images of the points P, Q, R under an affinity F, 
then C is between P' and R' if and only if Q is between P and R. 

5. If P\ Q\ R* are the images of the points P, Q, R under an affinity F, 
then (2' divides the segment FR' in the same ratio that Q divides the 
segment PR, 
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6. If F is an affinity from a line L to a line U and if G is an afllnily from 
// lo a line L", then the composition of G with F is an aflinily from 
L lo L". 

7. If an aflinily F between a line L and a iine U is defined by the respec- 
tive coordinate systems c and c' and the affine function, /. whose rule 
is /(a) ~ ox 4 h, and if // and if arc the coordinates in c' of the 
images of the points whose coordinates in c* are /; and q, then 



8. If F is an affinity between a line L and itself and if the two coordinate 
systems, c* and c\ used in the definition of F arc the same, then the 
value of a in the rule of the alfine function /(a ) ~ ax ^- h is the same 
for all choices of the coordinate system on L, 

The Alline Plane 

Axioms 1 and 2 were essentially criteria for determining whether or not 
a set of elements, called points, could, when associated with certain corre- 
spondences, be considered to be a line. Given the points of a set of lines, 
we now require three more axioms to tell us whether or not such a set of 
points, , can be considered to be a plane. The first iwo of these arc conv 
pletely familiar and completely expected: 

A, 3. If P and Q are distinct points of ct, there is one and only one 

line of 0 that contains them both, 
A, 4. If L is a line of ii and if P is a point of Cil, there is one and only 

one line of (i that contains P and is parallel to L, 

With axioms 3 and 4. it is now possible to construct a two-dimensional 
coordinate system in (f . This is done by first choosing three noncollinear 
points, O, I, J, as base points. Axiom I guarantees us a unique coordinate 

system on the line 01 with base points O and / and a unique coordinate 

system on the line OJ with ba^* points O and 7. The coordinulization of « 

is begun by assigning to an arbitrary point. A, on Ol the ordered pair of 
coordinates (a\0) where x is the coordinate of A in the one-dimensional 

coordinate system that we already have on OL Similarly, an arbitrary point, 

B, on OJ is assigned the ordered pair of coordinates (0,>') where y is the 

coordinate of B in the one-dimensional coordinate system on OJ, Finally, 

lo an arbitrary point, P, which is neither on Ol nor OJ, coordinates arc 
assigned in the following fashion: Through P there is, by axiom 4, a unique 
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line L that is parallel to 03 and a unique line L that is parallel to OL It 
follows immediately by axiom 4 that L must inierscci O/, say in the point 
A, and that U must intersect OJ, say in the point B. \ix is the coordinate 
of A in the one-dimensional coordinate system on Of and if v is the coordi- 
nate of B in the one-dimensional coordinate system on 0]y i\\Q two-dimen- 
sional coordinates of P are defined to be 

Ahhough the foregoing procedure is reminiscent of the process of assign- 
ing rectangular coordinates in the Euclidean plane, it differs from it in two 

significant respects. In the first place, in the Euclidean plane the axes O! 

and O] are chosen to be perpendicular, whereas in the affine plane, since 
the notion of perpendicularity has not yet been defined, all that can be 

assumed is that Ol and OJ are distinct, intersecting lines. Secondly, in the 
Euclidean plane the points A and B, whose one-dimensional coordinates 
determine the coordinates of a general point P, are located by considering 
perpendiculars from P to the axes, whereas in the aflRne plane, since the 
notion of perpendicularity is not available, A and B are determined by 
considering the lines that pass through P and are parallel to the axes. 

It is tempting to say that in the affine plane one uses an oblique rather 
than a rectangular coordinate system, and the figures one draws make this 
seem reasonable. This is not a correct observation, however, for oblique 
in this context means not perpendicular, and until the notion of perpendicu- 
'--'iarity is defined it is equally meaningless to say that two lines are or are not 
perpendicular. 

Not only is a two-dimensional coordinate system defined in Ct by two 
one-dimensional coordinate systems on a pair of intersecting lines, but, 
conversely, any two-dimensional coordinate system induces at least one 
one-dimensional coordinate system on each line of Ct. More specifically, 
we have the following theorem: 

Theorem. Let L be a line of a and let e be a two-dimensional coordi- 
nate system in (X ; then — 

1 . ij L is not parallel to tite y-axis of Q , there is a one-dimensional 
coordinate system on L in w/iich the coordinate of each point of 
L is its x-coordinate in 6 ; 

2. if L is not parallel to the x-axis of 6 , there is a one-dimensional 
coordinate system on L in which the coordinate of each point of L 
is its y-coordinate in e . 

The final axiom required to define the affihe plane is motivated by the 
familiar notion of a parallel projection between a line L and a line L'. Such 
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a projection clearly cslahlishes a one-lo-one correspondence between the 
points of L and the points of L\ and axiom 5 asserts that this correspond- 
ence is an affinity: 

A. 5. If L and L' arc lines of ct , then any parallel projection from L 
to L' is an aflinity. 

To illustrate the meaning of axiom 5, let us return to the affine plane we 
constructed in the second section of this chapter and consider a parallel 
projection between any two of its lines, say 

L,: Y^.M^X+B^ and L,: Y ^ M-^X B., 

A parallel projection between these lines is defined by their intersections 
with the lines of a parallel family, say the family y = MX ^ B variable. 
Now the general line Y = MX -f B intersects Lx and L-, respectively, in 
the points 

I B,- B MB, -MB \ ( B .-B MBs - M iB \ 

If wc now relate the A'-coordinates of corresponding points in this parallel 
projection by eliminating B between the equations 



Bx- B Bj-n 
and A^.. = 



we obtain 



M - M/ 

which is the rule of an affine function. Since the correspondence defined by 
the parallel projection between Li and L-^ is thus equivalent to an affine 
function relating the A'-coordinates of corresponding point^s the parallel 
projection is an affinity, a? required by axiom 5. Had the ^-coordinates of 
corresponding points been employed, we would have found the relations 

_ Mfli -MiB _ Mg,> - M S 

^ ' ~ M - M^ ' - ~ M - M, 

and, again eliminating B, 



_ / M.J (M - Mi) \ 



y _ M (MS, - MyB j) 
' M, (M- M.j) 



If neither M, nor is zero, that is, if neither of the given lines is parallel 
to the A'-axis, then this equation is also the rule of an affine function, which 
confirms the fact that the correspondence defined by the parallel projection 
is an affinity. Incidentally, it also illustrates the fact that the same affinity 
may be defined by various affine functions, depending on the coordinate 
systems used on the respective lines. 
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ll is now an easy mailer to show ihal rclalive to any coordinaie sysicni 
in the affinc plane a line, L, has an equation of the form «.v hy -t <: - 0 
in which a and h are not both zero. Althougii this result is completely 
familiar, the proof in the affinc conlcxi is quite different from the usual 
Euclidean proofs and is perhaps worth presenting as an ilKislrulion of the 
differences in the two approaches. For .simplicity, we shall consider only 
the general ca.se in which the line is parallel to neither coordinate axis. 

Let L be a line that is parallel to neither O! nor O/. Then, by a previ- 
ously quoted theorem, both the .r-coordinatcs and the v-coordi nates of the 
points of L form a one-dimcnsional coordinate system on L, Moreover, 
for any t>A'o coordinate systems on L it follows from axiom 2 that there is 
an alline function relating the coordinates in one system to those in the 
other. Hence the .v- and v-coordinates of any point on L satisfy an equation 
of the form 

y ~ a.x ^ />. a pi 0. 

Conversely, if (u.y) is a pair of numbers satisfying the equation y ax ^ /^ 
then there is a point, P, on L whose .v-coordinaic is since the A-coordinaies 
on L form a one-dimensionai coordinate system. Moreover, as we have just 
seen, the coordinates of any point, on L satisfy the equation y - a,x -^^ b- 
Therefore the 3 -coordinate of P is au -f which by hypothesis is \*. Hence 
n and v arc the coordinates of P, which is known to be a point of Thus 
a point P is on the line L if and only if its coordinates satisfy the equation 
y = ax h, which is of the asserted form. 

Although there is as yet no basis for measuring anglf*s in Ci and hence 
no basis for speaking of the irigonomclrie functions of an angle, it is natural 
lo define the cocf^ncnt a in the equation y = ^/x -f /; of a line L to be the 
slope of L and to say that a line with an equation of the form .v + /? — 0 
has no slope. It follows that if (.v^.V) ) and (.Vj,y-) are two distinct points 
on a line L of slope then 



Furthermore, it is easy to prove the familiar theorem (which we illustrated 
in the discussion in the second section of this chapter) that two line's are 
parallel if and only if they have the same slope or neither has a slope. As 
usual, the equation y = ax + /> is said to be in the slope-intereepl form. 
Similarly, the point-slope form 

y-y, -a(x-Xi), 

the two-point form 

/ v.. Vi \ 
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and the two-intercept form 




can be obtained. 

Up to this point, not only the methods but also the results achieved by 
the affine approach have been more algebraic than geometric. It is now 
possible, however, to prove many of the purely geometric theorems en- 
countered in the usual high school geometry course as well as some not 
ordinarily included in such a course. In fact, any results that do not depend 
on the measurement of angles, the comparison of lengths on different lines, 
or such related properties as perpendicularity, similarity, and congruence, 
are now accessible. In addition to many familiar theorems on triangles and 
parallelograms, these include such things as the following theorems: 

1. Theorem of Ceva. // ^ABC is an arbitrary triangle, and if Q^, Qin 

and Qr are points on BC, CA, and AB, respectively, then AQa, BQu. and 

CQr are concurrent if and only if 

AQ^ BQ^ CQu ^ . 
QrB Q,C Q,A 

the distances involved being considered directed distances, 

2. Theorem of Menelaus. // l\ABC is an arbitrary triangle, and if 

Qh, wd Qr are points on BC, CA, and AB, respectively , then Qa, Qb, and 
Q,. are coilinear if and only if 

AQr BQ, CQu ^ 

QrB ' Q„C ' QnA 
the distances involved being considered directed distances, 

3. Theorem of Desargues. // tlie lines determined by corresponding 
vertices of two triangles are concurrent, then the intersections of the lines 
that contain corresponding sides of the two triangles are coilinear. 

Moreover, because in the affine plane any two nonparallel lines can be 
chosen as the axes of a coordinate system without in any way complicating 
the analysis, the proofs of many of these theorems are significantly simpler 
than they are in more conventional courses in either synthetic or analytic 
geometry. In particular, in the affine plane a coordinate system can always 
be chosen so that the vertices of a given triangle are the points (0,0), 
(1,0), (0,1) or so that the vertices of a given parallelogram are the points 
(0,0), (1,0), (0,1), (1,1). Finally, it is possible at this point to make a 
substantial digression into the important topics of convex sets and linear 
programming. 
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The Eudidean Plane 

Although affinc geometry is sufficient for the investigation of many con- 
figurations in the Euehdean phine and of course is a legitimate subject for 
study by anyone interested in it for iis own sake, it obviously fads shorl 
of providing a complete description of the external world as we think we 
observe it. In the affine plane, one can compare the lengths of segments on 
the same line but not on different lines. Hence it is meaningless to speak 
of isosceles triangles or the triangle inequality. Likewise, although there 
are parallel lines and intersecting lines, perpendicularity is not defined; 
hence it is impossible to discuss right triangles or rectangles. Finally, be- 
cause in the affme plane there is no basis for measuring angles, questions 
of similarity eannot be explored. 

Since the ultimate objective of the affine approach as here discussed is 
the Euclidean plane, it is now necessary to decide how to introduce the 
measurement of lengths and angles: Are add I /I ana I axioms required, or can 
this be done by means of suitable definitions? It turns out that no new 
axioms are required. In other words, the Euclidean plane, in a sense, is 
latent in the affinc plaii'" and can be created from it by introducing suitable 
dciinitions of a perpendicularity relation and a distance function (as we 
illustrated in the second section of this chapter). 

The notion of perpendicularity is introduced by defining a perpendicu- 
larity relation, _L , among the lines of a to be any relation such that (6) — 

1 . no line is perpendicular to itself; 

2. if a line / is perpendicular to a line m, then ni is perpendicular to I; 

3. for any point P and any line / in Cf , there is a unique line that con- 
tains P and is perpendicular to /. 

From this it follows at once that lines perpendicular to the same line are 
parallel, that lines respectively parallel to two perpendicular lines are them- 
selves perpendicular, and that if one of two parallel lines is perpendicular to 
a given line, so is the other. 

The measurement of lengths in Ci is made possible by defining a distance 
function, d, to be any function v/ith the following properties: 

1. The domain of d is the set of ordered pairs of points of CC, and the 
range of d is the set of nonnegative real numbers. 

2. On each line of Ct, d is a linear distance function (as defined in the 
earlier discussion of the affine line). 

3. Any parallel projection between parallel lines preserves the distance 
function, d. 
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It is interesting and importanl to note that from properly 4 the Pythagorean 
relation is no longer a theorem but a property true by definition. 

The Euclidean plane now emerges as any system consisting of an affine 
plane, a . a perpendicularity relation, J_ . in (i , and a distance function, 
cl, in a . in such a system the familiar distance formula of analytic geometry' 
can now be established, and it can be shown (essentially as we did in the 
discussion of perpendicularity in the example in the second section of this 
chapter) that two lines having slopes are perpendicular if and only if their 
slopes, as previously defined in nonmetrieal terms, are negative" reciprocals. 
Finally, as the culmination of the development, the fundamental Euclidean 
structure theorem can be proved: 

For each M't of three noncoilinecn points, O, I, J, in an affine plane, a , there 

is a unique EucUdean plane { , 1 , r/) such that Ol L OJ and d((Ji) ~ 
diOJ) = K 



Euclid can G eo in t'lr y 

In a sense, the affine approach to Euclidean geometry is now complete, 
and its exposition need be carried no further. However, the subsequent 
development of the properties of the Euclidean plane is strongly influenced 
by the methodology of the affine approach, and some further discussion is 
appropriate. 

At the present stage it is now known (partly a.s a matter of definition, 
panly as a matter of proof) that a triangle ABC with sides a, h, c has a 
right angle at C if and only if 

c- = a- + 

This suggests that there may be a more general relation, valid for all tri- 
angles, that reduces to the Pythagorean relation when the triangle is a right 
triangle. If given an arbitrary triangle, /\ABC, a rectangular coordinate 
system is chosen so that the coordinates of the vertices arc C.*(0,0), 
B:(u,v), A:(b,Q), it is easily shown by the distance formula that 

c- - q' -\- b- - lub 

where a, b, c are, respectively, the lengths of the segments BC, CA, AB. 
Although intuition suggests that the expression on the right should be 
symmetric in a and b, it does not appear to be. Hence it is natural to write 
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and to consider the possibility of defining u/a to he eos lACB, This is 
justified by showing that the ratio u a is uniquely determined by the angle, 
independent of the ehoice of A and B on the sides of the angle and inde- 
pendent of which rectangular coordinate system is used to determine the 
coordinate, u, of the vertex that is not on the positive .v-axis. Thus the 
cosine function is introduced and the Jaw of cosines is obtained. It can 
now be shown that the range of the cosine function is the set of real num- 
bers in the closed interval [—1.1] and that given any number t such that 

— I ^ ^ ^ ^ and a half-plane. H, determined by ray OA, there is a unique 

ray OB in // such that cos lAOB ^ t. Further, it can be shown that if 
/ A OB is not a right angle, then the scale factor of the perpendicular pro- 
jection from OB to OA is cos LAOB, 

The notions of similarity and congruence are based on transformations 
known as similitudes, which arc two-dimensional analogues of afTinitics: 
Let O, /, J and 0\ J' be the bases of two rectangular coordinate systems 
and let a be a positive constant. Then the transformation that pairs each 
point P, whose O, /, J coordinates are (A'»y), with the point P\ whose 0\ /\ 
J' coordinates are .v' — ax and y' = ay, is called a similitude. If the constant 
a has the value I, the similitude is called an isometry. From this definition 
it folJows readily that if P and Q are any points and if P' and Q' are their 
images, then 

P'Q'--cx(PQ)^ 

Two subsets, .S" and S\ in the Euclidean plane are said to be similar if their 
points are in one-to-one correspondence and if there exists a positive num- 
ber a such that for any two points, P, Q o\ S and their images, P\ Q' in 5', 
we have the distance relation 

FQ' = a{PQ), 

Two figures that are similar with constant a = 1 are said to be congruent. 
From these definitions it foIJows that similarities and congruences arc, re- 
spectively, restrictions of similitudes and isometrics to particular subsets of 
the Euclidean plane. All the usual theorems involving similarity and con- 
gruence can now be proved, and, in particular, the significance of the cosine 
function is further underscorpd by the result that two angles arc congruent 
if and only if they have the same cosine. 

Translations and reflections in both lines and points can now be defined 
and studied and their relation to isometrics determined. Finally, it is pos- 
sible to prove the important result that every isometry is either a translation, 
the composition of two line reflections, or the composition of three line 
reflections. 
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The study of circles is expedited by the analytic techniques made available 
by the affine approach. Arc length is defined as the least upper bound of 
the lengths of appropriate portions of inscribed regular polygons of 2" ^ 
sides, and angle measures are defined in terms of the lengths of intercepted 
arcs. Although it is probably impossible at the high school level to give a 
completely satisfactory discussion of arc length on a circle, the afiine ap- 
proach permits a treatment at least as sound as that possible with other 
approaches. 

As a final topic, the definition and computation of areas is undertaken 
by considering inner and outer sums of approximating squares. The ratio 
of the areas of similar figures is shown to be the square of the constant of 
the corresponding similarity, and formulas for the areas of the common 
geometric figures are obtained. The area of a circle is defined in terms of 
inner and outer sums of congruent approximating isosceles triangles. As 
in the case of arc length, not all the technical details can be completely 
explored. However, the level of clarity and precision that can be main- 
tained should give the student an excellent background for the discussion 
of area in a rigorous course in calculus. 

(loncluBion 

The preceding discussion has mainly been a description of the affine 
approach to Euclidean geometry as it appears in the text Modern Coordinate 
Geometry (4) prepared by the Weslcyan Coordinate Geometry Group. 
Although this approach differs in many respects from others, both conven- 
tional and unconventional, it also shares many features with them. Its main 
ideas, novel as they are, can be introduced through exploratory examples so 
that the student has an opportunity to observe the informal, inductive sides 
of mathematics and share in the sense of discovery that is part of the charm 
of mathematics. Formally, it proceeds deductively from a set of carefully 
slated axioms, and so the student acquires some familiarity with the axio- 
matic method. It makes early and continuing use of coordinates, both on a 
line and in a plane, yet many proofs are coordinate-free. Thus the student 
becomes familiar with both synthetic and analytic methods of proof. It 
makes such essential and effective use of transformations that those looking 
for a transformation approach to geometry might well consider it. And in 
its content, spirit, and natural level of precision and rigor, it is certainly 
close to the mainstream of contemporary mathematics. 

The average teacher will probably find that there was little in his under- 
graduate training that prepared him specifically to teach the affine approach. 
However, the teachers in the experimental centers that tested the original 
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Wcslcyan material experienced no great difficulty in adapting to it. Assist- 
ance, if needed, ean be obtained from the text Foundations of Geometry 
and Trigonometry by Howard Levi (2), on whieh mueh of the Wcslcyan 
development was based. 
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A Vector Approach 
to £uclideaii Geometry 

STEVEN SZABO 



Jn any study of geometry, one is concerned with several sets of primitive 
objects and the relations among these objects. For example, in a 
"standard" treatment of Euclidean plane geometry, one is concerned with 
sets of primitive objects called poivis and lines and with relations among 
these objects, such as collinearity, -ncidence, and parallelism. For another 
example, in a "vector" treatment of Euclidean geometry (the subject under 
consideration in this chapter), one is concerned with sets of primitive 
objects called (sometimes) points and vectors and with relations among 
these objects, such as collinearity, dependence, and parallelism. 

In an informal, or intuitive, study of geometry, one is usually concerned 
primarily with looking at models or pictures of geometric figures and 
trying to get some feeling about how such figures are "put together'' in 
order to discover some of their properties. In such a study, one may 
discover many relations among various kinds of geometric objects and 
may even discover that certain relations may be derived from other rela- 
tions. But the primary concern in an intuitive study of geometry is gather- 
ing information about, and gaining familiarity with, properties of the usual 
(and perhaps some not so usual) geometric configurations. Furthermore, 



Note. The auxhor is indebted to Herbert E. Vaugh^n and the late Max Bebcrman, 
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such a study is importanl as a prelude lo a more formal sVudy of gcomciny- 
at a later stage in one's mathematical education. Put another way, one 
should have a good deal of exposure to geometric ideas on an informal 
basis before he embarks on a formal study of geometry. (In support of 
this view, one can argue by analogy that a student should have many 
informal experiences with number relations prior to undertaking a formal 
study of the algebra of real numbers. It is not likely that one would begin 
to teach children a formal course in algebra unless those children had a 
great deal of information about arithmelie operations!) 

By way of contrast, a formal study of geometry — especially a first study 
— involves making a selection of certain properties and relations as basic 
ones and using these as a foundation for the development of a mathematical 
system from which other properties and relations may be derived. Thus, 
although much of the subject matter may be the same and, indeed, although 
the processes of argumentation may be precisely the same as in an informal 
study, the premises from which conclusions are drawn are clearly specilied 
— these are usually called postulates (or axioms), definitions, and theorems 
— and a logical organization of the subject is brought into focus. 

The principal aim of this chapter is to discuss in detail one way in which 
a formal course in Euclidean geometry may be developed using vector 
methods. It is no doubt possible to do this in a variety of ways that are 
at once appealing and understandable to high school students and mathe- 
matically sound and fruitful. One plausible method of accomplishing this 
aim will be discussed in such a way that the reader can see how the formal 
aspects of the mathematical development unfold from the intuitive notions 
about the subject. (The mathematical content to be discussed here forms 
the basis for the geometry content of a two-year course developed by the 
UlCSM, This course integrates algebra, geometry, linear algebra, trigo- 
nometry, and mathematical logic.) Then after the mathematical details 
are well fixed in mind, examples will be given of how problems in geometry 
may be treated by using the vector methods at hand. By tackling the prob- 
lem in this way, we feel that we place the reader who wishes to use vector 
methods in teaching geometry in the firm position of making a choice either 
of preparing himself to give his students some particular full treatment of 
geometry based on vector methods or of choosing topics in geometry that 
he feels capable of treating with such methods. 

It should be noted in passing that in the treatment of geometry to be 
described, we shall be dealing, for the most part, directly with the objects 
of our attention, for example, points, lines, and translations, rather than 
with canonical representations of these objects, such as ordered pairs or 
ordered triples of real numbers. In this sense, then, the treatment to be 
described is synthetic rather than analytic. 
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Following the discussion of the mathcmalical details of one viable treat- 
ment of Euclidean geometry with vector methods, it will be appropriate 
to summarize the pertinent ideas related to the philosophy and objectives 
of such a treatment of geometry. That it is more appropriate to do this 
after, rather than before, the mathematical details of such a treatment arc 
discussed is clear considering both the help and perspective given to those 
who are unfamiliar with such a treatment and the lack of harm done to 
those who are familiar with such a treatment. Conversely, for those un- 
familiar with how such a treatment might go. a discussion of philosophy 
and objectives runs the risk of ''missing the boat" because of that 
unfamiliarity. 

Before we go into the mathematical details of one possible treatment of 
Euclidean geometry with vector methods, it is appropriate to mention the 
kinds of students for whom such a treatment is appropriate and what might 
be reasonable to expect from them in the way of prerequisite mathematical 
knowledge and experiences. 

Sliulents for Whom ih<^ TrcaliiKMil Is Appropriate 

There is always the danger of feeling that just because a given subject 
or treatment is new, it is designed only for the very best of students. Of 
course, the best students will learn most of the subject matter to which 
they are exposed and will learn it in, or despite, the manner in which it is 
presented. Moreover, they will do it with relative ease and speed — that is 
what makes them "good students"! And in so doing, they tend to add 
support to the contention that the new material or new approach was 
designed just for the kind of students they are. What one tends to forget is 
that they would have also moved through the ''tried and true" material in 
the same way. So. even though the best students are among those at whom 
a vector approach to Euclidean geometry may be directed, they are not 
the only ones. 

In general, the students who show up in the college preparatory sections 
of high school geometry (if there are such sections) are those at whom a 
vector approach to geometry may, and perhaps should, be directed. Such 
students, typically, are capable of doing above-average work academically, 
have had at least one year of high school algebra, and will probably study 
mathematics in high school for at least three years. Also typically, some 
— perhaps many — will have a moderate amount of difficulty learning to 
cope with the subject matter; there still is no royal road to learning anything 
of substance in general, or to learning geometry in particular. 

Many geometry classes in a cross section*of schools in various regions 
of the United States have studied experimental text materials — some of 
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these now available for general use are (5) and (6) — for a eourse devel- 
oped^ along the lines of the one deseribed in this chapter. The students 
enrolled were, more often than not. considered by their schools to he aver- 
age rather than above-average or gifted students. The teachers were 
generally satisiicd that the students involved learned al least as much 
geometry in the experimental course as they would have in the standard 
treatment of geometry offered in their schools. Further, the attrition rate 
was generally lower than in the regular sections, and the levels of achieve- 
ment as measured on lite usual nationally administered standardized tests 
(e.g.. Preliminary Scholastic Aptitude Test, National Merit Scholarship 
Qualifying Test, College Entrance Examination Board, American College 
Testing) were reported by the user schools to be at the levels expected by 
them for the types of students involved in the program. (It might be argued, 
of course, that the teachers involved were exceptional ones, and, in truth, 
they probably would achieve above-average rankings on any rating instru- 
ment one could devise to identify **good'' teachers. A common trait of 
these teachers was that of being able to get their students to become active 
participants in the on-going development of mathematical ideas, Put 
another way. they did not teach mathematics as a spectator sport.) 

RcmarkH on Prerequisite Knowl€*<l^e 

Studying Euclidean geometry using vector methods amounts to studying 
the subject from the point of view of a special class of functions, called 
translations, acting on points. In order to derive full benefit from such 
a treatment, the student should have been exposed to a wide range of 
activities dealing with geometric objects in order to have accumulated a 
great deal of information on an intuitive level about how geometric figures 
work. The exposure to geometric notions that a student receives in most 
of the current elementary and junior high school mathematics programs 
should provide an adequate background of experiences on which to draw 
for any treatment of geometry similar to the one to be described here. 
The student also should have made a study of elementary algebra (of the 
real numbers) in which some allention was paid to the structural aspects 
of the real numbers — the field properties, order relations, and so on — and 
perhaps in which some elementary work was done with functions as map- 
pings — introductory work with linear and quadratic functions, the opera- 
tion of composition of functions,^ and so on. Note that the particular 

r. Composition of functions may be thought of as the operation of applying a first 
function and then applying a second function to that result. For example, let / be 
the function such that for each.v,/(A*) = 3-v - 2, and let^ be the function such that for 
each A', g{x) = x^. Then g followed by /(or the composition of /on ^, or / o g) is com- 
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algebra course studied by the student need not have brought out or stressed 
the technical terms such as ''field" and "function composition," but rather 
it should have brouglit out the ideas for which these terms are referents. 
Any work done with using the basic field properties to derive other proper- 
tics of the real numbers and in justifying the simplification of expressions 
and the solution of equations on the basis of the field properties will be very 
helpful to the student when he gets involved with the deductive aspects of 
the formal study of geometry. And owing to the fact that the vector meth- 
ods used to obtain geometric results are algebraic in nature, the skills 
developed by the student in his study of algebra will be reinforced and 
enlarged in his study of geometry. 

The prerequisite knowledge just described for a formal study of Eu- 
clidean geometry using vector methods is what a student should have in an 
ideal situation. Of course, not many students who come to the point in 
their high school program where they are ready for a first formal course 
in geometry are in the ideal position of having all the prerequisites men- 
tioned here. Are such students to be barred from this treatment of geome- 
try? Experience in a wide variety of experimental situations in public 
schools has indicated that they should not. If, for example, a student v :^r 
group of students) needs some introductory work with functions and func- 
tion composition, no more than two weeks of work in this area seems 
adequate for the task of building up his skill and competence in working 
with the various necessary aspects of these concepts. Some of this intro- 
ductory work may even be done in the context of geometric situations so 
that the student begins to make progress in the study of geometry while 
building up the skills needed to forge ahead. He will, of course, continue 
to make use of these concepts in his study of geometry and so will continue 
to strengthen his hold on them as he proceeds. 

We now turn our attention to the mathematical details of a particular 
treatment of Euclidean geometry using vector methods. After giving the 
details of such a treatment, wc shall make some remarks on a case for 
vector approaches to geometry. Matters concerning the training of teachers 
are dealt with in the final chapter of this book. 

pijted as follows: 

l/o^l(A-) ^figix)) ^fix^) = 3a-2 - : 

One may think of the function / as a ''machine*' that takes in an (argument) Xy muUi- 
plies it by 3, subtracts 2, and gives out a result, called the va/ue offal x. Similarly, ^ is a 
machine that takes in an (argument) ,vand gives out the value. 

Clearly, /oj?is a different function from^ o /, forU'o/| (.v) = (3.v - That is, squaring 
2 less than 3 times a number is not always the same as finding 2 less than 3 times the 
square of the number. Composition of functions perhaps is not only the first nonarith- 
metic (mathematical) binary operation to be encountered by the student but also the 
first such operation thnt is not commutative. 
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A Plausible Troaliiirnl of Euclidean (ieonielry 
Using Vector IVlethofU 

Preliminary remarks 

For students who have been introdueed to the notion of a funetion as 
a mapping, it is natural and most useful to exploit this notion in the study 
of geometry. Generated by intuitions about distance, parallel lines, trans- 
lations, arid perhaps refleetions, the eoneept of distance-preserving map- 
pings of Euclidean three-space onto itself can be developed. From the 
properties of these mappings, one can deduce all the standard (and much 
tha» is not now standard) high school geometry and do so in the context 
of the rest of high school mathematics. 

In the treatment of Euclidean geometry to be discussed here, two of the 
principal objectives arc to develop three-dimensional Euclidean geometry 
in the context of modern mathematics and to demonstrate for the sludenl 
how one can make use of plausible intuitions to create a formal mathe- 
matical system. To these ends we shall adopt the strategy of studying a 
particular model for the given mathematical system and begin to abstract 
notions from the apparent behavior of this model. We shall then formulaic 
Ihe abstracted notions in mathematical language and work with these for- 
mulations to make inferences about the model and the mi thcmatical system. 

Intuitions about translations as slides 

It is convenient, at the outset, to think of the "space of points" under 
consideration as the three-dimensional world in which we live. To study 
this space of points, it is convenient to look at translations of this space. 
A translation can be thought of as a sliding motion that moves points the 
same distance in the same direction. To get a feeling for what this means, 
consider the following experiment: 

Suppose that you have at your command all points in space and that 
yo*i give the command to the points in your room to "move up three 
inches'* — or "translate three inches up" — and also command each point 
to move the same way as the points in your room moved. Given this 
command, each point obeys. 

It is easy, at least in your mind's eye, to see what happened when the com- 
mand was given. All points moved, or translated, the same distance in the 
same sense. If you concentrated on certain of the points and paired Ihem 
with the points to which they moved, that is, with their images under that 
trj^nslation, it is again easy, in your mind's eye, to see that ( 1 ) no point 
moved to two separate locations (and that therefore you are dealing with 
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a function); (2) arrows drawn from points to their images are the same 
length and point the same way: and (3) any such arrow, in a sense, tells 
us all we need to know to find any point's image under the trpjislation in 
question. For this reason it makes sense to talk about the translation from 
a first point to a second point as well as to visualize, or draw, an arrow 
from a first point to a second point and to say that this arrow ^'describes'"' 
a translation. (This is quite different from saying that a translation is an 
arrow. ) 

It is also easy to make use of tracings together with the notion of sliding 
in a prescribed way, as just described, to concentrate on certain collections 
of points in order to ''see" what happens to these points under a given 
translation. The following sequence of pictures should be helpfuJ in seeing 
how this might be done. To ''see" what happens under the translation that 
takes P to Q, trace everything you see in figure 8.1 and mark all traced 
letters with primes, as in figure 8.2. Then slide the tracing alcng the line 
through P and Q until the dot for P' falls on the dot for Q (fig. 8.3). The 
points marked on the tracing sheet indicate the locations of the images of 
all the points in the figure under the translation that maps P on Q. 



•C 



Fig. 8.1 
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M..ny properties of translations can be made plausible by making use 
of this tracing-sheet model. For example, no point gets moved onto two 
different points under any given slide, from which it follows that transla- 
tions (which are modeled by slides) are functions. It is also evident that 
no two points are slid onto the same point under a given slide, from which 
it follows that translations are one-to-one functions (that is, functions with 
inverses). 

Other points about slides that are worth noting at the outset are ( 1 ) that 
there is a slide that takes a given first point to a given second point, (2) that 
each point is the image of some point under any given slide, and (3) that 
if C is the image of C under the slide from P to Q, then Q is the image of 
P under the i^lide from C to C. (See fig. 8.3.) From these three points 
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Fig. 8.3 



it is evident that transliitions are functions, each of which has as its domain 
and range the set of points of space, and that a translation is determined 
completely by a given point and its image. This supports the convention 
of representing a translation by an arrow drawn from an argument (any 
point) to the image point of that argument. For example, in figure 8.3, 
an arrow drawn from P io Q (or from A to A\ B lo B\ C to C) may be 
used to represent the translation from P to Q. (See fig. 8.4.) Drawing 
arrows to represent translations has the advantage of at once illustrating 
the intuitive notion of a mapping as a dynamic process as well as the 
intuitive notions of a translation preserving sense (arrows pointing the same 
way) and preserving distance (arguments such as A and C as far apart 
as their images y4'and C), 



P 

A 

c 

Fig. 8.4. Each arrow represents the sam' traiislaiion, namely the translation from 
P 10 Q. Note that the distances between pairs of points are the same as the corresponding 
distances between the images of those points (/I ^ = A' B\ AC = A'C PB ^ P'B', etc.). 



The convention of drawing arrows to represent translations yields dia- 
grams that are very suggestive of many of the important and basic algebraic 
properties of translations and the operation of function composition. Once 
the notion of sliding is fixed well enough in mind to provide a good mental 
picture of how translations operate on points, it is most helpful to enhance 
this mental imagery with the building of stick models that represent the 
actions of several translations acting successively on a point and its images. 
Such models also help to serve both as reminders that our basic model for 



240 



GHOMFTRY ^^! THE MATHI.iVlATICS CURRICULUM 



the space of points is the thrcc-dimcnsionai world in whicli we live and 
as links between the algebraie operations on translations that will be for- 
mulated and the geometrie eonecpts related to those operations. 

Suppose that a first translation is represented by the arrow from P to Q 
and that a second translation is represented by the arrow *'rom R to S. (Sec 
fig. 8,5.) Since eaeh translation is a funelion (whose domain and range is 
the set of all points), we know that the composition of any pair of trans- 
lations is a function. Suppose lliat the translation from P to Q maps A], 
A-:, and A.k on fi,, 5-, and B.k, respectively, and that the translation from 
R \o S maps fii, fi-, and B,^ on Ci, and respectively. Then the 
resulting diagram suggests that the resultant of the first translation followed 
by the second translation, that is, the composition of the second translation 
on the first translation, is also a translation, namely, the one that maps A] 
on Ci (or /Im on C- or A:^ on C:t) and is represented by the arrows from 
A]. A and A\^ to Cu and C.u respectively. 



Fig. 8.5 



The translation that maps R on S also maps A\^ A^, and A^ on some 
points, say, D,, Dm, and D:u and the translation that maps P on ^ also 
maps D|, Dj, and D:^ on some points. Appealing again to a diagram 
(fig. 8.5), it is perfectly reasonable to expect, and accept, that the points 
onto which Di, D^, and D:i are mapped by the translation from P to Q arc 
Ci, Co, and C-m respectively. This suggests that tiic operation of composi- 
tion of translations is commutative and makes the set of translations some- 
what special and interesting, since composition of functions is not generally 
commutative. Because composition of functions is associative, it follows 
directly thai composition of translations is associative. Even so, it is both 
instructive and interesting to make diagrams or stick models that illustrate 
this property. Using diagrams, the tracing-sheet model, and the previously 
mentioned notion of a translation as a one-to-one mapping yields the 
plausible notions of the identity translation and the inverses of translations. 
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These notions eoneerning translations and eomposition will be of speeial 
interest when we formulate properties of translations in aigebraie terms. 

Formalizing notions about translations 

We summarize here some of the properties of translations that are easily 
plausible with the aid of the traeing-sheei model and most useful in the 
proposed development of geometry: 

1. Given points P and Q, there is a translation that maps P on Q, 

2. A translation is determined by any point and its image. 

3. The eomposition of a pair of translations is a translation. 

4. Composition of translations is both assoeiative and eommutative. 

5. The identity mapping oh the spaee of points is a translation. 

6. Eaeh translation has an inverse that is also a translation. 

If we make use of these six properties of translations, it is not diffieult 
to set an algebra of points and translations. We have been diseussing 
translations on our spaee of points as funetions that map points on points 
and that have eertain special observable and intuitively satisfying properties. 
To be better able to talk about points and translations and the relations 
among them, let us agree that is the set of all points in our spaee and 
that .1 is the set of all translations on r.. We shall use eapital letters 
(A, B, . . with or without subscripts, as variables for points and 
bold-faced !wUers (a, b, . . with or without subscripts, as variables for 
translations. Later, as the occasion arises, wc shall use the usual lowercase 
letters (a, h, . . .), with or without subscripts, as variables for real num- 
bers. Adopting a convenient notation in which B — A represents a trans- 
lation that maps A on B and in which A + a \s the point that results from 
applying translation a to point A, wc iormalize notions 1 and 2 in this 
postulate: 

Postulate 0. (a) B-AC 

(b) A C G 

(Notice that is used here to denote function application. That is, ''A + 
a" is being used to mean what '"MA)"" means. [See fig. 8.6.] Later, + 
will also be used to denote function composition, and so "a 4- b'' will be 
used to mean what "b o a'' means. It will always be clear from context 
just which meaning is intended, and it has been found to be readily under- 
stood and accepted by students.) 

As an aside, we note that this postulate might be left in the background 
as an implicit agreement in much the same way that statements such as 
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a h G (if, ~ /) C (», « • C 01 , and so on, arc left in the background 
in ordinary developments of reai number algebra. The sole purpose 
of such postulates, or ^'agreements," is the dual one of establishing what 
kinds of expressions make sense and what kind of thing (e.g., point, trans- 
lation, or real number) is named by an expression that makes sense. 

Given a translation a, it is the case that A -f a is a point (postulate 
0(h)) and, thus, that (/i -f a) — y4 is a translation (postulate 0(a)). 
Looking at figure 8.6, we sec that it is reasonable to accept that the trans- 
lation a M the translation {A ^ a) - A, that is, that sk = {A — A, 



Similarly, given points A and B. B - A h ^ translation, and, therefore, 
A {B - A ) ]s i\ point. Looking at figure 8.7, we see that it is reasonable 
to accept that the point A -i- (B - A) h the point B, that is, that A -f 
{B - A) ^ B. These notions are formalized in the following postulates, 
the first two really operational postulates of the system: 

Postulate L A {B - A) ^ B 

Postulate 2. a = (/4 + a) - /4 

Even though our postulate system is not as yet a very rich one, it is 
reasonable to pause and see what we might learn about it. First, suppose 
that A -h a = ig; that is, that the point /4 + a is the point B, By postulate 2, 
we know that a = (/4 4- a) - ^. So, since A -f a is B. it follows, just by 
substituting, that - B - A, Hence, MA +2i - B, then sk =: B - A. Next, 
suppose that a = B — A, By postulate 1 we know that A ^ (B - A) = B, 
So it follows, again by substitution, that A -j- ^ — B. Hence, if a = B — A, 
then A -f a = Clearly then, it follows that A + a - ^ // and only if a = 
B - A. This last result tells us that the point A -j- a is B precisely when 
the translation z is B — A, Notice that this not only is intuitively obvious 
from the work with tracing sheets and diagrams such as figure 8.8, but it 
also follows from our postulates, and so it is a theorem. 



.^A + a 
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U+ a)--'l 



Fig. 8.0 
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B-A 

A 

Fig. 8.S 

As we saw earlier, it is intuitively clear thnl the set of translations is 
closed with respect to function composition, that is, that the compostion 
of any pair of translations is a translation. To arrive at a formulation of 
this notion to include among our postulates, we refer to what we have 
formalized about points and translations in conjunction with what we can 
learn from diagrams of translations acting on points. Consider three points. 
A, B, and C. (Sec fig. 8.9.) The translation that maps /I on B is B - /4. 
the one that maps 5 on C is C — fl, and the one that maps A on C is C ~ /4. 




Fig. 8.S> 



Furthermore, it is clear that the composition oi C~ B on B — A, that is, 
[C — B) o (B — A), maps A on C. Therefore, we could formalize the 
notion that the composition of any pair of translations is a translation by 
accepting as a postulate the sentence "'(C - B) o (B - A) - C- /I.*' 
Instead of this, however, wc adopt the convention of using to denote 
function composition, agree that "(5 — A) -t- (C ^ BY" means what 
'*(C — B) o (B — Ay means, and state our next postulate as follows: 

Postulate 3. (B - A) ^ {C - B) ^ C - A, 

(This is sometimes referred to as the ^'bypass'' postulate, for in a sense it 
tells us that wc can use translations to get from a first point to a second 
point by going by way of any third point. We shall find much use for both 
the postulate and the underlying notion of ''bypassing'" in analyzing and 
studying properties of geometric figures.) 

Now that we have some ideas on how translations and points behave, 
it is perhaps appropriate to comment in brief on the strategy that will be 
employed throughout the rest of this development to arrive at the notions 
of Euclidean geometry through the use of translations. We shall discuss 
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in some detail those properties of translations that will enable us to classify 
the set of translations as a eommutativc (or Abelian) group. Then we 
shall diseuss how we ean arrive at the notion of real numbers operating 
on translations, concentrating on those properties of real numbers acting 
on translations that will enable us to classify further the set of translations 
as a veetoj space over the real numbers. (It will be the introduction of this 
concept that will identify the translations we have been working with as 
vectors, and it is the extension of this notion that will identify this approach 
to I he study of geometry as a "vector*' approach. ) Wc shall then di.scuss 
the notions of linear dependence and linear independence of translations 
(vectors) and, in terms of these notions, arrive at those properties of 
geometric figures that are related to parallelism and ratio. In short, then, 
at this stage we shall have developed what is known as affine i^eonwiry. 
Furtherniorc, wc shall demonstrate how we can make use of the notion 
of linear independence to fix the dimension of the space we wish to con- 
sider, and we shall fix the dinaension of our space at three; therefore, in 
the formal system we are developing, we shall concentrate our cfTorts on 
three-dimensional geometry. Finally, wc shall discuss the notion of the 
dot product (or inner product) of translations (vectors), and we shall 
demonstrate how to make use of the dot product to arrive at notions of 
perpendicularity and distance. Thus, in the end, we shall have accom- 
plished the extension of our three-dimensional affinc geometry to three- 
dimensional Euclidean geometry. 

With this outline of events to come in mind, we arc ready to proceed 
with the details of this particular vector approach to Euclidean geometry. 

Identification of the ^roup of translations 

So far, we have formalized the first three properties of translations listed 
in the preceding section. Jn order to bring properties 4 through 6 into the 
formal system we are generating, wc formulate the following postulates: 

PosTULATK 4,,. (a) a -f b C :^ 



(h) 
(c) 



0 C ^ 



Postulate 4,. (a + b) -h c _ a + (b + c) 



Postulate 4^. a -h 0 = a 



Postulate 4^. a -h — a = 0 



Postulate 44. a -h b = b + a 



Some attention should be eiven to the various parts of the closure postu- 
late, postulate 4,). Part (a) of this postulate tells us, essentially, that H- is 
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a binary operation on the set of translations. That is, given any transla- 
tions a and b, their sum (or composition) is a translation. (It turns out 
that this result follows from postulates 0, 1,2, and 3, but for reasons that 
will be evident later, we choose lo list it among our postulates.) Part (b) 
of this postulate introduces a special translation, 0, which by postulate 4j 
is the identity translation. Part (c) introduces a singulary (or unary) 
operation, — , on the set of translations, which by postulate 4:^ yields inverses 
of translations. 

Postulate 4i. tells us that + is an associative operation on the set of 
translations and formalizes the first part of property 4. Of course, since 
translations are functions and since adding translations corresponds to 
composing them, this postulate is a perfectly natural result to include among 
our postulates. As previously mentioned, postulate 4u tells us that 0 is the 
identity translation, and postulate 4;^ tells us that — is an operation that 
gives inverses, formalizing properties 5 and 6. Postulate 44 tells us that + 
is a commutative operation on translations, formalizing the second part of 
property 4 and completing the job of including properties 1 through 6 in 
our system. 

Perhaps a remark is in order on the acceptance of commutativity of 
composition (addition) of translations as a postulate. Its acceptance is 
completely analogous to, say, accepting that two points determine a line 
and is no less arbitrary or less appealing on intuitive grounds. 

Notice that the postulates 4o through 44 deal only with translations and 
that the properties of translations formulated in these postulates correspond 
precisely with the basic properties of the real numbers under addition and 
"oppositing," (Oppositing is the singulary, or unary, operation, — , on the 
real numbers such that for each x, — is that number such that x -i — x = 
0). This observation may be used to stimulate a discussion about com- 
mutative (or Abelian) groups. Having introduced the notion of a commu- 
tative group and having become familiar with the basic properties of this 
sort of mathematical structure, we can greatly condense our list of postu- 
lates by replacing postulates 4o through 44 with the following single 
statement: 

Postulate 4'". 3 is a commutative group with respect to +, 

(It was our wish to easily identify translations with structures such as that 
of a group which prompted us to include the "closure" properties of 4n 
among our postulates.) 

The principal advantage, from a practical point of view, of formally 
identifying the structure of a commutative group is that we are able to 
make use of our knowledge of theorems about the additive group of real 
numbers — or, for that matter, any commutative group — to suggest analo- 
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gous theorems about translations, in addition to this practical reason, it 
also enables us to introduce the student to this very important mathemati- 
cal structure in a relatively down-to-earth context related to notions with 
which he has become famiKar. 

Gettini^ real numbers into the act 

It is possible to give a natural interpretation to the produet of a transla- 
tion by a real number, and in doing so, it is easy to develop intuitions for 
several additional postulates for the fomial system we are constructing to 
describe the space in which we live. For example, since it was our intention 
to study the (Euclidean) geometry of space, we can look at what our 
postulate system, in its current state of development, tells us about some 
familiar objects in geometry. One question we can raise is. Do we have 
enough in our system to enable us to describe lines as they probably appear 
to us? At this point, the best we can do is to look at the images of a given 
translation related to a given point. Consider, for instance, the non-0 
translation a and point A pictured in figure 8.10. The points that can reach 
A, together with those that can be reached from A, by successive applica- 
tions of a clearly belong to the line through .4 and /4 -h a and. just as 
clearly, do not constitute all the points of that line. We could reach more 
of the points of the line in question if instead of a, we used the translation 
that moves points in the same direction that a docs but only, say, half as 

far. We could use a^ to designate such a translation, but this still will not 
do the job; we need more. What we really need is a way to bring into the 
act all such real multiples of a. To do so is to accept the notion that a/ is a 
translation for any real number /. 

We can make use of this intuitive notion of multiplying translations by 
real numbers in conjunction with our convention for picturing translations 
to strengthen our intuitions on how this multiplication works. For example, 

given the translation a pictured in figure 8. 11, we note that a2 -h al is the 



.same translation as a^ , that is, a ^2 +2)' arrows drawn to rep- 

resent these translations are the same length and point in the same sense. 




a 



-4 + a 



U + a) + a 



Fig. 8.10 
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V 



a2 




(a + b)2 
f"ig. 8.11 

For ihc same reason, it is evident that the * multiple of b2 is the same 

translation as the 2 • \^ multiple of b, that is, that (b2) \ ^ h (l • 
And il is equally evident that a2 + 1)2 is the same translation as (a + b)2. 
Motivated by intuitions such as these, we add tlie following postulates to 
our system: 

Postulate 4,„ {d) ar C :s 
POSTULATH 4:,. al ~ a 
Postulate 4,.. a{.s- -f 0 = ay -i- ar 
Postulate 4^. (a -r- b)r - ar -r br 
Postulate 4.S. {a0^v~a(/j:) 

Given these postulates, some would say that the group of translations 
admits (he real numbcn as operators. (Formally, a group is said to admit a 
field as operators when the group and field elements interact in such a way 
as to satisfy the postulates 4„(d) through 4k. Sometimes the elements of 
the field are called scalars, and the multiplication described in these postu- 
lates is called scalar multiplication. In the treatment of Euclidean geometry 
being discussed here, we shall eventually make use of the complete ordered 
field of real numbers. In a mathematically tight development, the field 
structure of the real numbers would be developed prior to the introduction 
of these operator postulates. Of course, students engaged in a study of 
geometry from this point of view will bring to the course knowledge of the 
algebra of real numbers and will therefore be familiar with the field prop- 
erties, in principle if not in name.) Now, a commutative group that 
admits the real numbers as operators is said to be a vector space over the 
real numbers, and the elements of the commutative group that admits the 
field of operators are called vectors. So, by adopting postulates 4n(d) 
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through 4s, wc have enriched the formal operational structure of transla- 
tions to iluU of a vector space over the real numbers, and in this context the 
translations we have been discussing may properly be called vectors.- This 
suggests that after we become familiar with the basic properties of this 
enriched mathematical structure, it is again reasonable to condense our 
list of postulates about translations alone: 

Postulate 4". .i is a vector space over the real numbers, 

(Note that wc might have come to this point in the mathematical develop- 
ment of the concept of a vector space by simply concentrating on formu- 
lating properties of translations. Doing this would give us a system in which 
the point-translation relations described in postulates 0 through 3 are left 
hovering in the background. Whether or not we choose to formulate these 
properties in such a way as to become a formal part of the system, they 
will be used cither implicitly or explicitly in generating geometric notic-i^ 
with Vector methods. The choice to bring these properties out into the open 
in this discussion was dictated both by the objective to give a plausible 
treatment of geometry using vector methods — ^md thus not treading on !he 
dangerous ground of leaving important notions unmentioncd — and by suc- 
cessful experiences in using this sort of development with high school stu- 
dents and teachers. That others who wish to develop geometry with vector 
methods may choose not to bring out these relations is clear. The field is 
wide open to experimentation with alternate developments.) 

Getting geometry fonnally info the act 

As we saw earlier, it was not possible for us to describe a line — at least, 
not in a way that agreed satisfactorily with our intuitions about lines — in 
terms of a given translation without having real numbers as operators on 
translations. Before we formalize the notion of a line as well as other 
important and interesting subsets of our space of points, it will be both 

2. The scope of what is said here may take some lime to settle in place. Notice that 
we have tto! said that a vector is an ordered pair of real numbers or a directed line seg- 
ment (or any other of the popular descriptions). Wc are simply saying that a vector is 
an element of a vector space; so !hc crux of understanding what vectors are is that of 
understanding what a vector space is. From this point of view it is more appropriate 
to say that an ordered pair is a vector provided the set of all those ordered pairs is fur- 
nished with a structure— for example, binary operation, field of operators, and so on — 
which satisfies postulates like those in the various parts of postulate 4". It is interesting 
to note that when one says that a vector is a directed line segment and describes the 
appropriate addition and scalar muldpiication operations to generate the properties 
of a Vector space, it turns out that the elements of the vector space so generated are not 
the directed line segments one started with but rather arc equivalence classes of so-called 
equipollent directed line segments. So, the things (i.e., directed line segments) that were 
originally called vectors are not even elements of the vector space being discussed! 
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informative and helpful to look into some intuitive notions about collinear 
points andcoplanar points in order to see what information we can gather 
about translations from these notions. First, consider three points. A, B, 
and C. (Sec fig. 8.12.) Intuitively, these points are collinear when there 
is a line that contains them. Alternately, they are colMi car when one of 
the translations determined by two of the points, C — A .cv example, is a 
multiple of another such translation, say, B — A, Other ways of saying 
that C ^ /4 is a multiple oi B - A are to say that 

C — /4 is linearly dependent on B — A 

or that 

C — is a linear combination o{ B — A 

or that 

C - A ?ir\6 B ~ A are linearly dependent. 

C-A B-A 

— _ - — ^ 

c A n 

Fig. 8.12. r is collinear with A and B whenever C — ^ is a multiple of 5 - A. 

Next, consider three points. A, B, and C, that are noncollinear. Intui- 
tively, it is evident that there is exactly one plane containing these three 
points, and furthermore, it is just as evident (see fig, 8.13) that one can 
reach any point D in this plane by a translation from A that is composed 
of some multiple B - A and some multiple of C — A, Other ways of 
saying that D is contained in the plane of A, B, and C are to say that 

D ~ /I is linearly dependent on B — A and C - A 

or that 

D — /I is a linear combination o{ B — A and C - A 

or that 

D — A, B - A, and C — are linearly dependent. 




Fig. 8.13. D is coplanar with A. B, and C whenever /> — ,4 is a linear combination of 
B - A andC - A. 
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Motivated by considerations sucii as these, wc find that ii is not difficult 
to arrive at a formulation of the eoncept of linearly dependent translations. 

In general, we say that translations (veelors) Ui, a- a„ arc linearly 

dependent if iind only if there arc numbers ji,, .v.^, .... .v,,. twt all zero, 
such that ai^i -f ajAi; a„.v„ = 0, To see that this is in agreement 

with what was said before, suppose that c =r a2 -t- b3, as shown in figure 
8.14, Then, it is clear just from the vector algebra we have accepted in our 
system that a2 -f b3 + c • - 1 =0. And since ~ 1 ?^ 0 (or since 2 ?^ 0 
or 3 ?^ 0), it follows by definition that a. b. and c arc linearly dependent. 




a2 +b3+ c • -1 = o-^ 

Fig. 8.14 

Also, we say that translations (vectors) are linearly independent if and 
only if they arc nor linearly dependent. For an algebraic criterion for identi- 
fying linearly independent vectors, it should be clear that vectors ai, a^, 
. . . , a„ are linearly independent if and only if the only way to satisfy 
the equation 

aiA-, + a^x. + . . . -f a„A-„ — 0 

is to have each of a,, x-j^ . . . , x,, be zero. Otherwise, the vectors ai, ai., 
. . . , a„ are linearly dependent. This algebraic criterion for linear inde- 
pendence of vectors will be most useful to us in arriving at some of the 
more important relations in geometry. 

We arc now in a position to acquire an understanding of a significant 
amount of geometry within the framework of the formal system wc have 
developed. Just as we used intuitions about space to arrive at the prop- 
erties of translations we formulated in the postulates, wc shall make use 
of such intuitions to develop some definitions of geometric notions. This 
strategy will give us strong and useful ties between our intuitive (and thus 
informal) notions about geometry and the formal mathematical system 
described by our postulates. These tics are important for a student both 
in rendering interpretations to statements that occur as conclusions of 
arguments and in gaining confidence in the use of the formal system to 
solve problems about the syste.m. 
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Lines and planes 

Given a point A and translation 5 — /4, wc consider the images of A 
under multiples of this translation. As wc saw earlier, each multiple of 
B — A gives rise to a point C that wc would agree is coilincar with A and 
B and to a translation C — A that is linearly dependent on B - A. A defi- 
nition of collineariiy arises out of considerations such as this. We say that 
A, B, and C arc coilincar if and only \^ B — A and C — A are linearly 
dependent. In these terms, wc say that a line is a set of points consisting 
of two distinct points together with all points that are coilincar with those 
two points. See figure 8.15. With this definition, it is easy to establish 
that the line AB, through two points A and B, is the set of all points X 
for which there is a real number x such that 

X^A^(B -A)x, 

Similarly, a definition of coplanarity arises out of considering transla- 
tions D — A that are linearly dependent B — A and C ~ A determined 
by the points A, B, and C. Wc say that A, B, C, and D are coplanar if and 
only U B — A, C — A, and O - /4 arc linearly dependent. In these terms, 
we say that a plane is a set of points consisting of three noncollinear points 
together with all points that arc coplanar with those three points. See 
figure 8.16, As in the case with lines, it rs easy to establish from this defi- 
nition that the plane ABC, through three noncollinear points A, B, C, is 
the set of all points X for which there are real numbers x and y such that 

X A (B - A)x ^ {C - A ) y. 

(Note the similarity of this equation to that of the line AB.) 



B 



Fig. 8.15. A' is in line /IB if and onW 
[( X ^ A -f (B - A)x, 



B 

Fig. 8.16. X is in plane ABC if and 
only if A' = /f -f (B - A)x + (C - A)>\ 



Notice that it is now quite easy to show that if P and Q are two points of 
the plane ABC, then the line PQ is a subset of this plane. We do this as 
follows: 



Given the plane ABC, we know that A, B, and C are noncollinear. For 
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brevity, \c{ b = B — A and c ~ C — A. Then, if r anti Q belong to the 
plane ABC, it follows that 

P — A - bf)^ -\- cp.j and Q - A = bq^ cq.j 

for some real numbers p.j, q^, and q-^. Therefore, since Q — P ::z 
{Q — A) — {P — A) {by postulate 3 and the usual definition of subtrac- 
tion of vectors) , 

Q -P = (bf/i -f cf/.) - (b/J, 4- cp..) 
- b(c7, ciq.. - /;.). 

Let 5 be any point of line PQ. Then S ^ P (Q - P)s, for some real 
number s. Therefore, 5 belongs to line PQ if and only if, for some 
real number 

5= P^\biq, -{-Ciq..- p.,)]s 

and. since P =^ A -\- bp^ -\- cp._.. if and only if 

S = A b\p, + (f/i - p,)s\-{'C[p. -h (q-2-P.i)^l 

By this last equation, we see that S belongs to the plane ABC. Therefore, 
if 5 belongs to the line PQ, then S lielongs to the plane ABC. Hence, if P 
and Q belong to the plane ABC, then so does each point of the line PQ. 

(One reason that this theorem was selected for discussion is that it is usually 
taken as a postulate in a formal development of three-dimensional 
Euclidean geometry. By the time we complete the formulation of the vector 
space '^machinery'' with which we are developing Euclidean geometry, we 
shall cither have proved, or be in a position to prove, all the usual postu- 
lates for what is known as a Euclidean metric space. Thus we shall have 
the mathematical machinery to do all that could have been done in a 
standard geometry course, and we shall have done much more than become 
familiar with some formal aspects of geometry. We shall have become 
thoroughly familiar with the basic machinery of several fundamental mathe- 
matical structures (e.g., group, field, vector space, inner-product space), 
and through these structures, we shall have seen the close interrelationship 
between algebra and geometry and, if we follow through completely, trigo- 
nometry. It is these factors that make this type of approach to the teaching 
of geometry so appealing from almost any viewpoint, be it pedagogical, 
psychological, mathematical, or practical.) 

Pay-allelism 

We speak of the set of all linear combinations, that is, multiples, of a 
vector as the direction of that vector. Also, we may speak of the set of all 
linear combinations of a collection of vectors as the direction of that col- 
lection. In this context, we speak of the direction of a line as the direction 
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of any translation determined by two points of that line (and, therefore, of 
any non-0 translation that maps the line onto itself). Similarly, we speak 
of the direction of a plane as the direction of any two linearly independent 
translations determined by three noncollinear points of that plane. 

Parallel lines are defined as lines that have the same direction; similarly, 
parallel planes are defined as planes that have the same direction. Clearly, 
then, a line is parallel to itself, and a plane is parallel to itself. A moment's 
thought about the traeing-shect model should reveal that these definitions 
are in complete agreement with what one ^^sees" in the mode) and, in 
addition, provide one with an entry into the vector-space structure to deal 
with problems concerning parallelism. The proof that two parallel lines 
have an empty intersection illustrates quite nicely the power provided us 
by the established vector algebra: 

Suppose that /, and A» are two lines with the same direction, say. that 
of a. Since /, 9^ /j — they are two lines — there is a point, say, L,. on /j 
that is not on {.u Let L.j be any point of /-j. Then L.j, since is not 

on A.. Suppose that there is a point P in the intersection of /j and /.j. Then 

P =z L, -f a/7 and = L.j -f aq 

for some p and But this means that 

L, + a/? =^ L,j -f nq 

or, cquivalently, that 

By this last equation, L| is a point of A.. This is a contradiction, for 
wa^: losen so that it was not on /.j. Hence, the intersection of Ix and /.j is 
empty. In other words, two parallel lines have an empty intersection. 

The proof that two parallel planes have an empty intersection is completely 
similar. (It is interesting to note that at this stage in the formal develop- 
ment, we are not prepared to handle the converse of either of these 
theorems. The converse of the first is, of course, only a theorem in geome- 
tries of two or fewer dimensions, since skew lines exist in three or more 
dimensions. The converse of the second is only a theorem in geometries 
of three or fewer dimensions, since skew planes exist in higher dimensions. 
The formulation of the notion of dimension will be discussed later in this 
chapter. ) 

Segwenfs and ar.gles 

Having definec^ lines and planes, we can see that the concepts of certain of 
their subsets, such as segment, ray, angle, triangle, and quadrilateral, arise 
in a natural way. For example, the segment with endpoints A and B — for 
short, segment AB — is the set of all points X for which there is a real 
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number 0 < x < \, such that X ^ A (B — A)x, In these terms, 
the triangle with vertices A, B, and C — for short, triangle ABC — is the 
union of the segments whose endpoints are the three noncollincar points 
A, By and C. For another example, the ray from A through B — for short, 
ray AB — is the set of all points X for which there is a real number x, 0 < 
X, such that X z=: A + (B — A)x. In these terms, angle BAC is the union 
of noficollinear rays AB and AC. 

Given an angle BAC, with P between A and C and with Q between A 
and B, it is a somewhat difficult problem in a standard development of 
geometry to prove that the intervals BP and CQ intersect. And if one 
manages to accomplish the feat of proving that these intervals do intersect, 
he is still left with the lingering problem of just where they do intersect. 
It is, of course, intuitively obvious that the intervals in question really do 
intersect, and in the usual high school course it is taken for granted if it is 
considered at all. But . with the vector methods we have at our disposal, 
we find that the solution of this problem is simply an exercise in elementary 
vector algebra that, when solved, will give us the additional information of 
precisely where the intervals intersect as a function of where P and Q arc 
located on their respective rays. One solution to the problem, using the 
notation established in figure 8.17, follows: 

Note that R belongs to both intervals BP and CQ if and only if, for 
some real numbers 0 < < 1 and 0 < c < 1, 

R - B + {P - B)b and /? ~C + (Q - C)c, 

thai is, 

B + (P - B)h = C+ {Q-C)c, 

or, equivalently, 

(B -C) + {P - B)h + (C - Q)c = 0. 
V J? 
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(Look at fig. 8.17 and note that [B - C) 4 {R ~ B) ^ [C ~~ H) 0 to 
sec why the las! two equations arc equivalent.) Our job will be finished 
if we ean establish that sueh numbers h and c exist. Now in terms of h 
and c\ the last equation tells us that 

(b - c) -t icp - h)h ^ (c - bf/)r - 0. 

so that 

b( ! ~ /) - (/( ) 4- c(-l 4- ph -h r) 0. 
Sinee h and c are linearly independent (other\\ise. the rays AB and AC 
are eollinearl), it follows that 

\ — b ~ (/(' ~ 0 and — 1 -f ph -^ r = 0. 

so that 

h = , and r - — . 

1 - pq I - fH/ 

Note that the initial eonditions on P and Q gave 0 < p < 1 and 0 < q < 1. 
so that both 0 < h I and 0 < c : I. Henee. intervals BP and CQ do 
interseet. Furthermore, given p and f/, we know that the point of inter- 

seetion is B -r 'P ~ B) I ^ " ''^ \ and also r' ^- (Q ^ C) I ^ " So. 

not only have we established that the intervals do intersect, but we know 
ju.si where they intersect. 



Notice that we have a complete solution to the problem. For given 
values of p and it is now a simple matter of arithmetic to tell the precise 

location of the point /?. For example, given that /; ^ and ^ ^, it fol- 

9 / 8 \ 9 

lows thai = J J hind that c ^ ^ j , so that R is the point B -\- {P -B) 

9 

— that is. y? is ^ ^ of the way from B to P. (Later we shall have neater 

ways of saying this same thing.) Furthermore, if we ren^iove the initial 
restrictions on the values of /; and c/, we see that the same work may be 
used to tell us under what eonditions the lines BP and CQ will meet. And 
even the natural restrictions on the values of /; and q that one obtains when 
solving for h and c (for example, pq ^ 1 ) may be studied for geometric 
signifieanee. U pq = 1, then q — \/p, from which it folU ws that lines BP 
and CQ are parallel. In the ease where p — \, we have q ~ \, and lines 
BP and CQ coincide; so there is no unique point R of intersection. In the 
ease where p 9^ \, we have ^ ?^ I. and lines BP and CQ are disjoint. 

Another observation that can be made about this situation is that the 
line PQ is parallel to the line BC if and only if p — q 0. This is easy to 
see, for the direction of the line BC is that of c — b, and the direction of 
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line PQ is that of cc/ — bp. So, the lines in question are parallel if and only 
if — hp is some non-0 multiple of c — b; that is, jf and only if, for some 

/ 9^ 0, 

cq — hp = (c — b)/. 

This is equivalent to 

b(t-p) +c(q-t) =0 
and, since b and c are linearly independent, to 

/ = p and / = <7, 

so that p = q 7^ 0. 

Ratios and points of division 

in order to simplify discussions of results obtained in working with 
segments, triangles, and the like, it is convenient to introduce the notions 
of ratio and point of division in terms of translations. We know that each 
point A' of a line AB is such that X — A -\- {B — A )x, for some real num- 
ber .V. We say that the point X divides the segment from A to B in the 
ratio A' to 1 — a\ This can be made plausible by thinking about the ratio 
of the directed trip from A to A" to the directed trip from A' to i? as being 
the ratio in which X divides the segment from A to B. For example, if 
X = A (B - A)3, <\s shown in figure 8.18, then 

the ratio of the directed trip from A to A (3) to the directed trip from 
X to B (-2) is 3:-2, 

and we say that 

X divides the segment from /I to B in the ratio 3: (I — 3), that is, 3:— 2. 




Fig. 8.18 

For a second example, in the problem on angles related to figure 8.17, we 
found mat when P ~ and ^ ^ , the intervals BP and CQ intersect in 

the point R where = J? -f (P ~ i?)^^ ^and =r C + (0 - C)y^^ . 
^ In this case, we say that R divides the segment from B to P in the ratio 9:2, 

ERIC 
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9 2 

that is, J ^ : and that R divides the segment from C to 2 m the ratio 8:3. 
that .s. , , : . 

The consideration of ratios and of points of division gives rise to notions 
of the midpoint of a segment, the median of a triangle, the proportionality 
of segments intercepted by parallel lines, and the like. The midpoint M 
of a segment AB, for example, may be defined as the point that divide's 
the segment from /I to B in the ratio 1:1 so that M — A - B — M. This 

is equivalent to saying that M ~ A -f (B — A)]^, and both descriptions 

should agree with one's intuitive feeling about midpoints. 

A median of a triangle is a segment whose endpoints are a vertex of the 
triangle and the midpoint of the side opposite that vertex. From what we 
learned about (igure 8.17, we see that any two medians of a triangle inter- 
sect in a point that divides each median from vertex to side in the ratio 2:1. 

^Choose f? = q = ]^ so that b = c = 3-^ The result of this is thai the 

medians of a triangle are concurrent in a point that divides each of them 
from vertex to side in the ratio 2:1. 

Before moving on to the task of extending the formal system we are 
developing, we shall consider one more geometric situation to sec what wo 
can iearn from it. Suppose that segments AB and CD arc both parallel 
and noncollincar; that is, they are not contained in the same line. One 
question that can be raised is. Do the lines AD and BC have any points in 
cnmmon? One solution to this question is the following, in which the 
notation suggested in figure 8.19 is used: 

We know thai a point P belongs to both line AD and BC if and only if, 
for some real numbers /> and q, 

P-A+{D--A)p and P ^ B ^ {C B)q, 

that is, 

P-'A^{D-A)p and P - B - (C - B)q, 
Since {P — A) — { P B) ^ B — A , the latter is equivalent to saying that 
B - A =z (D - A]p - {€ - B)q, 

or, better, that 

(B — A) iC - B)q (A - D)p = 0. 
Now in terms of b and c, this means that 

b 4- (c - b)(? -f (-bd - c)p = 0, 

so that 

b{\-g-dp) -f-c(^-p) = 0. 
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\ 

\ 
\ 

Fig. 8.19 

Since b and c are linearly independent, it tollows that 

I — (} — dp — 0 and q — p ^ 0, 
or. equivalently, that 

\ 

^ , , i^iy^ -1). 

1 f a 

Hence, uc see that lines AD and PC have a point in common whenever 
d ^ —1. Furthermore, since p — </, this point divides the segments from 
A {Q D and from to C in the same ratio, I :d, 

Wc have, as we had witli the geometric situation related to figure 8.17, 
a complete solution to the problem at hand. Not only do we know pre- 
cisely when the lines in question meet, but we also know precisely where 
they meet in terms of J. For ^/ 1, we see that P is the midpoint of both 
segmenLs AD and DC and that ABDC is a parallelogram. In fact, it is easy 
to use this result, together with the definition of a parallelogram, to estab- 
lish that a quadrilateral is a parallelogram if and only if its diagonals bisect 

each other. Further, we sec that for any positive value of ^, j _]_ y is 

between 0 and 1. Geometrically speaking, this tells us that a quadrilateral 
is a trapezoid if and only if its diagonals divide each other in the same 
ratio. (Since 1 > 0, this suggests that a parallelogram is fair game to 
consider as a special kind of trapezoid, a not unreasonable suggestion 
supported by many mathematicians, among them E. Moisc and H. 
Vaughan.) As a matter of fact, as illustrated in figure 8,20, geometric 
interpretations may be given for each of the various kinds of values for d, 
and even ^ov d — 1, in which case it turns out that A BCD is a 
parallelogram. 

So far, we have discussed the use of vector methods to obtain results 



A VKOOR APPROACH TO UVCLIDEAN GEOMETRY 



259 



/ 



-I < f/< 0 



A^ 



Fig. 8.20 

in geometry thai have to do solely with paralleHsm and ratio. Such mat- 
ters are in the domain of what is called ofline geometry, and our present 
postulate system is adequate for a thorough study of that subject. In order 
to extend our study to that of Euclidean geometry, we need to extend our 
formal structure to bring in matters concerned with perpendicularity and 
distance. To do this, we shall continue with the strategy of discussing 
intuitions about the matters to be formalized in order to build and main- 
tain strong ties between the formal system being developed and the intui- 
tively based model of the vector space of translations acting on points. But 
before we discuss a means to do this, we should do something about 
formalizing the notion of dimension for our space. And while we are doing 
this, we shall also bring into the act some work with coordinate systems, 
not because such work is important to this particular development of 
geometry, but rather because it will help to strengthen the already-estab- 
lished ties between algebra and geometry and will give us yet another 
means by which wc may study properties of geometric figures. 

The notion of dimension 

In our intuitive discussion about C and 3, we have kept alive the 
notions that is the set of points that wc normally think of as the space 
in which we live and that 3 is the set of all translations acting on this 
space of points. Our original intention was to build a postulate system 
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thai would in a formal way d{:scrihc and K, Consequently, in our 
formal development of geometry, r» and r. arc simply sets that satisfy 
the postulates. It turns out that tiiere arc many ways of satisfying the 
present postulates. For example, if contains just the identity translation 
0 and if ^\ consists of a single point, then each of the present postulates 
is satisfied, and thus the present postulates describe this small, trivial, and 
generally uninteresting system. Further, if r* contains a iion-0 translation 
a and r, contains a point A, then contains each translation that maps 
the line through A and A a onto itself and contains the points of 
that line, so that the present postulates describe the system where ,T 
contains one. but not two, linearly independent vectors and where y, 
consists of the points of a line in the direction of that vector. (A geometry 
such as this would be called a one-dinwnsional geometry.) Also, the 
present postulates describe the system where contains two, but not 
three, linearly independent vectors and where ^» consists of the points of 
a plane in the direction of those two vectors, (A geometry such as this 
is called a two-dimensional , or plane, geometry.) In general, the present 
postulates describe any system where .*» contains but not // I, linearly 
independent vectors and where consists of the points of a set that is in 
the direction of those /; vectors, thus they can be used to describe a 
so-called n-diniensional geometry. Evidently, to describe the space we 
have in mind, namely, our three-dimensional space, we must add to our 
postulates. Let us add the following ones: 

PosruLATE 4.,. .1 contains three linearly independent vectors. 

Postulate 4i„. Any jour vectors in ?i are linearly dependent. 

Postulate 4i) tells us that r\ is at least three-dimensional, and postulate 4,„ 
tells us that is af most three-dimensional; together, they tell us that ^ 
is three-dimensional. With this in mind, wc may summarize our postulates 
about :\ with the following: 

PosTULAih 4'. A is a three-ditnensional vector space over the real 
numbers. 

One theorem that is a consequence of this extended postulate system is 
that there are four noncoplanar points. Another is that if the intersection 
of two planes is empty, then the planes are parallel. The latter is the con- 
verse of a theorem established earlier, and with it, we now know that the 
space(s) described by our postuJates cannot contain skew pi anes, that is, 
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nonparallcl planes that do not intersect. We do, however, have skew lines. 
Furthermore, the geometry now described by our postulates is called 
three-dimensional, or three-space geometry. 

As mentioned earher, it is not necessary to this development of geometry 
to go into the matter of coordinate systems. As a matter of fact, some 
would say thai doing so takes us away from the beauty and rigor of pure 
geometry. (Of course, this whole development is doing this in the eyes of 
many!) We take the position that the more we are able to provide in 
the way of insight into the nature of the space we are studying and the 
more that we can provide the student in the way of concrete experience 
in associating one ^'structured" space with another as well as the more 
mathematical tools with which we can provide him to carry on the study, 
the better off we leave him in the long run. Therefore, we shall now take 
a side trip into an initial study of coordinate systems. For those who do 
not choose to delve into these matters, there will be no loss of continuity 
of the development of the postulate system by omitting the next section. 

An introduction to coordinate systems 

Given that a, b, and c are three linearly independent vectors in .1, it is 
not difficult to show that each vector in .1 may be uniquely expressed as 
a linear combination of a, b, and c. That is, given any d, there is a unique 
triple of real numbers (d\, dj, d-^) sueh that 

( 1 ) d = at/, + hd. + Qd:,, 

(That there is one such triple of numbers for a given d follows from 
postulates 4!» and 4ii>. That this triple of numbers is unique follows from 
the linear independence of a, b, and c.) Therefore, it is easy to see that 
the matching 

A-{d,.d.. d:,) 

determined by ( 1 ) is a one-to-one correspondence between 3 and the 
set of all ordered triples of real numbers. (In the same way, a one-to-one 
correspondence may be established between the set of translations on an 
/i-dimcnsional space and ordered /?-tuples of real numbers. One simply 
must be guaranteed the existence of /?, but not n 4-1, lineariy independent 
vectors — translations — in order to carry out the details of the argument,) 
Also, given a point, say, O, there is a unique translation d that maps O 
onto any given point D. That is, for any point £>, there is a unique trans- 
lation d such that 

(2) D = O + d. 
Therefore, it is easy to see that the matching 

D-d 
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determined by (2) is a one-lo-one correspondence between V, and ."i. 
By composing the two onc-to-onc correspondenees that \vc have estab- 
lished here, we obtain the one-to-one correspondence 

between the set of points and the set (U^ of all ordered triples of real 
numbers. It should be clear that this one-lo-one correspondence between 
and is a function of both the basis (a, b, c) — tliat is, the ordered 
triple of linearly independent vectors a, b, and c — and the point O. Any 
such one-to-one correspondence is called « Cartesian coordiuatv systenu 
(Note that one has a rectangular Cartesian coordinate system if one chooses 
a basis whose terms are mutually orthogonal. This amounts to choosing a 
poTnt as origin and three mutually perpendicular lines through that point 
as axes. We shall be in a position to do this when we discuss the notions 
of orthogonality of vectors and perpendicularity of lines later in this 
chapter.) 

Choosing an origin and introducing a Cartesian coordinate system on 
the space of points f, enables us to deal with planes and lines in terms 
of equations. For example, recall that the line AB \s the set of all points 
X for which there is a real number t such that 

X = A (B - A)t, 

Given that A and B have eoordinates {a^, a.j, fln) and (b^, /j^, /j^) respec- 
tively in the given coordinate system, it is easy to sec that A - O + Sia^ + 
ha-j -h and that B = 0 + a/)i + hb.j -f c/j;i, and so for any real num- 
ber t, (B - A)t - a(^, - a, )/ + b{b'2 - a.)t -f cia:^ - h,^)t. Conse- 
quently, it is easy to see that if X has coordinates (.Vi, .v^, a'^), then X 
belongs to the line AB if and only if, for some ^ 

i A, - + {b^ - a^)\ 
(3) ' jc.j = fl. + (/j, - a^^t 

I .V;, - a:s + (/};, — a,,){. 

Of course, (3) is easily recognized as parametric equations for the line AB. 

It is interesting to note that the numbers b\ — fli, 6.j — a.... and — 
charaeterize the translation J5 — /I in the sense that they are the com- 
ponents of a vector that is a basis for the direetion of the line AB and, as 
such, determine the direetion of that line. They are, in fact, sometimes 
called direction numbers of the \\^E^B. Clearly, any triple of numbers 
P'2, P'j) li^at is proportional to (^i — au b'> — a^, b'A — ci;0 forms the 
components of a veetor that is a multiple (or linear combination) of B — A 
and thus may be used as direction numbers for a line parallel to line AB. 
This notion gives us an easy procedure both for writing parametric equa- 
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(4) ^ .Yo = <3o + ih'j - a-j)1 4- (Cm - aj).v 



lions of lines through given points in given dircctcons and for determining 
whether or not two sets of parametric equations describe parallel lines<. 
For example, the line /, through the point with coordinates (3.— 2.1 ) and 
with direction numbers (5,7.-4) is given as follows: 

i .V, 3 t 5/ i A i -6 ^ 10/ 

' .V, = -2 + 7r l.y. ' x-^ = 4+14/ 

/ A;; I - 4r I .v. ::z -2 - 2/ 

i ,Yi ^ 5+10; 
I A, ^ -3-8r 

Furthermore, from the given parametric equations we see that and /h 
arc parallel because the direction numbers (5,7.-4) of d are proportional 
to the direction numbers ( 10.14.— 8) of /.v but neither /i nor /:{ is parallel 
to /.J because (5,7,-^4) is proportional to ( i0.l4,— 2). 

In a completely analogous way, we see that if point C with coordinates 
(ci. Cj, (';,) is noncoilinear with A and B, then A' belongs to the plane ABC 
if and only for some numbers t and s, 

Ai - -{ (h^ -«,)/+ (r, - a, ).y 

/ A;, = + (/^a - a:Jt + (Cri - Ch)s, 

Equations (4) are easily recognized as parametric equations for plane 
ABC. As in the case of lines, the numbers bi — a, and c - Oi (/ = 1, 2. 3 ). 
are the direction numbers of the two linearly independent basis vectors 
B — A and C - A for the plane. The question of the recognition of pairs 
of parametric equations that describe parallel planes is a bit more difficult 
than the corresponding problem for lines, but il is conceptually the same 
problem, namely, that of determining when two bases for planes determine 
the same (plane) direction. It turns out that if we solve the problem of 
making use of parametric equations of a plane to write a single equation 
that describes that plane, we shall find an ordered triple of numbers that, 
in a sense, characterizes the direction of the plane. Of course, the triple 
of numbers so obtained will be functions of the direction numbers of basis 
vectors for the plane but, interestingly, is virtually independent of the choice 
of basis vectors for the plane. To see that this is so. we solve the problem. 
As we proceed, it is worth noting that such work done with equations of 
lines and planes is reminiscent of solid analytical geometry. 
Consider the parajTJeiric equations 

4 .V, = a, -h p^t + q^s 
' x-> = aj + P'J + q-js 
I A:, = aa + pst + qss 
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UyV the plane through the point A with coordinates (a,, a.>, Oa) and in the 
direcnonof linearly independent vectors p and q with components (p^, p-y, 
Pii) and {(/,, q.,. qa). respectively. To say that p and q are independent is 
to say that (Pu P-j^ Pn) is not proportional to (q,, ^3), and to say the 



latter is to say that not all the determinants 



Pi 

q\ 



Pj 



Ih 

q-A 



r'.i 



q\ 



are zero. But this means that some two of the given parametric equations 
may be solved for t and .y. Suppose that 0. Then wc may 

q\ q'2 

solve the first two of the parametric equations for / and .v. Doing so, wc 
lind that 



[xm - O j q-z 
P\ q\ 
P'2 q-i 



and 



.V — 



P\ - fli 

p.. Am - a-z 
^P\ q\ 
P'j q'l 



Using these results together with the third of the parametric equations, 
wc obtain, in turn: 



(5) {xx-ay) 
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q\ 
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q-j q:K ! 


+ (.V: 
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q\ 
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= 0. 



The last result gives us a single equation that describes the plane through 
A in the direction of the vectors p and q. (Note that we obtain the same 
equation regardless of which two of the parametric equations are associated 
with a nonzero determinant.) Furthermore, any two independent vectors 
that are in the direction of p and q — and thus are linear combinations of 
p and q — have components whose corresponding determinants are pro- 
portional to the three determinants associated with p and q. Therefore, 
two planes are parallel if and only if their single equations have propor- 
tional (determinant) coefficients. 

We shall find later that the determinant coefficients in the single equation 
for a plane give us one more bit of information when the coordinate 
system being used is an orthonormal one, namely, that they are the direc- 
tion numbers of any line that is perpendicular to the plane in question. 

For those who like to express things neatly and compactly, the left side 
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of the single equation (5) for the plane in question may be written in the 
form of a third-order determinant, in which case the equation looks like 
this: 

Ih Ih 
ci\ q-A 

It is perhaps worth noting at this lime that in an /7-dimensionaI space, a 
Cartesian coordinate system associates each point with an ordered /7-tuple 
of real numbers, and in such a space, the coordinates (.Vi, .v-j, . . , , x„) 
of points on a line AB may be described by the parametric equations of 
the form 

Xi = Qi -f- {hi - fl,)/, (/ I, 2, . . . , n), 

and the coordinates (x^, ,v.j, • . . , of points on a plane ABC may be 
described by parametric equations of the form 

.V, n: + {h, - af)t + id - a,)s\ (/ = 1, 2, . . . , ;7). 

So even though wc have restricted our attention to a study of geometry of 
three dimensions, all our methods may be applied to a study of the geometry 
of higher (or lower) dimensions. To formalize the results of any such 
study, we need only make the appropriate adjustments in postulates 4., 
and 4nK The ease with which the adjustment of dimension may be made 
In this system, both formally and operationally, puts a development of 
geometry such as this one in sharp contrast to the usual synthetic develop- 
ments of Euclidean geometry and has been found both to provoke lively 
discussions and to have great appeal among students. 

It is easy to obtain the usual formulas for some of the common affine 
geometric notions in terms of the coordinates of the points involved, for 
as we have seen, the coordinates of points interact in the same way as the 
points themselves. For example, if A and B have coordinates fl.j, a,) 
and h:i) respectively, then the midpoint of the segment AB has 

coordinates^^v, 4- (/>, — a, , 0-2+ (/;- — flj) 2 - (^a ~ ^-i) o)- ^" 

, I a^^- by «.j + + bA ... . . , ^ , . 

simplest terms, I ^ 2 2 /* ^^"^ result, we find it 

easy to show that the centroid of triangle ABC, that is, the point of inter- 
section of the medians of triangle ABC, has coordinates 

/flj -f- 6, -f- Ci fl.j 4- 4- Cj a-^ -f- b.K -f c.A 
V 3 ' ' 3 ' 3 /' 
where C has coordinates (c,, c.j,.C3). 

In short, then, it is clear that we are in a position to do as much, or as 
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little. Coordinate geometry as desired. The methods used in such a study 
are precisely those that were developed in the basic, noncoordinate study 
of geometry. Having access to general vector methods, coordinate meth- 
ods, and, indeed, synthetic methods — for we do have access to some of, 
and soon will have access to all, the usual theorems of a standard treat- 
ment of geometry — gives us a great deal of flexibility in working on 
problems. 

Useful notions about perpendicularity 

In order to extend our fonnal system to that of Euclidean geometry, 
we need to introduce the concepts of perpendicularity and distance. In any 
for»r<al treatment ot geometry with vector methods, introducing these con- 
cepts amounts to introducing a special kind of operation, called an inner 
(or dot) produet, on the vector space of translations. As in the past, we 
can fall back on our intuitions about perpendicularity and distance to get 
some ideas on extending our formal system to handle these concepts, 
intuitively, it is reasonable to accept that a line is perpendicular to a plane 
if. when the plane is horizontaL the line is vertical. Given a so-called 
vertical line and any point, it is evident that no two planes that contain the 
point can be horizontal, and. further, any horizontal plane will not be 
parallel to the given line and therefore will meet the line in exactly one 
point. Thus it is evident that 

given a point P and a line /. there is exactly one plane r that contains P 
and is perpendicular to /. 

The point of intersection of tt and / is sometimes called the foot of the 
perpendicular from P to I, or the projection of P on I (see fig. 8.21 ). 



h is equally evident that parallel planes are perpendicular to the same 
line (fig. 8.22) and thai parallel lines are perpendicular to the same planes 
(fig. 8.23). These three notions concerning perpendicularity may be used 




foot of the perpendicular from 
P\o I, or projection of P on / 



Fig, 8.21 
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in a quite iiiitunjl way to ohUiin. first, the projection of a vector on a given 
direction and, second, the component of one vector with respect to another. 

To project II vector a on ii given direction, say, that of a line /, choose 
any point P and project the points P and P -f a on /. (See fig. 8.24.) The 
translation (vector) from the projection on / of P to the projection on / 
of 4 a is called the project ion of a on the direction of L A moment's 
relleetion on what the two pictures in figures 8.22 and 8.23 tell us will 
make it clear that the vector we are calling the ''projection of a on the 
diiection of is independent — that is, it is the same vector regardless — 
of the choice of point P as well as of whatever line wc pick in the direction 
Oi" (or parallel to) L In figi/re 8.25, we illustrate that this projection is 
independent of whatever line we pick in the direction of /. 



projection of a 



Fig. 8.24 




Fig. 8.25. Each of the two heavy arrows included in / and /' represents the same 
vector, namely, the projection of a on the direction of /. 
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Now. given any non-0 vector b in the direction of / (sec fig. 8.25). it is 
clear that the projection of a in the direetion of / is a vector that is a mul- 
tiple of b. that is. a vector be, for sonic real number c\ We call this number 
c the component of a with respect to b» or» for short: 

comp,^(a) 

It should be clear, on intuitive grounds, that this "component" number is 
a function both of the length of a (that is, of how far a moves points) 
and of the length of b. (To sec that this is true, think of what effect either 
"stretching" or "shrinking" a or b would have on the value of compj^(a). 
See fig. 8.26 and consider some other eases for yourself.) Noting that 
this is true, we sec lhal \\ is not voo severe a rcslriclion lo limit our investi- 
gation to components of vectors with respect to given twit vectors, that is. 
to vectors of length 1 . 



"stretched"a^'^ j "constant" 

/I— 



"ronstant"b , . "stretched" b 

consTuni u "stretched' cornp (a) shrink comp^(a) 

b b 
to get larger prqjection to keep projection constant 

Fig. 8.26 



Investigating the nature of "componcnting" leads to a formulation of 
some of its properties. For example, figure 8.27 suggests the equivalence 
of the expressions 

comp^ (a) + comp^ (b) 

and 

comp^ (a + b). 

Thus it is acceptable on intuitive grounds that 

( 1 ) comp^(a + b) = comp^ (a) + comp^^ (b). 

As another example, it is evident from the ratio-preserving properties of 
parallelism that the component of a given multiple of a with respect to a 
unit vector b is precisely that multiple of the component of a with respect 
to b. (See fig. 8.28.) That is, 

(2) eompj^(ac) - (eompj^a)c\ 

(This is part of what is involved in the discussion centered on fig. 8.26.) 
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a + b 



: ■ a \ ~ ^ ^ 

- ^ . . - . ^ ^ 

\ c(compj.a) c(compj,b) 

— v. . - - J. . _ . . ^ 

cl comp c(a"*' b) I 

Fig. 8.27 

On abbreviating expressions like 

comp^^{a) 

to 

a • u, 

which we slill read as ''the component of a with respect to the unit vector 
u/* wc note that the results ( 1 ) and (2) take the forms 

(a-fb) c = a c + b c 

and 

(ac) • b = (a • b)c. 

This suggests that "componenting'' is a sort of multiplication, a suggestion 
that may be further supported by additional pictorially based investigations. 



b (comp ^ a) 
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As a nuitlcr ot* fact, from a ihorough invcsligalion of llic basic properties 
of coniponcnting. ihc posiiilalcs thai describe llie inner, or dot, prodiic! of 
vector may be developed. In icrms of ihc ucceplL-d doi abbreviation for 
coii.^^oncnling. these postulates may be formulated as follows: 

Posiulatj: 4,,. {e) a • b ^ >w 

PosTLi.Aii- 4,,. (a 1 b) • c - a ■ c • I) • c 

Poshlaii 4,^.. (ac) • b (a ■ b)c- 

PosTULA 1 1 4, a • b i:^ b a 

Posrui.ATi. 4,,. a ' a Oifa ^ 0 

(Notice that the geometric inluilions that lead to the tormuiation and 
adoption of these "algebraic" typi^s of postulates can serve to give us geo- 
metric interpretations to statements involving dot products and will be 
quite helpful in our continuing development of geometry with vector 
methods. ) 

As might be guessed, we are once again able to condense our list of 
postulates: 

Postulate 4. is a ikrec-diinvnsiomil inner-product space. 

Having thus extended our formal system, we may begin to fornuilatc 
get '^etric notions related to perpendicularity and distance in terms of this 
dot multiplication d in this way extend the formal structure of the geome- 
try under considei . lion to that of Euclidean geometry of three dimensions. 
The major part of the remainder of this discussion will be concerned with 
this extension. 

71} core ins on perpcudicalarify 

In order to arrive at the relation of perpendicularity in terms of dot 
products, it is convcnieni io fall back on our intuitive notion that a line / 
is perpendicular to a plane n if. when the plane tt is considered to be hori- 
zontal, the line / is considered to be vertical. From this it is clear that tiic 
component of any translation a in the direction of / with respect to any 
non-0 Irnnslalion b in the direction of tt is 0, and so a ♦ b 0 (lig. 8.29). 
One way to :irrivc at perpendicularity in formal terms, then, is to base that 
notion on zero dot products. To do' so v.;?l ennbic us to find properties 

ol 'his \ ' ' 'n ^ f- 
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a 




/ 



7 



Kig. S.2S). The componcnl of a wilh rcspcci to b is 0. and so a I) = 0. 

multiple of b. Given lines / and //;. we sny that these lines are perpendicular 
und write / J- •// if and only if the direction of / is orthogonal to the direc- 
tion of ///; that is, if and only if eacli vector in the direction of / is orthogo- 
nal to every vector in the direction of /// (fig, 8.30). Similarly, a line / is 
said to be perpendicular to a plane r if and only if the direction of / is 
orthogonal to the direction of r. Two planes arc said to be perpendicular 
if and only if there is a line in one of the planes that is perpendicular to 
the other plane. 



Fig. 8.30. Ij_n} if :ind only if ! m = 0. where 1 is any vector in the direction of 
/ ami m is any vector in the direction of /?;. 

Notice that nothing in the definition of perpendicular lines requires that 
the lines intersect. In fact, it should be clear that if a line / is perpendicular 
to a line tn, th.^n / i<; perpcndieulnr to ^o^h line that is iv ^, and 
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I 

Fig 8.31. Each of these lines is parallel lo and so each has a direction onhogonal 
to / when m ± A Hence, each of these lines is perpendicular to /. 

For convenience, \e{h — B — A, t\ = Q — P. and r — /? — Z', as shown 
in figure 8.32. Then, since / ± tt, wc have b • q = 0 and b • r = 0, Now, 
any line m that is a subset of tt has the direction of q.y -f n for some reai 
numbers .v and /. It follows that 

b • (q.s -r n) = b • (q.v) + b • (rr) 

- (b • q)\ -H (b * r)r 
-i) 3 -f 0 f 

- 0 

Therefore, the direction cf / is orthogonal to the direclio;i of m, from which 
it fo!lo\ss that / J. m, and the theorem is proved. 




A VECTOR APPROACH TO EUCLIDIZAN GEOMnTRV 



273 



use of tilis observation to generate the following definilion of the norm of 
a translation: 

The norm of a. for short 2k \ is V a * a. 

It should be clear from this delinilion. for example, that a5 and a • -5 
eaeh have norms that are 5 limes liiat of a, and so both a5 and a • -5 
have the same norm. 

By definition, the norm of the translation Q — P, which maps P on Q. 
is ! (? — P! , and this number tells us how far Q — P moves P, that is. how 
far it is from P to Q. \Vc use this notion to define the distance from P to 

for short d{P,Q). to be Q — P \ the norm of the translation from 
P{o 

With the definitions of norm and distance, wc ean make use of the 
algebra of dot products in conjunction with our algebra of points and trans- 
lations to arrive at some funtJamcntal theorems about distance. For ex- 
ample, it is easy to establish that (a-i-b) - ^a+b) - a- a+ b b 

2(a ' b) and that (a - b) • (a -b) = a ■ a -f b ^ b - 2(a ■ b), from 
which it follows that 

a i,s the orthogonal to b if and only if 
^ (a-fb)'(a-fb)^a-a-fb-b^(a-b) - (a-b). 

In terms of norms of translations, this last result may be stated ar> follows: 

a is orthogonal to b if and only if 

i^a -f bM^= i!a!^- -f |'b'!- = Ma - b| 

In terms of distance and perpendicularity, this last result has several im- 
portant gconietric interpretations, some of which arc the following: 

{a) In triangle ABC,\(t\ vk ~ A - C and b = B - ^ dig. 8.33). Then 
/? — C = a + b. and from (I), we see that sides AC and AB arc 
perpendicular if and only if 

UiA.OY-^ \d{A.B)\'^ \cl{C,B)Y. 

(This is easily recognized as the theorem of Pythagoras ;ind its con- 
verse. ) 
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(/>) In parallelogram ABCD. \c{ n - IS - A and b ~ D - A (fig. 8.34). 
Then B — D ~ a — b and C — A := a -f b. and from (1), wc sec 
thai sides AB and AD aic perpendicular if and only if diagonals AC 
and BD have the same length. (This may he restated as follows: A 
parallelogram is . iciangic if and only if its diagonals are congruent.) 




Fig. S.34 



(r) Since the diagonals of a parallelogram bisect each other, we know 
that AE is the median from A in ^ABD in figure 8.34. So, another 
result wc ohlain from (1) is that sides AB and AD are perpendicular 
if and only if diAjC) is half of ciiB.D), (This may be restated as 
follows: A median from a given vertex of a triangle is half as long 
as the side to which it is drawn if and only if the triangle is a right 
triangle with right angle at the given vertex.) 

id) In triangle ABC, let D be the midpoint of side AC, and \ci A — D = 
a and 5 - /) - b (fig. 8.35). Then A-B=si-b and B-C^ 
a - 5>, from ( 1 ) wc see that sides AB and AC are congruent if and 
only if median BD is perpendicular to side AC. (This may be restated 
as follows: Triangle BAC is isosceles with base AC if and only if the 
median from B is perpendicular to the side AC.) 



B 
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any point on side IK\ and let /> - A -: d. A reasonable problem for 
investigation is the foliovsing: 

Ciivcn thai /> divides ihe segment from B to C in the rntio r:{\ — r) tor 
0 < r / 1. eomputc the distance Irom A to /> in lerni . of" r, a. h, and c . 

A 



Sr 



r*-yy = a 



Here is one solution: 



Since D divides the sciznicnt from ii lo C in the ratio r:( 1 — r) vhere 
0 < r < 1 . vvc knovN that d - li( 1 ~ r) - cr. So, 

d • d - (b • h){ I - r)- - (c • Or— 2lb • c)!/*! 1 - r)], 

which, in terms of norms, tells us that 

d - 1 - r)- r r->- -f- 2(b • c)\r{ I - rl ]. 

Now, since a^- b — c and a- — h- -f r- — 2{b • c), wc know that 
2{b - c) c- — ci\ So, we have 

d - = /)-( 1 - r)-' - r-V- -r ( - r- - 1 - r)]. 

He nee 

U/M ./))]- a'\r{r - DM- A-{ I - r) ^ c-r. 

Thus, for example, if a = 8, 9, c = 5, and D is ^ of the way from 

B to C so that divides the interval from 5 to C in the ratio 1 : ^ , then 

4 4 

r./f - on- 64 ! • -r 81 • ^ -r 25 • 1 55, 
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An Important inequality and its corollary 

Consider the vectors a and b shown in figure 8.37. Let P be any point 
on llie line QB. Then P — Q = bp for some and in terms of this. A — P — 
a — b/;. So (A - P) • b a • b - (b • b)p. Now ^4 — P is orthogonal 
to b if and only U {A — P) - b ~ 0. and the latter is true if and only if /; ~ 
a - b 

. One thing that we can say from this is that 
P is the foot of the perpendicular from A to line QS if and only if 




Fig. 8J7 



If we concern ourselves for the moment with the task of computing the 
norm of /I - P in terms of a and b, we shall discover a most fundamental 
and useful relation between a * b and the norms of a and b. Notice that 



V.A = 



= a • a + 



(a 



b 
b 

(a • b)^ 
b b 
a)(b • b) - (a 
b b 



- 9 



(a • b)- 
b b 

• b)-^ 
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This iciis us thai the absolute value of the dot product of any two vectors 
is less than or equal to the product of the norms of those vectors. The 
inequality (I) is sometimes called the Cauchy-Scluvarz inequality. (It 
turns out that equality holds in ( 1 ) if and only if a and b arc linearly 
dependent.) 

One consequence of the Cauchy-Schwarz inequality is the following: 

Consider A/IZ?C, with C - A =b. /?-C-a. c and /i A ^ c 
(fig. S.38). Then c = a -h b, and so wc have 



which tells us that the length of one side of a triangle is less than the sum 
of the lengths of the other two sides, a fact often called tfic triangle 
incqiudity. 



From the discussion centered on figure 8.37, it is not difficult to sec 
how one can make use of any basis for ,1, that is, any linearly independent 
triple of vectors, to generate a basis whose terms arc mutually orthogonal. 
Doing so will establish, essentially, that rectangular coordinate systems 
v\t a^ ^- " -^'^•^ if ot^' ^ ^^hi*" CH'i 'nC ' ?? ^ ■ 




A 




Fig. 8.38 
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I-ig. 8.39 



(It is an easy exercise lo show that a • c' ^ 0 and b' ■ c' — 0. fmni which 
it follows thai a, b', and c' arc mutually ortliogonai.) Then a, h\ aiiu c' 
arc both muiiially onhogonal and linearly independent. Hence, if {a,b,c) 
is a basis for :\. then (aji',c') is an orlho^^ond basis for :\. In short, 
orthogonal bases for .1 exist if bases for exist. 

Noting that each non-0 vector gives rise 'o two unit vectors — for ex- 

ample, non-0 a uivcs rise lo unit vectors and ' — we sec that it is 

a a 

also clear from what was just established thai orthonormal bases (bases 
whose members are mutual !y orthogonal unit vectors) exist as a formal 
part of our system. Thus in.'Jtead of working with coordinate systems 
defined in terms of arbitrary bases, wc may choose to work with ordinary 
rectangular coordinates, which are di^fined in terms of orthonormal bases. 
In the next section, we shall make use of the latter notion lo extend our 
knon icdge of coordinate systems and geometry. Like our earlier discussion 
of coordinate systems, this notion may be omitted from the discussion 
without any loss in continuity. 

Additional renmrks on coordinate systems 

Suppose that (I, j, k) is an orthonormal basis for X Then hy definition, 
i, j, and k arc unit vectors, and they are mutually orthogonal. Let d be 
any vector. Then for some Jj. ^/l-, and J-i, 

■Mil this and our d«"^rniition (if norn;-^. we have 
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assumpiion thai underlies this definition, namely, that the componcnls of 
vectors arc given in terms of an orthonornial basis.) 

Given a coordinate system with the basis (i, j, k) and origin O. let A and 
B have coordinates (a^.a-^Mv,) and (/?,,/):../?.{), respectively. Then li ~ A 
has componcnls {by ~ a^, /;.. — a,, b-^ ^ •^^^), so that, by (1) and our 
definition of distance, 

(3) r/(/J.Z^) =^ \/(/?, -£/,)- f - a:,)'-, 

(This is easily recognized as the usual formula for the distance between two 
points in terms of their coordinates. Here again, this definition has the 
hidden assumption that the coordinvite system is an orlhonormal one.) 

In our earlier discussion of coordinate systems, we found that a plane 
through a point A — with coordinates (£i,.ti-,u,,) — and in the direction of 
independent vectors p and q — with components (P},pj,ih) and ) 
respectively — may be described by an equation of the form 

(4) (.V| - ch)ffh ( v.* - f^)/?/- (^V;i ^ 0, 

where //^i. //? and ni ; are the determinants * , ^^'^ , and 

, respectively. Taking note of equation (2), we see that (4) may 
be interpreted as saying that ^ 

(.v,..v^.,A:5) arc the coordinates of n poini that is in the plane through the 
point with coordinates (a^MjMi) whenever the vector determined by these 
points is orthogonal to the vector whose componcnls are the direction 
numbers of the plane. 

In other words, when the coordinate sy.stem is an orthonormal one, the 
direction numbers of a plane are the components of a non-0 vector in the 
direction of a line that is perpendicular to the plane. (Sec fig. 8.40.) 
Knowing how to compute dot products gives us an easy way to write an 
equation of a plane with given point and direction numbers. 



Dot product jm = (;fl, ,7122,^3) 

is ?^ro. 
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As an example of what wc can now do with coordinates within the con- 
text of our formal system, let us find the equation of a plane tt through 
points A, B, and C whose coordinates are (-1,1J ), (2,0,3), and ( 1,1,2), 
respectively, and also determine the point of intersection of a line / that is 
perpendicular to tt and contains the point D with coordinates (1,2,3). 
First, \c{ p — B - A and q — C — A so that p has components (3,— 1,2) 

-1 
0 

, that is, —1, 1, and 2, and so an equation for tt is 



2 3 
1 2 



3 ~1 
2 0 



and q has components (2,0,1 ). Then tt has direction numbers 
and 

- -1 ) • -I -h (.V, - 1 ) • 1 -f {X:, - I) • 2 0. 
Simplifying this, we have 

(5) - A*M — 2,X:i = -4. 
Parametric equations for / are the following: 

i X, ^ \ t 

(6) ' A, =2 - / 

I A, =3-2r 

Using (5) and (6), we easily "-^c that / intersects tt in the point with 
coordinates ( I r r, 2 - r, 3 - 20 for some t, and ( 1 4- /) — (2 — / ) - 

2(3 — 2t) = —4. From the latter, / ^ ; so, / and ir intersect in the point 
/3 3 \ 

with coordinates ( 2' 2' should be clear that we are now also in a 

position to compute the distance from the point D to the plane tt simply 

by using the result (3 ). Doing so, we find that ^(D,7r) = ^^'^ 

More about angles and triangles 

It was noted earlier that angle BAC is the union of noncollinear rays 
AB and AC (see fig. 8.41 ), Now, each of the rays AB and AC may be 
associated with a unit vector in its sense. For example, if b = B - A and 
c - C — A, then b^Mbl! and c/jlcH are the unit vrr;r,>^s ip ^hc sc^^^p'^ rf 
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Fig. 8.41 

its range is the set of real numbers between -1 and 1 is a consequence of 
the Cnuchy-Schwarz inequality as it pertains to linearly independent vec- 
tors. (It is interesting, perhaps, to note that by definition (I ), it follows 
that b ' c = ^ b i 'c'i cos BAC. This equation is sometimes used as a 
delining property of the dot product. Of course, in order to learn to operate 
with the dot product under this definition, one must know how to operate 
with cosines of angles. Since our postulates enable us to operate formally 
with dot products, we arc in a position to study and learn about relations 
thai are defined in terms of dot products.) 

From an intuitive point of view, an acute angle (fig. 8.42) is one that is. 
in some sense, "smaller"' than a right angle (fig. 8.43). and an obtuse 
angle (hg. 8.44) is, in this same sense, ^'larger" than a right anj^lc. Using 
what we can '"see" about cosines in terms of projections of points on lines, 
we can reasonably define these terms as follows: 

An angle is — 

1. Oi'ute if and only if its cosine is positive; 

2. if and only if its cosine is zero; 

3. obiuse if and only if its cosine is negative. 
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(Note that ihc acceptance of this definition is completely analogous to. 
say. accepting that an angle is acute, right, or obtuse when its degree 
measure is less than, equal to, or greater than 90, respectively, and is no 
less arbitrary or less appealing on intuitive grounds »han is the latter 
example. ) 

We can make use of what we know about dot products and cosines to 
icarn more about triangles. Suppose that triangle ABC has sides of lengths 
a, h. and c, and that B — A = c and C — A - b, as shown in figure 8.43. 
Then by definition 'c — b'' = a, and so 

a- ^ {€, - b) • (c - b) 
=^c c + b b — 2c b 
^ r- + h~ - 2c • b. 

And since c • b = c/) cos BAC, it follows thai 

(2) a- - c- -t //-• - 2cb cos BAC, 

This re"?Hilt is often called liie law' of cosines and is a completely general 
result about triangles. 




c-b 

b 
b 




Fig. 8.45 

Notice that by equation (2) we know that a- — sf- h- if and only if 
cos BAC ^ 0; that is. if and only if angle BAC is a right angle. So, one 
conseque^^-'^^^ of the Inw r>f cr^*'n»s is thr f^vtHaoorcan •fv^^^'em and i»s r^^r- 
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thai each of these other angles is acute (for both c o y 0 and h a y- 0). 
Hence, we have the following easy corollary: 

No (riungle can ha\c more tKan one right angle, and if one angle of a 
triangle is right, the remaining angles arc acute, 

As an example of the usefulness of the law of cosines in doing computa- 
tions related to questions concerning a given triangle, suppose that sides 
AB, BC, and AC of triangle ABC have measures 13, 14, and 15, respec- 
tively (tig. 8.46). Then 

14^+ 13^' -15^ 
eos/l/iC- 2 • 14 . 13 

140 

~^ 2 • 13 • 14 
13 ' 

Therefore, angle ABC is acute. Furthermore, if D is the foot of the per- 
pendicular from A to line fiC, we know that D is on the ray BC, for angle 
ABC is acute. So, angle ABD is angle ABC, and in right triangle ABD. 
eos /^fiD :^ 5/13. Bui cos ABD z:z BD/ABrdnd since AB = (3, it follows 
that BD = 5. (That we are also in a position to compute the length of the 
altitude from A as well as to make computations concerning perpendiculars 
from B and C should be clear.) 

Using the notation established in figure 8.45, we find that another quite 
useful relation among cosines of angles in a triangle may be obtained. 

b * c (b — c) • — c 

Note that cos 5/4 C ~ , and that cos ~ . So we obtain. 

he ac 

m turn, the following: 

{he) cos BAC + {(ic) COS ABC ( b • c) + (b - c) • -c 
(3) ({/jcos BAC a cos ABC) ^ c • c- 

h cos BAC -\- a eos ABC - c 



A 



13/ 



J5 



Bl 



14 

Fig. 8.46 
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Equation (3) is sometimes called the projection theorcnx, and it should be 
clear from this theorem that no two angles of a triangle can have negative 
cosines, for if this happens, one of the sides would have a negative measure, 
which is impossible. Thus a triangle can have at most one obtuse angle. 
Later, when we establish the law ot" sines for triangles, we shall have occa- 
sion to make use of (3) to derive one of the two interesting and useful 
relations among the three angles of a triangle. 

In the discussion that centered on figure 8,3^ and led to the Cauehy- 
Schwarz inequality, we saw that for a given an^^le AQB, 

llbjl'- (a • b)- 



(4) 



where P is the foot of the perpendicular from A to line QB and a and b 
arc as shown in hgure 8.47. Looking at the numerator of tlic fraction in 
(4), we see that 

(a ■ b)- " 



;a:!^Tbj|^'~ (a • b)^' - i|a|r1|b|i^' 

= lia|:^!!bii^ 



1 



i^all^lib:!- 



1 - 



a 



= i:a:(^*||b||^'[I - {COS AQB)n 



From this, it is easy to see that 

AP = ijajlVl - (cos AQBy- 




The number \/ 1 — (cos AQB}'- is always positive and is clearly a func- 
tion of angle AQB. It is convenient to call this number "sin AQB * (read 
as "the sine of angle AQB'') \ that is, for any angle AQB, 

(5) sin AQB = Vl - (cos AQBy\ 

(In the example related to fig. 8.46, we liave 



sin^^C 



12 
13' 



A VHCTOR APPROACH TO BUCLIDEAN GEOMETRY 



285 



Note that this computation is related directly to that needed to compute 
the length of the ahitude from A,) 

\[ follows immediately from (5) that for any angle, say BAC, (eos 
BACy- 4- (sin BACy- - 1. Also, given triangle ABC with sides labeled 
in the usual way (for example, as in fig. 8.45), it follows from the law of 
cosines that 

1 + eos BAC ~ 

2ch 

((' -\- h -\- a){c + h - a) 
2ch 

and that 

1 — cos BAC— ^ , 

_ + <:•-/))(«- r + h) 
2ch 

Since (1 + cos BAC) (1 - cos BAC) = 1 - (cos BAC)' - {sin BACy\ 
it follows that 

... . r^.r^ Via + h-^c)(cf^h-c)ia -b + c){-a+h^c) 
(6) sm BAC — «, ■■■ , 

2bc. 

Letting 

R n V (a + h -i- c]{a -r h'- c){a-h~'\-'c)(-a + /? + c) , 
wc see from (6) that 

R = (2bc)sin BAC. 

Similarly, 
and 



R = (2«c')sin ABC 
R ^ (2ah)-AnBCA. 

Hence, 

(7 ) be sin BAC ~ tocsin ABC = ab sin BCA. 

From (7), it follows immediately that in any triangle ABC, 

. sin /I _ sin sin C 

a b c 

where v4 refers to angle BAC, B refers to angle ABC, and C refers to angle 
BCA. (This last result is sometimes called the low of sines and is a com- 
pletely general result about triangles.) 

As an example of one use to which we can put the law of sines, recall 
the computations done in relation to the triangle in figure 8.46. We found 
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thai COS /? ~ 5 13 and that sin B ^ 12 13. So by ihc law of sines, 

sin C sin /3 , . ^. 13 12 4 , . . 56 

- ,^ , and so sine r_ - Siindarlv, sin /I i= ^ _ . 

The law of sines together with sentenee (3), the projeetion theorem, 
ean be used to hnd an interesting relation among the three angles of a 
triangle. Using our familiar notation, we know by (3) that in any ti ianglc 
ABC 

c = h • eos A a • eos B. 

So 

r • sin C [h • sin C) • eos A f {a • sin C ) • cos B. 

Now, by the law of sines, /> • sin C = c • sin B, and ^/ • sin T ^ c • sin /I. 
Thus, by substitution, we have 

(* • sin C — c • sin B • eos A i c* • sin A • eos B; 

that is, 

(9 ) sin C = sin eos A + sin A eos /i. 

By this hist result, we see that if we know the cosines of two angles of a 
triangle, then we arc in a posiMon to compute the sine of the third angle 
of the triangle. 

Finding ihe corresponding result for cosine, that is. computing the cosine 
of the third angle of a triangle when given the cosines of two of the angles 
of the triangle, is a bit more comphcatcd. But it is just this resuh that will 
enable us to conclude that if two angles of a first triangle are congruent 
to two angles of a second triangle, then the remaining angles arc congruent. 
To this end. then, we shall tirsl solve a problem about angles and then 
show how the result ean be used to give us what wc need in a triangle. 

Consider angle BAC where, for simplicity, B and C are the unit points 
on the rays AB and AC, respectively. (See fig. 8.48.) Let D he any unit 
point in the interior of angle BAC. Let b, c, and d be the unit vectors from 
A to B, C, and D. respectively. Wc shall refer to angle BAC as A, to angle 
BAD i\s^ A\ and to angle CAD as A^^ Clearly, if li and F are the feet of 
the perpendiculars from B and C, respectively, to line AD, then — 

1. B - E -^b - dicos A,) and C ~ F c - d(cos /I..); 

2. BE ~ sin A) and CF - sin Ay, 

3. B — E and C — F are oppositely sensed. 

The hrst two ol' these results are immediate consequences of our work 
related to figure 8.47, but the last of these results comes basically from 
what it means for a point to be interior to an angle. Now, look carefully 
in figure 8.49 at the angles BAB' and BAC, where line B'C is parallel to 
line BE and line CF, Since they share the ray AB and have oppositely 
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\ 




Fig. 8.48 

sensed nonshared sides, it should be clear that their cosines are opposites! 
(Put another way, angles BAB' and BAG are supplements.) 

Now, 



cos 



BAB'^h^ [b - d{cos/^l)] ( . ) 

_ (b • b) - (b • d)cos^, 
sin A 1 

_ 1 — (cos A^y- 

sin Ay 
— sin /4 1 




Fig. 8.49 
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and 

cos ^/IC b • [c - d(cos ^ . I 

' \ sin A .^ / 

(h e) - (l> • d)cos/J, 

sin /4o 

_ cos A — LOS A , ' cos A '2 
sin 

Since (cos BAB') + (cos BAC) — 0 flhey are opposilcs), then 

cos A — cos A I • cos A'> 
sin /4 1 -f . , ^ — 0. 

sm A 2 

Simplifying this lasl rcsull and solving for cos A , wc sec lhal 

(10) cos A — cos A I cos - — sin /4 , sin A j. 

To sec how this result can be related to a triangle, consider triangle ABC 
in figure 8.50, with exterior angle EBC at B, Lot D be the point in the 
interior of angle EBC such that ray BD is in the same sense as ray AC. 
Then by ( 10) we have cos I£BC =z cos Bj cos — sin B-^ sin B]. Angles 
A and arc congruent (look at the unit vectors in the senses of the rays 
of these angles), as are angles C and ^i. So, cos EBC - cos A cos C — sin 
A sin C. But cos EBC ancT cos ABC (or cos B) arc opposilcs, for the 
angles EBC and ABC are supplementary. Hence 

( 1 ] ) cos B ~ s\r\ A sin C — cos A cos C. 




Thus we are able to compute the cosine of the third angle of a triangle as 
soon as we know the cosines (and, therefore, the sines) of the first two 
angles of the triangle; that is, given two angles of a triangle, the third is 
fixed. 

4 
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Three stomlanl trianiilc coni^ruence theorems 

Congruent angles arc antics whose cosines are equal, and eongriicnt 
triangles arc triangles whose" vertices ean be matched in such a way that 
corresponding angles and corrcsp(Miding sides are congruent. Using these 
notions, we can put the law of cosines to good use in order to derive two 
of the three ^ standard" triangle congruence theorems. The first of these — 
the so-called side-sidc-side congruence theorem — may be derived as 
follows: 

Suppose that ABC - ^ DEI' is ;j n^itching of vertices of triangle ABC 
with those of triangle DliF such that the corresponding sides are con- 
gruent. Letting ^/, h, -and r he the measures of sides BC , CA, and AB. 
respectively, of triangle ABC and d c\ and / the corresponding measures 
of triangle DIJ\ we have a — d, h ~ c, and c - f. So, by the law of 
cosines. 



_ /- -f e- - d' 
^ cos EDF, 

Thus angle BAC is congruent to angle EDi\ Similarly, angle ABC is coiv 
gruent to angle DEt\ and angle ACB is congruent to angle DFE: so cor- 
responding angles arc congruent. Hence triangles ABC and DEE are 
congruent. 

Since the converse of this result is clearly a theorem, what we have estab- 
lished here is the following standard theorem: 

THiiORL'M I. A first triangle is congruent to a second triangle if and only 
if there is a tnatchini^ of vertices of the first triani^le with those of the 
second such that corresponding sides are congruent. 

The second of the standard triangle congruence theorems — the so-called 
sidc-anglc-sidc congruence theorem — may be derived as follows: 

Suppose that ABC — * DEE is a matching of vertices of triangle ABC 
with those of triangle DEE such that two sides and the included angle — 
sides BA and AC and angle BAC, for example — of triangle ABC are con- 
gruent to the corresponding two sides and included angle of triangle DEE. 
Using the notation of the previous proof, we have c =: f,h~e, and 
cos BAC zz cos EDE. By the law of cosines, 

a'~ - r- + b~ - 2cb cos BAC 
- + -Ife cos EDF 
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Since side measures are nonnegativie numbers, it follows that a — d. So, 
by theorem I, triangles ABC and DEF are congruent. 

Since the converse of this result is clearly a theorem, what we have estab- 
lished here is the following standard theorem: 

Theorem 2. A first triangle is congruent to a second triangle if and only 
if there is a matching of vertices of the first triangle with those of the 
second such that two sides and the included angle of the first are con- 
gruent to the corresponding two sides and included angle of the second. 

The third standard triangle congruence theorem — the so-called anglc- 
side-angle congruence theorem — may be established by making use of the 
law of sines. Here is one such proof: 

Suppose that ABC DEF is a matching of vertices of triangle ABC 
with those of triangle DEF such that two angles and the included side — 
angles A and B and side AB, for example — are congruent to the corre- 
sponding two angles and included side of triangle DEF. From this, it 
follows that cos A = cos D, and so sir /. = sin D. Similarly, cos B = cos E, 
and sin B = sin E. So, by- ( 1 1 ) of the preceding section, we have 

cos C = sm A sin B — cos A cos B 
= sin D sin E — cos D cos E 
= cos F. 

Thus angles C and F are congruent. Furthermore, by the law of sines, 

c-s'inA f ' sin D 

a - . . . - - ...^ - d 

sin C sm t 

and 

^ _ c • sin B ^ / • sin E 
~ sin C sin F ~ 

Hence, all pairs of corresponding sides and corresponding angles arc con- 
gruent, and the triangles are congruent. 

As before, the converse of this result is also a theorem. Hence, we have 
established our third theorem: 

Theorem 3. A first triangle and a second triangle are congruent if and 
only if there is a matching of vertices of the first with those of the second 
such that two angles and the included side of the first are congruent to 
the corresponding two angles and included side of the second* 

General remarks on congruence and isometrics 

Congruent figures are figures that have "the same size and shape.'' Con- 
gruence, in this sense, is a relation among geometric figures. One way to 
think about establishing that two figures are congruent is someho\y to 
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**movc** one of the figures into the spot occupied by the other in such a 
way as not to "destroy** its shape. This could be accomplislicd by keeping 
the figure "rigid.** that is. by keeping all distances between points of the 
figure "fixed** while the move is efTeeted. From a mathemaiical point of 
view, this sort of hxed-distance move can be looked on as a mapping that 
preserves distances, and any such mapping is called an isoniciry (the prefix 
i.so means cciiwl and niciry means nwasurc). 

It is quite a simple task to show that any ti.nslation is an isonietry. 
Let a be any translation and let A and B be any two points, as seen in 
figure 8.51. Then, since B - A - (/? a) - (/i -K a), wc have 

d{A,B) ^ B - A 

{B - -A) - {A r ^) 

- (I{A -r a. /i + a). 
Thus, a presen.'^s distances, and so a is an isonietry. 

,1 

iHA.B)/ 
If 



s 




y?+ a 

J-iii. <s.51 

Another mapping of points to points that is convenient to investigate is 
that of a plane reflection. In terms of translations and perpendiculars, we 
can define this son of mappin^i as follows: 

Dlmnmtion 1. / /.V a refhrlion in the plane tt ij and only ij j{P) - P + 
{M - P]2, where M is the foot of the perpendicular from /' to tt. 

Imagining that we are viewing the plane r "end on.^^ we may picture what 
the reflection / in tt does to points, as shown in figure 8.52. After a fashion, 
the reflection / may be thought of as a mapping that pulls points from one 
side of the plane t to the other and leaves the points of tt fixed. That any 
such retlection is an isometry follows immediately from what we already 
know about translatioi. midpoints, and distance. One argument to estab- 
lish this fact follows. 
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Using the notation in figure 8.52, \c\ m ~ M — P an(J n ~ N — Q. Then 
M — fir) ^ — m and — /((^)- — n, and so, by the bypass postulate, 

P - m + (A^ - ^/) + — n (m -- n) 4- {N ~ M) 

and 

J{Q) - f{P) = in - n\) {N - M), 

Noting that m — n and n — m are boih orthogonal to A/ - A/, it tollows 
that 

and 

c^iflP), f{Q) ) ~ V n - m '-' + : A/ - Af 
Thus, srnce -ini — n — i n — ni , it follows that 

that is. the rcfleciion / is an isometry. 





n 


P M 

X 


/{P) 

no) 


fUi) K 

• i 

s* 


ns) 


I 

Fig. 8.52 



Some obvious results about isometrics, which we shall simply list, follow: 

1. Composition of any two isometries is an isometry. 

2. Each isometry has an inverse (which is itself an isometry). 

3. The identity mapping, 0, is an isometry. 

(These may be summarized by simply noting that the set of isometries is 
a group with respect to composition,) 

One way to organize one's knowledge about congruence is to formulate 
some basic notions about isometries and then derive some useful theorems 
about some basic geometric figures, such as sc jments, angles, and triangles. 
To this end, we may define congruent figures as follows: 

ERLC 
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DF-MNH ION 2. A first set is von^ruvnt to a second set ij and u}}ly there 
is an isomctry that maps the first set on the second. 

Tluis, lo show thai lv,o figures arc congruent, all we need do 's establish 
that some isometry maps one of the I'lgures on the other. (That congruence 
as a relation is symmetric, refie.xivc, and tninsitive is convenient lo note 
and is a consequence of the fact noted above — that isometrics form a group 
under composition.) 3y concentrating our attention on certain classes of 
point sets, such as segments, rays, angles, and triangles, wc may begin to 
collect some useful congruence theorems about these figures. 

First, we establish the following congruence theorem aliout segments: 

TmHoriim. a first sei,'/nen/ is coni^ruent lo a .urond If and only if the 
measures of the set^ments are equal. 

To establish this, suppose first that segments /45 and CD in figure 8. .5 3 
have (he same measure; .^that is. that d(A,B) ~ d(C,D). Let a be the 
translation that maps z^' on C Since a is an isometry, d(CM + a) = 
d{A,B). Of course, where ^ + a D, a maps segment AB on segment 
CD, and we are finished, for in this event segments AB and CD are con- 
giuent. Where /? + a ?^ D. let / be the reflection in the plane tt through 
C and perpendicular to the line containing 5 + a and D. It follows that 
f{B 4- a) D, and so the isometry / a, that is, / composed with a, maps 
segment AB on segment CD. Hence, in any case, segments AB v^nd CD 
are congruent. 

r ---4^ — 

Fig. 8.53 

In precisely this same way, it is easy to show that any two lines or two 
rays are congruent. With just a bit more work, \i can be estabhshed that 
two angles are congruent if and only if they have the same cosine measure; 
out of this will fall the side-side-side and side-angle-side triangle congruence 
theorems. 
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Many properties of isomclrics arc of considerable interest and impoi- 
tanee frtiin a niathcrnatieal as well as an organizational point of view. It is 
particularly interesting that any isomctry of three-dimensional space can he 
de scribed as tlie resultant of composing a sequence of plane relicctions. 
For example, any translation can be described in terms ol' reflections in 
two parallel planes; any rotation is the resultant of reHections in two inter- 
secting planes: and, although it is a nontrivial matter, it turns out that ^my 
isomeir\ of three-dimensional space is the resultant of at most four plane 
reflections. So. in a sense, plane reflections are tfie most basic of all 
isometrics of three-dimensional 'pace. But the amount of material one 
has lo understand or at least have a feeling for weighs against making use 
of plane reflections as a skirting point in a formal development of isome- 
trics, at least in a first attempt at formalization. 

Much is to be said for basing the notion of congruence on isometrics, 
and a formal development of this notion (and that of similarity) in a 
course in geometry has much merit in it. This will no doubt be discussed 
in .some detail in other sections of this book. The purpose of this brief 
excursion into the reahii of isop^etries was simply lo demonstrate thut one 
could make use of this very general notion within the framework of a 
vectov approacli to Euclidean geometry. 

Sphcnw ami circles 

From an intuitive point of view, a .sphere is the set of points each of 
which is a given distance from a given point. A ciiele is a set of points in a 
plane eacfi of which is a given distance from a given point in that plane, 
3n each ease, the given distance is called the radiu>^ and the given point is 
called the center. Both of these notions are easy to define in terms of norms 
of translations: 

DeimmtioN. Tiw sphere with center C and radius r > 0 is ihc set of 
points P such that r _. ~ C . (Sec fig. 8.54. ) 




Fig. 8.54. .Sphere wiih center C and radius P ~ C 



Dhfjnition. The circle of tt with center C in tt and radius r > 0 is the set 
of points P in r such that r -^'P - C I. (See fig, 8,55.) 
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Fig. S.55. Circle with center Cand radius P - C 



It is not dlRiculi to establish that two spheres arc congruent if and only 
if they have the same radius: 

Let /C, he u sphere with center A and radius a. and lei K._, be a sphere 
with center B and radius /). Now, any isomctry that maps on K., will 
map A on /i. If ^/ ^ /), then no isonietry can map on K.> because p(Mnls 
of K.^ win not be the same distance froni B as points of A) arc from A. 
So, is not congruent to K,. \{ ci 9^ h. If a h, the translation (isometry) 
B ~ A maps on ^C^.. So, K, is congruent to K,^ if a — A. Hence. A', is 
congruent to K.^ If and only if « = />. 

Other important properties of spheres and circles, such as 

ia) congruent chords of congruent circles suhtend congruent minor arcs 

and 

(/)) semicircular arcs of congruent circles are congruent, 

may be established through the use of isonictries> The usual incidence 
relations between a line and a circle, a line and a sphere, and a phme and 
a sphere may be developed in the usual ways because we already have, in 
addition to the vector algebra, all the usual mathematical machinery related 
to perpendicularity and distance. 

Concerning angles inscribed in a circle, one can be fairly well con- 
vinced that two angles inscribed in the same circular arc are congruent by 
performing the following experiment: 

Make a tracing out of an inscribed angle ACS and cut out a wedge- 
shaped piece of stiff paper from the irucing, as suggested hy figure 8.56, 




C 



Fig. 8.56 
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Mark ii point P on one edge of the wedge. Place the wedge on the figure 
so that the edge marked P just covers the point A and so that the vertex 
of the wedge is on the eircle. Notice that the other edge just passes over B. 
Do this in at least two ways. Next, place the wedge so that both edges 
just cover the points A and U and notiec that the vertex ol the wedge is 
now on the eircle. Do this at least two times. 
The proof that this ts true (using vector algebra methods) is somewhat 
long, and so for the purposes of this chapter, it is probably best to omit it.'^ 
Needless to say, the algebraic solution will lay bare the complete solution 
of the problem, which may be staled as follows: 

An angle inscribed in a major arc of a circle is half as large as its 
corresponding central angle. 

An angle inscribed in a minor arc of a circle is the supplement of an 
angle half as large as its corresponding central angle. 

A concluding remark 

It is hoped that by now the reader has a fairly good idea of how one 
can make use of vector methods in developing Euelidcan geometry within 
the eontext of contemporary mathematies. The attempt has been made to 
give the reader not only a feeling for the formal veetor methods that may 
be applied both in the solutions of geometry problems and in the diseovery 
of properties of geometric figures but in addition a feeling for the under- 
lying intuitions about points and translations that are so important to 
rendering geonietrie interpretations to the results of any formal work with 
veetor methods. 

The manner in which this particular kind of course evolves is, of course, 
typical 0^' the evolution of all theoretic knowledge. The scheme employed 
involves beginning with a general (but probably vague) prineiple, finding a 
significant instance where the notion may be given a very concrete and 
precise meaning, and using that instance as a stepping-stone to advance 
gradually toward generality. In this advance, we arc guided by mathe- 
matical construction and abstraction. If we are lucky, as we seem to be in 
this course, we end up with an idea no less universal than the one from 
which we started. Gone, at least from the surface, may be much of the 
emotional appeal, but present is the even greater unifying power of thought 
— and it is exact rather than vague (7, p. 6). 

3. Some persons may say at this point, "Aha! The really difficult problems are swept 
under the rug." This is not so, for the difficulties are due, for the most part, to the length 
of the argument. The proof of this theorem in any formal system has some underlying 
difficulties. The usual proof involving degree measures of arcs has, from a formal mathe- 
matical point of view, the difficulties that are inherent in the establishment and assign- 
ment of such measures. And the latter is much more difficiiU to handle formally than is 
the vector algebra needed to solve this same problem in the formal system being dis- 
cussed here. 
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A Case for a \'ortor Ap[)roac'h 
I o I'^ii r I if\cii n ( i in v i ly 

V^'cclor spaces arc Iniporlanl mathematical siruclurcs in their own riehl 
and as such deserve some attention in the high school cuniculuni. But 
the fact that vector spaces serve as underpinnings for many applications of 
mathematics in a wide variety of fields — for example, the physical and 
social sciences, business, and engineering — is perhaps an even more com- 
pelling reason for devoting some attention to them in the high school pro- 
gram. It seems to he a fact of life that most high school students study 
mathematics for two years — taking a year of algebra and a year of gc(Mnc- 
iry — in order to meet the requirements for a high school diploma. So if we 
are to include some work with vectors and vector spaces in the high school 
program in order to introduce these notions to the mass of students who 
take only two years of the program, we must begin this work during the 
first two years of the program**^ -Boca use of the strong intuitive Jinks one 
can build between a vector space and geometric notions, it is natural to 
look to the high school geometry course as a place in which to develop 
the formal notion of a vector space and, so, of a vector. Thus let us accept 
for the moment the premises that it is reasonable to introduce vectorial 
notions into the high school curriculum and that it is reasonable to do this 
within the framework of the geometry course. 

Keep in mind that one of the principal objectives of the high school 
geometry program is that of developing a formal structure, that is. postu- 
lates, defmitions. theorems, and so on, with which to make a more careful 
study of Euclidean geometry than that which is taught in the elementary 
and junior high school programs. That this has come to mean that geome- 
try is the subject where one 'learns to write two-column proofs," at Jeast 
in the eyes of the students who have studied geometry, is the focal point 
of much of the criticism that has been leveled at high school geometry. 
It is not so much that the study of geometry within the framework of some 
formal structure is under attack; rather, it is the fact that the axiomatic 
structure is given to the student in an ad hoc way, and most of the emphasis 
in the course of study appears to be on constructing detailed and apparently 
logically tight proofs. Clearly, the emphasis must be shifted toward devel- 
oping insights into how geometric intuitions may be linked to a formal 
structure in order to give one the power of rendering geometric interpreta- 
tions to problematic situations. 

In support of this view, one need only turn to the oft-quoted — or mis- 
quoted — Jean Dieudonne in his now famous '^Euclid must go.^" speech at 
the Royaumont conference in 1959. It is appropriate to try to set the 
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record slraighi here regarding Dieudonne's remark, wlijch has been inier- 
pretctl as nK'aning thai the leaching ol' Eueiidean geometry should he 
abolished . Nothing eould be farther from the truth, The context in which 
he made the remark was that of pointing out the nature of the patclnvork 
revisions of the high school curriculum and appealing for a much deeper 
reform to be undertaken. The following excerpts from his speech should 
make clear his true feelings on the subject and should also serve as a 
reminder of the grave danger of misinterpretation when a phrase is quoted 
out of context (2. p. 35 ) : 

To prevent any misunderstanding. I also want to emphasize thai, although 
I may have seemed sharply critical of geometry. 1 have no desire to mini- 
mize its importance. Never before have the language and ideas taken from 
geometry playeil a greater part in higher mathematics, and it is so ohvlous 
that applied mathematics has its backgrouml in geometry that it Is hardly 
necessary to mention it. . . . 

. . . My quarrel is therefore not with the purpose, but with the nwihods 
of leaching geometry, and my chief claim is that It would be much better 
to hasc that teaching not on artificial notions and results which have no 
significance in most applications, but on the basic notions which will com- 
mani! and illuminate every question in which geometry intervenes. . . , 

... I therefore consider that it is one of the main tasks of secondary 
schools to train and develop the intuition of space in students, and at the 
same linie to place it in the logical frame which will enable them to use it 
later. Nothing should be spared to reach that goal as soon and as completely 
as possible. 

There seems to be no way that these remarks can he interpreted to mean 
that Dieudonne is advocating that Euclidean geometry be cast out of the 
high school cu^'riculum. Rather, he is making a strong appeal that 
Euclidean geometry be taught so as to he useful within the jramework of 
modern mathematics. That this can be done by means of a vector approach 
has been demonstrated in the main body of this chapter. Furthermore, from 
this discussion it should be clear that rather than wishing to abolish 
Euclidean geometry from the high school curriculum, those who advocate 
enriching the high school curriculum with matters dealing with vector 
spaces are supportive of, and intent on, promoting the subject quite 
sirongly. 

It should be granted, then, that from the point of view of mathematical 
progress, not only is it reasonable to introduce vectorial notions into the 
high school curriculum within the framework of the geometry course, but 
basing the formal study of geometry at this level on the underlying vector 
space of translations will make the study of geometry an integral part 
of the study of modern mathematics. But what about the student? Will 
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not :j shift in the loundutions on which iiis course is based u fleet the end 
produet and how he views it? Will not siicii a shift result in previously 
emphasized, and (lius import am. standard topics receiving considerably 
less attention? Will not such a shift result in subject matter too sophisti- 
cated for his level being introduced into the c .unse, thereby making the 
learning of the subject too difficult for the student? Will not such a shift 
diminish the historical significance of the course? We shall discuss each 
of ihese questions in turn. 

What about the student? Certainly, in any course, we as teachers must 
concern ourselves with helping the student cope with the ideas (hat are 
basic to the course. The extent to which these ideas can be related to the 
student's background of experiences is related directly to the success we 
shall have in helping to make the subject maUer an integral part of the 
student's store of apphcable knowledge. The cfTcct of the standard treat- 
ments of geometry has been — although it may not need to have been — to 
formahze the subject in isolation from the rest of modern mathematics, 
and so. in conscquenee. the subject matter of geometry has not become an 
integral part of the student's store of applicable mathematical knowledge, 
h is the intent of this chapter to demonstrate that a vector approach to 
geometry can correct this situation at the same time that it introduces the 
important subject of vectors and vector spaces into the high school curricu- 
lum. Therefore, for the student a vector approach to geometry not only 
introduces Wim to a new and important mcUliematical structuic in a very 
concrete way, but it also provides him with a formal introduction to 
geometry that will be uschil to him. 

Will a shift in the foundations on which the geometry course is based 
affect the end product? It is certainly hoped .so! Any shift that docs not 
affect the end produet will simply result in another way in which to develop 
geometry in i.solation from the rest of modern mathematics. The whole 
purpose of seeking alternate foundations from which to develop Euclidean 
geometry is to enable us to present the subject in its true light as an integral 
part of modern mathematics. Whether one does this in a way that main- 
tains idcntihable one-year .segments of "algebra" and "geometry" (and 
thereby does not "buck the system") or seeks other ways to do this is a 
matter of choice. That it behooves us to do so in some way is clear. 

Will such a shift result in less emphasis being placed on sonic topics cur- 
rently popular in standard developments? This will no doubt happen for 
very obvious reasons. In the first place, one cannot shift the basis of devel- 
opment, bring in new subject matter, and still expect to place the same 
degree of emphasis on all the old "pef topics. Secondly, a shift to develop 
geometry as an integral part of the rest of mathematics will, or should, 
cause a shift away from devoting a lot of eflforl, say, to writing two-column 
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prools about ihc congruence ol iri angles ihnl happen lo share a common 
side or a common angle, lo rendering gcomciric inlerpreiaiitms lo prob- 
lematic situalions, and lo learning lo give arguments wiihin ihc framework 
of the formal system about conclusions related to those situations, in this 
sense, the process of argumentation (or giving proofs) is put in its proper 
secondary position to the process of geometric formulation of problematic 
situations. This is not to say that learning to give mathematical arguments 
is unimporlanl. It is to say thai giving mathematical arguments is not the 
sole concern in tlie study of geometry but rather pervades all mathematics 
and its applications. 

Will such a shift be too sophisticated for the student to handle? This 
could, but need not. happen. However, if one keeps in mind that what 
is being proposed is that the formal structure on which geometry is lo be 
developed should grow in a natural way out of the student's experiences 
and intuitions about physical space, there should be little danger of this 
happening. Certainly, the standard developments of geometry are at least 
as abstract in their foundations as a vector approach to Euclidean geometry 
is. And the formal system underlying the standard developments has com- 
ponents (iiat are at least as arbitrary and much less obviously tied in an 
applicable way to the geomctrization of problematic situations than a 
vector approach is. 

Finally, will .such a shift diminish the hi.storical signihcance of the sub- 
ject? There is little doubt that exactly the contrary should occur. Remem- 
ber thai Euclidean gcomc*,7 is at the heart of all applied mathematics — 
Albert Blank has saici, ''Sometimes we forget that Euclidean geometry is 
applied mathematics" (1, p. 15) — and that both the formal structure and 
the present emphasis in standard developments of the subject leave it 
standing apart from the rest of modern mathematics, withering on the vine, 
,so to speak. So by shifting the basis for the development of the subject 
lo a vector approach, we not only bring the subject into the fold as an 
integral part of modern mathematics but thereby enhance its historical sig- 
nificance as well. For not only was it the subject matter first organized as 
a deductive system somj twenty-three hundred years ago, but it pervades 
all of modern-day applications of mathematics. In what better way can 
the importance and historical significance of a subject be measured? 

In some general ways, we have been alluding to the advantages of a 
vector approach to Euclidean geometry from the point of view of mathe- 
malical structure and the accessibility of applications within the framework 
of modern mathematics. But what are some advantages of such an ap- 
proach from the point of view of the student? As we see it, there are 
several such advantages, some of which follow. (No attempt has been 
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made to list ihcm in order of imporiancc. ) A vector approach lo E\iclidean 
iicomclry — 

1. acquainls llie sludeni witli importanl kinds of algebraic sirueluri' In- 
working w'iih rclalivcly concrete iieomelrjeal examples of ihem; 

2. places some emphasis on ihc use of iransfornialions from one space 
of objects lo atiolher as a useful tool for analyzing relations, wliieh 
serves as an excellent foundation for applying mathematics lo ihe 
analysis of physical situations as well as for any subsequent formal 
study of linear algebra and its applications; 

3. provides some introductory' work with function spaces; 

4. integrates plane and solid geonic'ry in a natural way, wliicii, in addi- 
tion, makes it easy to point out the possibility of studying higher- 
dimension ai Euclidean geometry and gives the student a feeling for 
I he way in which these hrt^ihcr-dinicnsicMial geometries arc, in a sense, 
riclier than the lowcr-dimcnsional ones; 

5. integrates, in a real sense, the subjects of algebra and geometry and 
enables the student to develop some insight and understanding for 
the unity of niatlicmalics: 

6. provicics a sound mathematical basis for the application of vector 
methods in /he sciences and other fields; 

7. ailords the student a cc^ntinuum of both the development and prac- 
tice of algebraic skills and the rendering of geometric interpretations 
to problematic situations: 

«S. helps to develop the student's awareness that mathematics can be 
used to model physical phenomena; 

9. affords the student considerable versatihty of attack on problems 
because of the relatively early stage at which both the so-called syn- 
thetic and analytic methods can be brought to bear on a situation 
whenever they can compete successfully with the vector methods at 
hand. 

Of course, no matter what advantages one development of a subject has 
over others, it is still true that the teacher must help to create a classroom 
atmosphere in which students can actively participate in the on-going 
development of the subject. As Henry Pollack has so aptly put it, yoii 
cannot "teach mathematics to anybody as a spectator sport. To get any 
feeling for it at all you have to participate" (3, p. 74). 

The case for reform in the teaching of geometry has been made. To 
teach students a vector approach to Euclidean geometry, we clearly need 
to get them actively involved in learning about vector methods in geometry. 
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And to ck) ihi.s. \vc need lo have icaclicrs who hiivc acquired a good under- 
siandinu of how vector methods may be used lo develop geometry. Fur- 
ther, wc need .school systems that are not so wrapped up in preservini: the 
iradilional niaihemalics courses that ihey prevent (his much-needed reform 
from takini: plaec. These are matters involved with the training of tcacii- 
crs. the suhjeel of the concludinii chapter of this book. Of course, school 
systems could, and should, support in-service programs for improving their 
eurrieular ofTerings. and it would help if many lield-tested and proved 
model lexbooks with detailed teacher's commentaries were published so 
that such in-service groups would have a basis for the study and implemen- 
tation of nV'w ideas. With all that might he. we can only hope that enough 
people will sec the need to act and will work to achieve the worthwhile 
goal o\ bringing Euclidean geometry into its rightfully prominent place in 
the modern ma them a ties program. 
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Geoiiielry in an 
liilegratod Progiviiti 

HARRY SITOMER 

^jpili: iMU-ctDiNG chapters describe a variety of approaches to sehool 
geometry. Sonic chapters, however, do not limit themselves to a single 
approach. For instance, chapter 7. **An Affino Approach to Euclidean 
Geometry/' employs Euclid's synthclie methods (described in chapter 4). 
coordinates (described in chapter 5), and transformations (described in 
chapter 6). Each additional approach introduces the methods and content 
of other branches of mathematics, thus revealing close relationships between 
geometry and these other branches. As more and more new approaches 
are used, the organization of geometry and its "te.xiurc " ehange. When no 
restrictions (other than pedagogie ) are ph\ced on the number of approaches, 
geometry takes its place in an integrated, or unified, proiirani of teaehin^ 
mathematics. 

In tliis chapter I sliall — 

1 . trace the history of integrated approaches: 

2. briefly describe some early attempts to teach geometry in an integrated 
program; 

3. describe in some detail (he latest, and probably the most thorough- 
going, attempt at an integrated approach, namely, the six-year course 
wfiWcxi by the Secondary School Mathematics Curriculum Improve- 
ment Study (SSMCIS): 

4. discuss sojne major pedagogic issues that emerge out of an integrated 
approach in particular, the place of axiomatics in secondary school 
mathematics. 
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Karly HiHtory 

Before the iiivenlion of coordinate geometry, malhemalicians used almost 
exclusively the synllictic methods of Euclid. Some exceptions, however, did 
occur — in the researches of Appollonius and Archimedes, in the algebraic 
applications to geometry of Vieta, Ghetaldi, and Oughtred, and in the works 
of ,sonie Arabian mathematicians. But it was not until 1637 in his 
GconuUrie that Rene Descartes (1596-1650) first made systematic use 
of numbers in the study of geometry. Credit must also be given to F^ierre 
de Format (1601-1665), who've Variu Opera Mathcinan\'a. published 
in 1 679, used methods similar to those of Descartes. The major contribution 
of Descartes and Fermat was the principle that an equation of two variables 
corresponds to a geometric locus in a plane ( K p. 175 ). 

Analytic geometry as wc know it today was developed by others with 
the formal introduction of coordinate axes and coordinates of points. The 
immediate result of this new approach to geometry was the discovery of 
many new theorems and the simpiilicalion of the proofs of some old 
theorems. 

With mathematical inventions such as transformations, vectors, complex 
numbers, matrices, groups, and vector spaces, geometry flourished beyond 
Euclid's wildest dreams. Mathematicians in general felt free to use any 
available methods in solving their problems. Furthermore, methods and 
theorcnis of geometry were used to solve problems in algebra, and the 
boundary between algebra and geometry blurred. Sometimes it was 
difficult to tell whether one was working in algebra or geometry, 

Despite these newly discovered methods, which were exploited to such 
good advantage by mathematicians, teachers of geometry in secondary 
schools were either oblivious to these developments or unwilling to introduce 
them into the clas.sroom. and so until the end of the nineteenth century, 
school geometry, with sonic minor changes that altered neither the spirit 
nor the methods, was still Euciid\s, 

Felix Klein 

Felix Klein, the celebrated mathematician at Gdttingen, Germany, 
furnished an impetus to the teaching of geometry in an integrated program. 
At the University of Gdttingen in 1908, he gave a series of lectures designed 
for teachers and prospective teachers in German secondary schools. These 
lectures were eventually printed in three volumes, each called Elementary 
Mathematics from an Advanced Standpoint, Two of them, subtitled 
Arithmetic, Alf^ebra, Analysis and Geometry, were translated into English 
in 1932 and 1939, respectively. In the preface to Elementary Mathematics 
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jroni an Advanced Siandpoint: Geometry, Klein clarifies his position on 
viewing mathematics as a whole: 

Allow me lo make a his( genernf remark, in order to avoid a niisumlcr- 
standing which might arise from the nominal separation of this "geometric'* 
part of my lectures from the first arithmetic part. In spite of this s\:piLri{Uon, 
I advocate here, as always in such general lectures, a tendencs which I 
h'ke best to designate b>' the phrase ^'fusion of oriilunciic and i^cotnrtry" — 
meaning hy arithmetic, as is iisiud in the schools, the held which includes 
not merely the theory oi integers, hut also the whole of algebra and 
analysis. |3, p. 2) 

Indeed, Klein followed this program of "fusion" in his lectures. 

Again, in the course of one of his lectures, he reallirms his belief in the 
integration of mathematics : 

From lime to time, it has been proposed that gconietry, as an independent 
subject of instruction, be separated from mathematics, and that, generally 
speaking, mathematics, for purposes ot instruction, be resolved into ii.s 
.separate disciplines. In fact, there have been created, especially in foreign 
universities, special professorships for geometry, algebra. diiTerential cal- 
ciilas. etc. From the preceding discussion. I should like to draw the infer- 
ence that the creation of such narrow limits is not advisable. On the 
contrars. the greatest possihie living interaction of the difTcrent bninches 
of the science which have a common interest should be permitted. F£ach 
single branch should feel itself, in principle, as representing mathematics 
as a whole. Following ihe same idea. 1 favor the most active relations 
between mathematicians and the representatives of all the difTcrenl sci- 
ences. 1 3, p. 56] 

In his lectures to teachers, Klein presented mathematics, not as isolated 
disciplines, but as an intcgralcd, living organism. Most people feel 
intuitively that the objects of geometry (points and lines) and the objects 
of algebra (numbers) are distinct and should be studied separately. Bui 
when points and numbers were organically related, as in analytic gecimctry, 
an explosion in mathematical discovery resulted both in geomctiy and in 
algebra. Klein argued that if algebra and geometry can illuminate each 
other for mathematicians engaged in research, it would seem reasonable to 
expect a similar advantage for students if they were to learn mathematics 
as an integrated whole. 

John A. Swenson 

As far as the writer knows, the first systematic attempt in the United 
States to teach integrated mathematics was made by John A, Swenson 
(1880-1944), He wrote live books, four of which were published at his 
own expense. They were designed for grades 9 through 12 and satisfied 



306 



Gi;OMl-TRY IN I HI: M ATHI-M ATICS CllRRICllLUM 



the requirements of the New York Slate Syllabi and Examinations. They 
contain a mine of ereative ideas for teaching muihenialies in an integrated 
manner. The novelty of his approach is illustrated by the following two 
examples, in which proofs have been modi tied to conform to modern 
notation. 

1. To prepare for the theorem that an angle inscribed in a circle has half 
as many degrees as its intercepied arc, he proved the following theorem 
( 11, p. 400): 

fMiiOREM. A secant fonninii an anisic of .v with a radius at its outer 
extremity cuts oj] a minor arc containini* 1 80 — 2.v dci^rees. 

Proof, 

ni . A X : /// L B (see lig. 9. 1 ). 
,\ni / () . 180 - 2a* y. 
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Kig. ^Xl Fiy. 

To prove m^ABC ' l^fnAC\ the conclusion of the theorem, let x = 
m^ABC (see lig. ^\2). Then y m^ AOB 180 ~ 2a. 

/. ^ -2 (!!). or Aa" ^ l-M' . 
Aa- 2 • 

Since ,Ay =: niAC and Ax, - mj^ABC, nilABC --^//MC*. 

Note tile use of increments. Swcnson introduced this concept in his 
book I (grade 9), where it is not related to derivatives. 

2. The triangle congruence theorems arc introduced by an experiment 
(12, p. 85) on AABC where l.A and AB are fixed and IB is allowed to 
vary (see fig. 93). The study seeks to relate the magnitudes of AC, and 
lABCj, (/ 1,2. . . .). The results are shown in the graph in figure 9,4. 
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Note that the function involved is monotonic increasing. (Swenson 
describes this by saying that / B and AC vary in the same sense.) There 
is a one-to-one correspondence between the set of angles {Bi\ and the set 
of opposite sides {ACi}. Thus each angle 5,- in the set determines an 
opposite side /^C„ and conversely, each side ACi determines an angle 5,. 
He concludes with the following experimentally verified statement: 

If in a triangle a side and one adjacent angle arc constant, then the other 
adjacent angle and its opposite side arc so related that a given value of one 
determines the other uniquely. [ 1 1, p. 86] 

This leads easily to the conclusion that if the parts, ASA, of a triangle are 
constant, then the other parts of the triangle are determined. For if in 
AABC (see fig. 9.5), lA, AB, and LB are constant, then the side 
opposite Z5, namely, AC, is determined, as well as the side opposite LA, 
namely, BC. Since LA and AB are constant, ZC, the angle opposite AB, 
is determined. 

Thus, if in two triangles ASA = ASA, then the remaining corresponding 
parts are congruent, and hence the triangles are congruent. It is a short 
step to show that if AB, LB, and BC of AABC are constant, then the angles 
opposite AB and BC are determined, as well as the side opposite LB. Thus 
one proves the SAS theorem from the ASA assumption. 



Two observations concerning Swenson's treatment are in order. First, it 
exploited the function concept, which was defined as a "dependence'' of one 
variable on another. Second, his books included all the items in the New 
York State Syllabus, and since this syllabus included geometry separately, 
he wrote a separate geometry text. 

From my talks with him, I gathered that this did not represent Swenson's 
opinion of what should be taught. He made the point that although a new 
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course of study had been introduced in the 1930s, the teaching of geonietry 
(and other branches of mathematics) could be improved by allowini: the 
use of muthods and concepts from otlicr branches of mathematics. 

The word infviirafcd is sometimes used to describe a sequence of 
courses in mathematics in which each course is constructed in the tradi- 
tional way. Notable here is the series of four textbooks by Price, Peak, and 
Jones called Madieniadcs: An /nteifrarcd Series, in which book 2 has the 
subtitle Lines/ Planes/ Space (4). There are many excellent features in 
this geometry. However, there is no attempt lo use more than one approach 
to geometry (except for the use of coordinates near the end of the book, 
where the meaning of the word intei*ratcd is restricted to that of multiple 
approaches). 

Seroinlary School l\]ath(Miiali(*s (airriciiluin Im j>rovoniriU Study 

The most thoroughgoing attempt known lo the writer to use an integrated 
approach is the six-year course for grades 7 through 12 written by the 
Secondary School Mathematics Curriculum Improvement Study (SSMCIS). 
This course will be described in detail. 

First, a bit of the history of this study might be o{ interest. Course I for 
the seventh grade was planned and written in the summer of 1966. Since 
then, an additional course has been written each successive summer fol- 
lowing a June planning conference by mathematicians and teacher-writers. 
The teachers did the actual writing of the chapters; the mathematicians 
reviewed them. Also during each summer, a corps of teachers was given 
in-service training to acquaint them with the course content, to help them 
gain in-depth understanding, and to discuss teaching procedures. 

Teachers who received in-service training then taught the courses to 
above-average students (estimated as the upper 15 percent) and reported 
their experiences. These reports served as a basis for the revision of each 
course. Thus each course had an experimental and a revised edition. The 
experimental edition of Course 6 was written in the summer of 1971. The 
student texts are called Unified Modern Mathematics. Each is accompanied 
by a teacher's commentary. 

The study was sponsored by Teachers College, Columbia University, 
and was directed by Howaid F. Fehr. It was funded first by the Office of 
Education (HEW) and later by the National Science Foundation. 

Course I (grade 7) 

Transformations play a most important role in SSMCIS. The first 
reference to a transformation occurs in chapter I, '^Finite Number Systems/' 



310 



GEOMETRY IN THI: MATHLMATICS CURRICULUM 



where the rotations of a regular hexagon through multiples of 60° are used 
intuitively to interpret operations in a finite opc^rational system with six 
numbers. These rotations are restricted to the vertices of regular polygons. 
With operations and mathematical systems as background, chapter 3, 
''Mathematical Mappings," discusses mappings on the set of integers, 
with much attention to arrow diagrams on natural number lines. For 
Instance, the mapping // ^ + 2 is shown in figure 9.6. In chapter 4, 




Fig. y.ri 



"The Integers and Addition," the resemblance to a translation prompts 
the introduction of translations on the integer line in order to verify some 
properties of addition of integers. Thus, for instance, the translations 
/? « -f 2 and n n + —2 are inverses, since their composition is 
n-^ n -h 0, the identity translation. Following an informal discussion, these 
translations verify those properties of addition with natural numbers that 
are to be retained. 

In chapter 6, "Multiplication of Integers," a similar discussion leads to 
dilations on the integer line. For instance, the dilation n 2n is shown 
in figure 9.7, Properties of multiplicalion arc verified by examining ihe.se 
dilations. For instance, the dilation // ~2/r, (considered as the com- 
position of the dilation n In and the reflection, or half-turn, in the 
origin) verifies that the product of two negative integers is a positive integer 




Fig. 9.7 

A first step toward coordinates in a plane is taken in chapter 7, "Lattice 
Points in the Plane." This chapter extends the study of integer."' f<,\ the set 
of ordered pairs of integers and to conditions on these pairs. After some 
study of coordinates of lattice points, compound conditions, Jind graphs, 
the student is ready to see how mappings from Z to Z may be represented 
by a set of lattice points. A brief introduction to lattice points in space 
follows, as well as an introduction to some new terms, such as pcrallele- 
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piped. The chapter ends with both a look at translations from Z x Z to 
Z Z and how to represent them by coordinate rules designated by 
(x,y) (x -^^ a, V 4- h ) und a brief introduction to dilations from Z x Z 
to Z X Z with the rule (.v.v) (ax, ay), where a is a nomxro inicticr. 
Throughout the chapter, students arc asked to explore informally and to 
seek properties of translations, dilations, and compositions. 

These experiences with lattice points are then extended in chapter 9. 
^Transformations of the Plane," to all points of the phuie through paper- 
folding activities, making diagrams, observing, and learning the vocabulary 
that seems to express clearly and vividly any observed geonieiric relations. 
The transformations treated here are reHections in a hne, reflections in a 
point (or half-turns), rotations, and translations. Several geometric terms 
arc also introduced (or reviewed), such as line, ray, sciinwni, perpendicular 
lines, parallel lines, ani^le, and trlani^le. The notations arc those of (he 
School Mathematics Study Group (SMSG). Throughout this introduction 
no effort is made to prove any of the assertions. Most of the w^ork is 
accomplished by a sequence of aaiviiies, such as the following: 

Activiiy 6: On a sheet of unlined paper draw a line n} and joint the non- 
collincar points A. C, as shown in figure 9.8. The figure formed is called 
tria^igle ABC, Find the reflection of triangle ABC in ni. Compare the 
angles at A, B, and C with those at A\ B\ C\ Then compare the lengths of 
AB, AC. and BC with the lengths of AT', and"^'. 
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C Lit OLil triangle ABC. Sec il you can make i! fit on A'B'C, Did you 
have to turn ABC over before niakin^* it fit? Will it yluays he ncccsscTry to 
turn it over? Il not, \\hen will it he iinnecessarv ? Try this experiment 
again v\iih a dillereni triangle. Xry speeial kinds ol Iriiingles. |5, pi. 2, 

p. m 

These aeliviiies suggest a search for invariants which eventually bceomes 
the prime motivation for showing how transl'ormiuions agree or difTer and 
why they may be classified as isonictries, 

The following exercise at the end of this chapter in the review exercises 
suggests the variety of concepts considered (5, pt, 2, p, 112): 

f-iii in the table with *'Yes" if the mapping always has the property and 
"No" if it does not. 

Mapping preserves 
dislanees (isonieiry) 
coUineariis 
belweenness 

i 

midpoint 
angle measure 
parallelism j 

This informal uilrod^ction to isometrics is then made more precise in 
chapter 10, "Segments, Angles, and Isometrics." The subsets of a line arc 
introduced by the line separation principle; namely, any point P on a line / 
separates the rest of / into two disjoint sets such that — 

1, MA and B are two distinct points in one of these sets, then all points 
between A and R are in this set; 

2. if A is in one set and C is in the other, then P is between A and C. 

(No attempt is made here to make precise the meaning of bctweenness for 
points. ) This principle leads directly to the ideas of half-lines, rays, and, by 
analogy, to Ihc plane separation principle — ihcnce to half-planes, quadrants 
of a plane, coordinate systems, and angles. 

The measure of a segment, when related to translation and half-turns 
(changing the direction ) of the ruler, is seen to be an invariant under both 
these transformations and gives the student a bcuer understanding of ( 1 ) 
how to use a ruler and (2) the formula for distance, .V| ~ . Line coordi- 
nate systems are given a more formal status; midpoints and other points of 
division are handled with the aid of coordinates. 

Plane coordinate systems and coordinates result from the composition 
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of two Ira nslii lions — one pijrullcl lo llic .r-nxis. the other to the r-axis. This, 
together with the midpoi^U formula, permits the student to see a paral- 
lelogram as a quadriK'ilcral whose opposite sides arc parallel or whose 
diagonals bisect each other. 

Perpendicular lines are reviewed, this time in terms of line reflections. 
Two lines / and ni are perpendicular if / ^ /}} and / is invariant under a 
rellection in This paves the way for rectangular coordinate systems (as 
contrasted with affine) and coordinate rules for reflections in the a- or 
r-axis. This enables the student to review some propeM'ties of line reflections 
with the aid of coordinate rules {x,y) --^ ix.—y) or (.v,v) (-.v.^ ). 

Angles are defined as the intersection of two half-planes and are measured 
with the aid of a semicircular protractor.- Boxing the compass relates 
direction to angles. Through drawings and measurements, the angle is 
seen to be invariant under the reflection in the line containing its midray. 
This leads to isosceles triangle and "kite" theorems. Properties of an angle 
arc studied by noting its image under various isometrics and assuming that 
an angle has the same measure as its image. For instance, since translations 
map lines onto parallel lines — and becau.sc of the parallel postulate^ — it is 
easy to see why a transversal across parallel lines forms a pair of corre- 
sponding angles whose measures are equal. The proof of the theorem that 
states that flic xn/)i of the measures of the angles of a mangle is ISO gives 
the tlavor of informal proof used ( 5, pt. 2, p. 1 78 ) : 

First consider 'he translation that maps A onto C. (See fig. 9.9.) This 

iranslation maps C onto R and H onto S. What are the images of AB and 

AC under ihis translation? Do you see that this translation maps /.CAB 
onto / RCS? 
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txiiniinc the ir;mslniu>n that m;ips /iiMiu> (\ I nJcr tliis iriinshjlion what 

is the image ul Jiri ' Ol 

The third mapping 1*^ a poini rcnociiDn in ( . I'nJor this mapping what 
is the image of /_ ACB! 

The rcniMlndcr of the proof is quite obvious. Note the elosc ivscmblancc 
between this proof using transhitions and the cxperinientai proof involving 
the cutting of angles and the rearranging of them along a line. It is also 
suggested ihiU students would find it interesting to find their own eonibina- 
lion of isometrics to prove lliis theorem. For instance, this might inelude 
the rc/Iections in the midpoint of CB. 

The chapter ends with :t study of measures of angles in special kinds of 
triangles and in convex polygons. Note tha? several times during the \ear. 
objects of geometry — points, lines, rays, segments — have been presented on 
difTcrcnt Jcvds of sophistication, and they have been closely related io trans- 
formations of the plane. These transformations ;irc used to write informs! 
proofs based on isometrics. 

As Course I indicates, the emphasis on congruence of triangles as the 
basic tool is replaced by isometrics. This dcvelopmeni becomes more 
prominent in subsequent courses. The following example is an exercise 
from the review exercises of Course J (5, pt. 2. p. 1 89 ) : 

Lxenisc. In hgurc y. I n, ^/^ - .^C'andOtf /)f\ I'sing a line lellee- 
tion, prove f})/iDAB - t>i. DAC. 



The student is expected to use the reflection in the bisector of /LB AC, 
which, being perpendicular to BC, contains D. Hence, the image of Z DAB, 
under this reflection, is /.DAC. Hence the desired conclusion. 



A 
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Course 2 (\>nule 8) 

This course starts with a discussion of "Mathematical Language and 
Proof/' including basic notions of logic iind rules of inference. Illustrations 
involve number systems and geometric objects that appeared in Course L 

Chapter 3, *'An Introduction to Axiomatic Affine Geometry," introduces 
the notions of undefined terms, which are assigned properties by three initial 
axioms: 

Axiom L (a) Plane t is a set oj points, ami it contains at least two Unes^ 
(6) Each line in tt is a set oj points containing at least two 
points. 

Axiom 2. For every two points in plane ir there is one ami only one line 

in 77 contahiing them. 
Axiom 3. For every line m and point E in plane tt, there is one and only 

one line in tt containing E and parallel to m. 

After giving him the proofs of two theorems (mainly about the existence 
of points and lines) and asking him to cite reasons for two additional proofs, 
the student is then asked to write proofs for ten theorems, of which onJy two 
are really challenging. To emphasize the abstract nature of points, lines, 
and the plane in this system, a number of nongeometiic models are dis- 
played. These include some finite geometries. Parallelism between Jines is 
then provegUo be an equivalence relation, and a special study of parallel 
projections lays one of the foundations needed for coordinate systems. The 
chapter ends with an introduction to vectors as an equivalence class of 
directed segments and relates them to the group of translations of a plane. 
(Groups are discussed in chapter 2 of Course 2.) The development is 
frankly intuitive, suggesting that the student wilJ not be confined by the 
rigorous requirements of axiomatic constructions. It is also suggested that 
there will be alternate treatments — some formal, others informal. 

The following exercises suggest what might bo expected of students 
(6, pt. I, p. 190): 

Consider the following ''six-point geometry'': 

Plane P: The set of six vertices, {A, B, C, D, E, F]. 
Line: Any pair of distinct points. 
Point: Any one of the six vertices. 

(a) Indicate which of the axioms I, 2, 3 are true in this model and which 
are not true. 

{b) Consider the line {A,B} and the point F not in this line. How many 
lines are there which contain F and are parallel to {A.B]? Name 
them. 

(c) Name all lines that contain A and are parallel to the line {F^B}, 
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The next major advance in geometry oecurs in chapter 6, "Coordinate 
Geometry." It adds three more axioms to the three stated in chapter 3. 

Axiom 4. For each pair oj distinct points A and D of a line, there is 
exactly one coordinate system on that line in which A corresponds to 0 
and B corresponds to 1 . 

Axiom 5. li (A ,B} and (A\B' ) are bases for coordinate systems on a line, 
then there is a relation ,x' ^ a,v + h with « 0, which, for each point X 
of the line, relates its A ,D-coordinate x to its A' ,B' -coordinate x\ 

The relation x' = ax h is seen to be a composition of a dilation and a 
translation on a line and is known as an affine mapping on a plane. 

Axiom 6. Let f be a parallel projection from line I to line /'. Let A and B 
he distinct points of I and let A' and B' be their imas^es under /. Then 
for every point X of I, the A' B' -coordinate of its iniaf^e, X\ is the same 
as the A ,B-coordinate of X. 

Axioms 5 and 6 have the immediate effect of assigning equations to lines 
in a plane. Let / and /' be intersection lines (coordinate axes) with x- and 
y-eoordinate systems, respectively, such that their point of intersection has 
coordinate 0 in both systems. Now let ni be any line intersecting / and /'. 
The projection from / to tn parallel to /' gives each point of m the coordinate 
X of the corresponding point of /. Similarly the projection from /' to nu 
parallel to /, gives each point of w the coordinate y of the corresponding 
point of r. Hence by axiom 5 the pairs of coordinates of points on / are 
related by y = ax + (For lines parallel to a coordinate axis, one of the 
coordinates is constant.) This makes possible a study of intersections of 
lines and, by the slope a in ax + parallelism of lines. If we add the 
formula for midpoints, we have enough tools to prove some theorems with 
coordinates, as illustrated by the following theorem (6, pt. 2, p. 312): 

The dia^'onals of a paralleloffram bisect each at her ^ 
Proof, The ^ ,fi.D-coordinatcs of A, B, and D are (0,0), ( 1,0), and 

(0,1 ), respectively. (Sec fig. 9.1 I.) Since C is on the parallel to AD that 



D{0,n 



Ci\.\) 





AiO.O) 



Bil.O) 



Fig. 9.11 
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pusses ihrough B, its .v-coordinatc is 1. Since C is on the parallel to 
thai passes through 0. its y-coordinatc is 1 . An equation for AC is 
( 1 ) y v .V. 

An equation for Bl) is 

(2) AM y = I. 

Solving ( 1 ) with ( 2 ) gives the solution set | ( ~, ^ ) ) . We eonelude that the 
diagonals bisect each other. Explain why. 

Note the convcmence of aftine coordinate systems, wherein oblique lines 
may be chosen as axes and any point on each axis, other than the origin, as 
unit point. It is this convenience that simplifies the first steps in studying 
the analytic geometry of the plane. 

The transition from an aHinc to the Euclidean plane takes place by 
malting plausible the Pythagorean property of right triangles, assuming that 
the area of a square region is the square of the length of a side. Four 
exact copies of a right triangle arc arranged in a square region in two 
dilTercnl ways, as shown in figure 9.12. 





Fig. 9.12 



The uncovered parts of the large squares (the shaded regions) must have 
the same area. Hence c^' ^ a- + b'-. 

With the introduction of rectangular coordinate systems with base (0,1. J) 

— where OJ ± OJ and 01 OJ ^ 1 — and the Pythagorean property, the 
distance formula can be deduced, and the student is in a position to prove 
some theorems that compare the lengths of segments on different lines. 

Chapter 9, "Transformations in the Plane: Isometrics,'' continues the 
distance-preserving transformations on a more sophisticated level. They 



318 



GEOMETRY IN THI: MATHEMATICS CURRICULUM 



are reviewed and extended to a more systematic treatment of invariants, 
including fixed points and fixed lines. Much use is made of coordinates to 
study inverse isomelries and compositions of isometrics (including glide 
reflections). The set of isometrics of the plane is shown to be a group 
having as subgroups the set of direct isometrics (rotations and translations), 
of which the set of translations is a subgroup. All isometrics can be shown 
to be the composition of not more than three line reflections — a fact that is 
of special interest, important too is the relationship among the ideas of 
isometry, congruence, and symmetry. The definitions of congruence and 
symmetry are quoted as follows: 

Two figures arc called con^^ruefu if there is an isometry that maps one of 
the figures onto the other. [6, pt. 2, p. 173] 

A figure is defined as any set of points. Thus it makes sense to talk about 
congruent lines, rays, segments, circles, or sets of disconnected points. 

A figure is symmetric if there is an isometry, other than the ideniity, thai 
transforms the figure onto itself. |6, pt. 2, p. 175] 

The following symmetric figures arc of special interest in geometry: 
angles, isosceles triangles, parallelograms, isosceles trapezoids, and circles. 
Many of their properties follow from their symmetries. 

The chapter ends with a section on dilations and similarities in order to 
avoid the impression that all transformations arc isometrics. A similarity is 
the composition of a dilation and an isometry. 

The following sampling of exercises from chapter 9 may give some idea 
of the scope of this chapter. (In order to abbreviate them, liberties have 
been taken with longer problems that were ''programmed" into parts.) 

1. Given collincar points /I, fi, C. Show that their images under a line 
reflection are also collincar. 

2. Show that the composition of translations is commutative, 

3. Let P and Q be distinct points. Show that the composition of half- 
turns in P and Q is a translation from P toward Q, whose distance is 
2PQ, 

4. Show that (a\v) — > ( v,.v) is the coordinate rule for the reflection in the 
line with equation y = x. 

5. Let F be the midpoint of Prove //., o Hj. o Hjt o Hy = I, the 
identity transformation. (Hx is the half-turn in A'.) 

6. Does the set of opposite isometrics form a group? (An isometry is 
opposite if it reverses the orientation of three noncollinear points.) 

7. Prove that if / and g are isometries, then (/ o g)"* = g'^ o f'K 
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S. Show iIku the ccuigruoncc rcfanDn is a:i equivalence rc(aii(in. 

Draw a picture o\ ii di la lion with scale lacUu* |. f■olll^^^cJ b\ a trans- 
lation, as il ulTccts lliicc noncollincar points. 

Chapter 10. Length. Area. Volume.** suiits v\ith a discussion of four 
basic measurement principles; unit, congruence. addiJive. and real non- 
negaiive number properties. These principles avc iirsi applied to segments, 
plane regions, and solid regions in situations where counting suiVices to 
measure: that is. where measures arc integral or rational. Ftir a rectangular 
region one of whose dimension.s i.s an irrational number, an informal 
discussion concerning least upper bounds of a sequence of rectangular 
regions that are subsets of Ihe given region i.s presented. A similar dis- 
cussion for measuring segments — and in which least upper bounds aic 
defined — occurs in chapter 5, *Thc Real Number System'* (6. pt. i. pp. 
236-38 ). Formula areas are then derived for regions bounded ny triangles, 
parallelograms, and trapezoids. To measure a more genera! region, the 
region is overlaid with a square grid, the ** inner** squares are counted, and 
then both the **inner** and the "border** squares arc counted. These twt^ 
numbers furnish a lower and upper approximation of the area sought. By 
reducing the si/e of the squares in the grid, a second pair of lower and 
uj')per approximations is found. This process produces two sequences tif 
numbers. If both sequences approach the same number, thai number is the 
area of the region. The method is applied Ui derive the circumference of a 
circle and the area of a circular region. 

Course 2 has an appendix called ".Ma.ss Points.** .A mass point is delined 
as an ordered pair [a,A ) designated uA, where a is a positive number called 
the weight of the mass point and A \s a point in a plane (or space). A.s for 
all ordered pairs, two mass points are equal ill their corresponding com- 
ponents are equal. 

The concept of mass |xnnls is relatively easy. It is described in detail by 
Hausner in a book intended for college use (2). It was originally a chapter 
in C(mi\\e 2 of Unified Modern Mafhenuiiirs, where it was w^ell received by 
both teachers and students. But subsequently, because the topic was deemed 
not to be in the nuiinstream of nialhcmatics, it was relegated to the appendix. 
No doubt it will receive less attention there than other chaptiMs. It is 
described here for those who may ncn have easy access to Unified Moderf} 
Maffiennifii w, Course 2. 

The operation of addition of two mass points is given by the dcfmiiion 

aA - hB - ia h)C 



where C is a point between A and B such that a(AC) 



h(BC). with AC 
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and BC the lengths of AC and BC, C is called the center of masses (or 
ceniwid). This definition is inspired by the law of levers, where C is the 
fulcrum (balancing point) between A and B, Since the definition assigns a 
unique sum to each pair of mass points, the set of mass points and addition 
constitute an operational system. 

Addition is shown to be commutative and assumed (after experimenta- 
tion) to be associative whether the points in three mass points are colllncar 
or not. For the special case where /I ~B,aA ^- hA -- (a ~\- h)A. 
It is easily proved that aA 4 aS — 2aC iff C is the midpoint of AB, 
The following theorems are proved to illustrate how mass points arc used. 

Theorem 1. The medians of C\ ABC — AD, BE, CF — meet in a point. (7, 
, , AG BG CG 2 

Proof, Assign weights of 1 to each vertex A, B, C as shown in figure 
9>13. Then 

]A + IB ir: 2r, 
\B ^ \C = 2D, 

IC -f M zr 2/1. 

By the associative and commutative properties, then, \A 4- Ic? f T can be 
computed as 

{]B t ]C) ^ ]A {\C -r \A) + Ifi = (M + 15) + IC 

or 

2D M 2t: + ]B zz. IF + IC 

Mass points are equal if! their corresponding componenis arc equal. Hence 
FC, DA, EB meet in a point, G. such that CG ^ 2FG\ AG = 2DC, and 

^rn r ^'^^^ - 




Fig. 9.13 
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The next theorem iliusiralcs how mass poinls can be used lo prove a 
theorem about quadrilaterals. 

TheoRI-m 2. Tiw midpoints oj the sides of a quadrilateral arc vertices of 
a parallelo^^rafn. 

Proof. Assign a weight of 1 to each vertex A , B,C. D, Let /:", h\ G, and 
H be midpoints as shown in figure 9.14. Then 

.S . \A + IB -1- IC -h ID =(\A -r \B) 4- (IC f ID) 2/: ^ 2G ^ 4K 
S . (\A 4 \D) + (15 + IC) 2// -r- 2F= 4K, 

Ther 'fi)re HF and GE bisect each other, whence EFGH is a parallelogram. 



\ 



, 4A 



Fig. 9.14 

The third theorem illustrates the method and value of "splitting'' a mass 
point. 

Theorem 3. TUq line joinini^ the midpoints oj two sides oj a triangle bisects 
every se$^nwnt between their common vertex and a point in the third side. 

Proof, Assign weights /; to c to C, and 6 + r to /4, as shown in figure 
9.15. Then (b + c)A - bA -\- cA. We split {b + c)A into its addends, 
bA, which is added to /)B, and cA, which is adde(i to cC. The respective 
sums are 2bD and 2cE, where D and E are respective midpoints ol AB and 
AC. Consider (b + c)A + fefi + rC. It is equal to (bA -\- hB) ^ (cA 
cC) = 2bD + 2cE = (2/)+ 2c)G, where DG.GE z= 2c:2b. It is also equal 
to (b + c)A -h + cC). If + c-C = (6 -h r)F, then F is appropri- 
ately chosen in BC and varies with var>'ing values of b and r. For all b and c, 

(fe -f r)/i -f- (65 + cC) = (6 + + (6 + c)F = (2h + 2r)G. 
Therefore G is the midpoint of /IF, for all F in BC. 



2c; 
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2hD* 



Fig. 9.15 



A fourth theorem demonstrates the power of mass points for theorems in 
three-space. 

Theori:m 4. Let A^AjA-^A , he a tetrahedron with nudpoiut Mx2 if^ 

midpoint M-.-.^ in A.^A^^ and so on (midpoint Mij in AiA j). Then segments 
Mj^Mau Mi:tA^-t, ond M^^M-^a bisect each oilier. 

Proof. Assign a weight of 1 to each of the vertices A^ A-^, A:u and A ^ as 
shown in figure 9. 1 6. Then 

- \A, - = ( 1/1, M,) ^ < + M,) 

^ (l/li + \A:,) - {\A. -i^ \A^) 
^ ( -f \A,) 4- { M., \A's) 



or 



whre /y is the midpoint of each of the segments, MijM:a. My^^M-^A. Mu^'s,h 



A 




Fig. 9.16 
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Two remarks are in order concerning these mass-point proofs: (1 ) they 
use some theorems that arc proved by other approaches (particularly paral- 
lelograms) and (2) tiic mass-point approach is restricted to affine geometry. 



Course 3 (^radc 9) 

Chapter 1, *Tntroduction to Matrices," illustrates how matrices can be 
useful in several situations, one of which is transformations. For instance, 
the rule for a reflection in the ,Y-axis 

.r' = \x Oy 

V' Ox - \ V 



can be written as the matrix 



I 0 
0 -1 



The image of any point {a,b) under 



this rellcction can be found from the product 



This helps to 



'1 0 
0 -I 

develop ihc definition of niitlrix multiplication. The rule of the composition 

0 



of a half-turn in the origin of a coordinate system with rule 



the dilation. about 0 with rule 



-3 0' 
0 ~3 



?"lis the product 
3j 



0 ~1 
-1 0 
0 -1 



and 



With such examples and counterexamples, it can be seen why 

matrix multiplication is not commutative, nor is composition of trans- 

1 0^ 



formulions. Multiplication of a matrix by a scalar, such as 3 
"3 0 



0 -1 



0 -3 



, can also be interpreted in terms of transformations. 



Geometric topics per se are not considered until chapter 8, "Circular 
Functions.*' The chapter ends with the law of cosines and the law of sines, 
which are applied to some geometric problems. 

The major advance in this grade occurs in chapter 9, ^'Informal Space 
Geometry." It does not pretend to axiomatize the subject but starts with a 
set of "observations" that include what are sometimes taken as axioms and 
other basic properties. Some of these follow: 

1. A plane is a set of points with the property that whenever two points 
are in the set, the line containing them is in the set. 

2. Given three noncollinear points, there is one and only one plane that 
contains them. 

3. Not ail points lie in the same plane. 

4. If two planes have a point in common, they have a line in common. 
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5. If P is a point and tti is a plane, there v; exactly one plane tt- con- 
taining P and parallel to tti. 

Each observation is formulated only after an activity in which points, 
lines, and planes are represented physically and the relations among them 
are easily observed. In exercises, students are asked to tell whether such 
statements as ''If /i tt and /..j tt, then are true or false. They are al.so 

asked to find physical models that illustrate such statements as *'Skew lines 
do not intersect'' and to make diagrams that indicate such properties. A 
short section shows how, if the observations arc taken as axioms, other 
properties can be deduced. This suggests the possibility that space geometry 
can be axiomatized. 

Coordinates in space are then introduced, relative to base points 
(OJJ,K) in which axes need not be perpendicular and O/, 07, and OK 
need not be equal. This leads to the coordinate description of planes 
parallel to the coordinate planes, for instance, {P(x,y,z) : z = 3) and half- 
spaces such as {P{x,y,z) : z > 3}. Using two conditions permits the 
coordinate description of lines parallel to axes, such as [P{Xyy\z) : x ~ 2, 
y = 3). it also enables students to represent vertices of a tetrahedron by 
(0,0,0), (1,0,0), (0,1,0), and (0,0,1). Adding (0, 1 , 1 ), (1,0,1). (M,0), 
and (UJ ) produces a parallelepiped. 

After an informal discussion of the perpendicularity of lines and planes 
based on activities, two more observations follow (7, pt. 2, pp. 239-41 ) : 

6. If a line m is perpendicular to each of t.vo intersecting lines in plane 
TT at point P, then ni is perpendicular to plane tt at 

7. If a line / is perpendicular to a plane tt, then any plane containing / 
is perpendicular to the plane tt. 

Rectangular coordinate systems in space arc then introduced. The mid- 
point and distance formulas, presented as generalizations of corresponding 
formulas in a eoordinatizcd line and plane, are verified and then used in 
exercises. The chapter ends with the sphere as the set of points { (^,v,^) * 
.V- -h V- + = the right circular cylinder { {x,y,z) : + = r~}, and 
the right circular cone {ix,y,z) : x- 4- y- = z'-). Students are expected to 
sketch these figures in three-space. 

Course 4 (grade JO) 

In chapter 2, ^'Quadratic Equations and Complex Numbers," a short 
section relates transformations of the plane to complex numbers. Addition 
of complex numbers is related to translations by the isomorphism (a *f hi) 
(a,b), where + ia^^b.j) is defined to be (oj + a., hj h-^). After 

defining the conjugate of z = a: + i'y to be z = jc - iy, the student is asked 
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to name the familiar transformations now denoted by c ^ z — ^ ^r., 
c — * -z, z iz, and c ~iz. The transformation z oz, a ^ R, a 9^ O, 
is seen to be a diJalion with scale factor a, whereas z — > aJz, a ^ R, a ^ O, 
is the composition of a dilation and a quarter-turn. This is generalized to 
the spiral similarity z tz, where / is a complex number, and which is the 
composition of a dilation and a rotation. 

Chapter 3, "Circular Functions," uses complex numbers, matrices, and 
circular functions to advance the student's understanding of transformations, 

particularly rotations and spiral similarities. The matrix f 
^ ^ Lsin 0 

is shown to be associated with a rotation about the origin through angle 0. 

The composition of two rotations — the first through angle « and the second 

through angle — both about the origin is given by 

cos — sin /i? 

sin li cos 

cos J3 cos a 



•sin ^1 
cos 0] 



cos a — Sm a 

sin a COS a 

— sin sin « 



sin cos rt + COS /i? sin « 



cos /d sin ci — cos j3 cos a 
sin /i? sin a + sin /i cos 



Since 



cos n — S/n a 

sin Q cos a 

cos 1^ — sin 

sin fi cos /3_ 



1 

0 

cos a 

sin a 



cos a 

sin a 



represents cos(a + /^), sin(a-+ 13). 



The formulas for cos(« fi) and sin (a + (3) fail out quite easily. 

Spiral similarities now follow readily. The last in a sequence of examples 
is quite instructive (8, pt. l,p. 156): 

Exampip 4. Describe the spiral similarity associated with the matrix 

-2 V 3 
3 3 /— 



The given .natrix is equal lo the product 

1 

3 0~ 
0 3 



1 1 /_ 



The **3" in the first matrix was obtained as 



Therefore the spi^ial similarity is the composition of both a rotation that 
is a one-twelfth-turn and a dilation that has a scale factor of 3. 
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Chapter 5. 'The Algebra of Vectors/* and chapter 9. **Subspaccs of Ajlinc 
and Euclidean Spaces/* are a radical departure from traditional gcomciiT. 
They have two major objectives: the more imporianl one In to introduce 
the notion — and sonic basic theorems — about vector spacer: (he less 
important one is to teach the elemcniary analytics of three-dimensional 
geometry. These objectives are consistent and advanlaueously linked 
because affine and Euclidean geometry arc both derived from vector spaces. 

The development starts with the set of /i-tuplcs of reals (mainly triples, 
but also couples and quadruples), together with rules for adding them and 
also multiplying by a real (sealar). The student is told to regard these 
n-tuples as possibly capable of representing a variety of stales: for instance, 
the triple (^/olumc. pressure, temperature) might represent the slate of a 
gas, or the quadruple (temperature, air pressure, humidity, pollution factor) 
might represent a state of weather. But these /?-iuplcs are not vectors if the 
two operations vector addition and scalar multiplication arc not used. 
Couples may be conceived as coordinates of points in a plane or triples as 
coordinates of points in three-space if these operations are interpreted in 
the context of these points. Thus the operations on vectors arc organically 
related to corresponding operations on points. This defines the program 
of these chapters. 

Starting with a nonzero vector, say the set of scalar multiples 

{X \ X ~ r(c/-,,a-..«}), r C /^l is called a vector line, it can be interpreted 
geometrically as a line in three-space passing through the origin of a eoordi- 
natc system, since all such vecior lines necessarily contain the zero vector 
(0,0,0), denoted 0. Addition of two vectors can be related to the 
diagonal of a parallelogram. But SSMCIS prefers to give more weight to 
the interpretation of a translation by which the sum of vectors A -\ B is 
the vector C, such that C is the image of B under the translation that maps 
0 onto A. With this interpretation, the sum of a fixed vector A with the set 
of vectors in a vecior line (A' : A' - rB} is represented by \X \ X ^ A ^ 
rB}, an afiine line. When each vector in one of two distinct vector lines 
{A' ; A' = /'A} is added to each vecior in the other \X \ X ^ .vBI (linear 
combinations) , the sums form a vector plane \X \ X - r\ -\- .vB, r, .v C R\. 
If each vector in a vector plane is increased by a fixed vecior C, the sums 
constitute an affine plane {A' : A = C + rA + ^B). 

Another relation emerging from addition is parallelism. Two afiine lines 
are parallel to each other if they are "translates" of the same vecior line. 
Similarly, two affine planes are parallel to each other if they are "translates" 
of the same vector plane. And an affine line is parallel to an af!ine plane ifT 
it is parallel to an afiine line in the affine plane. 

To illustrate these relations, let A (K2,3), B = (0,1,2) and C = 
(1,0,3). 
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K The vector line / eontaining A is given by X - /•( 1 .2.3 ). r This 
can also be written as three equations : 

.V, r- A , 2/-. X . 3/'. 

2. The afTine line parallel to / and containing (0.1.2 ) i>, given by A' 
(0.1.2) • /•( 1,2,3). or 

A- 1 ■ r. rz 1 - 2f\ A.. - 2 . 3r, 

3. The vector plane r, containing A and C ( anJ neccss;irily 0) is given 
by A' /•(1.2.3) • .v( 1,0.3). or 

.Vi ~~ r - .V, .v_. - 2r. a\. :-. ?>r • 3.v. 

4. 1 he afline plane parallel lu rrj and ccMitainini: B is iiiven by A' 
(0.1.2^ - r{ L2,3| - .v( i.(j.3), or 

.V, ^ /• - \. .V:: - 1 - 2r. A;, 2 * 3v - 3.S. 

When generalized, the slriiclures of vector lines and vector planes lead \o 
the abstract vector space. After displaying a variety of models of this 
abstract vector space and proving that allinc spaces containing the set of 
//-tuples over the reals are indeed models of vector spaces, the student 
sees that a number of basic theorems concerning properties of the abstract 
vector space are proved. When these theorems are applied to l^'^ and 
subs paces of R\ the student then sees how many of the theorems he 
learned about generating vector lines and vector planes are special cases 
of the abstract vector-space theorems. 7' he theorem that the soliftion set 
of a sysfcni oj homogeneous linear equations is a suhspac e of /"^" i^vhere t} 
is the number of variables in the sysicnt) and the theorem that tlic sum of 
two stihspaces of a vector space is also a sithspace of that vector space are 
of particular interest. 

Chapter 9, ^'Subspaces of Aflinc and Euclidean Spaces." deals with 
additional — that is. other than parametric — ways of representing subspace.s. 
These techniques are used to facilitate the representation of intersections 
of subspaces. It is a natural step at this stage to introduce such concepts as 
linear dependence, linear independence, bases, and natural bases. By 
defining inner products, the student recognizes that affine spaces become 
Euclidean spaces in which distances between points and angles are 
measured. 

Orthogonal vectors and normal lines lead to perpendicularity relations 
and, in turn, to orthogonal complements. Although this description does not 
make it quite clear, it should be noted that the emphasis in (his chapter is 
on geometry as a model of a vector space over the set of real numbers. 
However, this does not reduce the content of an elementary introduction to 
the analytic geometry of space. 
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Course 5 (grade J I) 

The study of vector spaces leads naturally to an examination of linear 
mappings. Chapter 6, ^'Linear Mappings/' opens with the following 
problem (9, pt. 2, p. 1): 

A Food Mix Problem 
1 pound of bread contains 300 units of calorics and 20 units of proteins. 
1 pound of meat contains 500 units of calorics and 24 units of proteins. 
1 pound of potatoes contains 60 units of calories and 4 units of proteins. 
How many pounds of bread, meat, and potatoes contain C units of calories 
and P units of proieins where C and F are given numbers? 

This problem is seen related to a mapping from - { (hjn,p) ), where 
b, m, and p represent pounds of bread, meat, and potatoes, to /?- ^ 
((CP)]. A number of questions are asked about this mapping. Is it 
"onto'7 Is it one-to-one? If not, what is the range? What is the kernel? 
Answers to these questions are given in such terms as vector lines, vector 
planes, and so on. Thus the language of geometry continues to be used even 
when the substance is no longer geometry. Geometry has served so well 
that it has become part of something larger than itself! 

Course 6 (grade 12) 

Chapter 2 of Course 6, 'The Conies and Polar Coordinates," starts with 
a discussion of parabolas. It highlights the property that, for each parabola, 
there exist a point (focus) and a line (directrix) such that each point of 
the parabola is equidistant from them. This suggests the general definition 
of a conic as the locus of points the ratio of whose distances to a focus and 
a directrix is a nonnegative constant. Translations are used to simplify 
equations of conies, and in exercises students are asked to eliminate by 
rotation terms containing the product xy. Separate sections treat each of 
the three other conies (ellipse, circle, and hyperbola); differentiation is 
used to study tangents of conies. In the section on circles, the student is 
asked to prove some of the standard properties of chords and tangents and 
to show that angles inscribed in semicircles are right angles. The chapter 
ends with polar coordinates and polar-coordinate equations for conies. 

The second half of Course 6 has the novel organization under which 
students are asked to undertake their own study of one or more of three 
chapters. One of these chapters is "Matrices, Determinants, and Eigen- 
values." The properties of determinants are developed axiomatically from 
three basic properties that are easily interpreted (1) for areas, when the 
vectors in a certain function are couples, and (2) for volumes, when the 
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vectors arc triples. In addition to other uses, eigenvalues are used in 
geometry to discover fixed points and fixed lines under linear mappings. 

Trends in SSMCIS 

The following trends seem to eiiaraclerize integrated mathematics in- 
struction in Unijied Modern Mathematics: 

1. Geometry is not taught intensively in one year; its topics are spread 
cyclically over many years. 

2. Though the meaning of axiomatics is taught, some topics in geometry 
are developed informally, others formally; some topics not in geom- 
etry, such as probability and algebraic structures, receive some 
formal, or axiomatic, treatment also. 

3. Many topics of the traditional geometry courses are not included. 

4. Many approaches are used, including coordinates (both affine and 
rectangular), transformations, complex numbers (only somewhat), 
and vectors — first intuitively as displacements, and later as /?-tup)es 
of reals of a vector space, leading to linear mappings. 

An evaluation of these trends is needed in order to sec how they 
measure up in achieving some commonly held objectives for teaching 
geometry, namely — 

1. to equip students with a knowledge of the facts of geometry that are 
useful in a thinking and working life; 

2. to teach the nature of proof and to train students in the writing of 
proofs; 

3. to teach the natuie of, and appreciation for, axiomatic systems. 

Though important, hoped-for intangibles are not listed. These are 
mainly intellectual attitudes and aesthetic reactions. They are extremely 
difficult to evaluate in any program of teaching and are primarily imparted 
through the scholarship, sincerity, and enthusiasm of the tcachen 

The first of the listed objectives can reasonably be achieved by an inten- 
sive one-year course, integrated or not, or by a course spanning several 
years. A priori, it would seem that exposure over a longer period of time 
should be more effective in teaching the facts of geometry, but this judgment 
needs to be verified empirically. 

Proof and AxiomalicB 

We are concerned here with the second and third objectives, namely, 
proofs and axiomatics. The mathematician knows that these two objectives 
are not separable, since a proof cannot be devised that is not ultimately 
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based on axioms. Bui in UnificJ Modem Maihenuuks. axioms noi ex- 
plicitly sialL'd arc basic U) some of llic proofs. Many iicomctry textbooks 
have such prools. Therefore the question is. Can we tcaeh students to 
recognize validity in proofs and to write pro(^fs thnt arc based on tacit 
axioms? Let us for convenience eall sueli proofs iujormul 

An example of an informal proof occurs lor the theorem that slates ihat 
the diagonals of a parallelogram bisect each other. The matlicniatieian will 
lirsl try to show that the diagonals intersect. This is not done in many high 
school geometry texts. To the student it is so obvious that he sees no need 
to prove it: but that diagonals bisect each other is not obvious to liini. since 
he knows mcasurcmcnls entail errors and doubts. To remove these doubts 
there is need for deductive proof. 

SSMC'IS meets this problem by introducing informal proofs as early as 
in Coursi' I . \ or instance, the basic properties of isosceles triangles and 
parallelograms are proved hy isometrics while assuming, without fuss, .such 
statements as this: Under any isometry the measure of an angle is the same 
as the measure of its image angle. Such proofs arc not confined to geometry. 
In chapter 1 I. "HIcmentary Ntmibcr Theory." o{ Coi4f\\r /, there is a proof 
of the statement about natural numbers. *Mf a divides he and a and h are 
relatively prime, then a divides c." 

Chapter 1. "Mathematical Language and Proof." in Course 2 introduces 
such concepts as logical connectives, conditicmal and bicondiiiona! slate- 
mcnt.s, quantified statements, rules of inference, and direct and indirect 
mathematical proofs. I hese notions find immediate applications in chapter 
2, "Groups." where after some examples of models, the formal definition 
of an abstract group sets the stage for proofs of theorems. These theorems 
arc then applied to models of groups, not all of them consisting of numbers. 

As already mentioned, the notion of an axiomatic system is inlrodiiced 
in Course J, where, naturally, theorems are proved deductively. 

It should be noted that the definition of a group supplies the axioms. 
Moreover, the multiplicity of models of a group makes it easier for the 
student to understand the abstract nature of what is heing defined. The 
terms in ibis definition are undefined. 

Geometry, unfortunately, docs not have a multiplicity of models. Unlike 
a group, each proof in geometry iias a diagram. The set of diagrams is the 
only model, and the student finds it easy to confuse the model with the ab- 
tract system in which some terms arc undefined. As an example, consider 
again the proofs offered by a mathematician and by a student for the 
theorem that the diagonals of a parallelogram bisect each other. Why docs 
the mathematician prove that the diagonals intersect, but the student does 
not? The mathematician is talking about an abstract or mathematical 
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parallclognim. The sUiJcni is talking about the physical diagram of a 
parallelogram. 

Such examples in the traLlitional geometry course abound. Many involve 
properties hall'-pluncs and the orOcr uf points on a line. They are lo be 
found » for instance, in the topics of alternate interior or corresponding 
parallel angles of lines and sums of measures of angles of a polygon. E\'Cn 
with the irnprovemcnis in the two geometries of the School Mathematics 
Study Group ( SMSG }. tacit assumptions in the traditional course still occur. 
A geometry text written otherwise would be far beyond the capabilities and 
interest of most high school students, even those who are college liound. 
MotU'rn Coordinate Ch'Ofuctry, a carefully written gconieti*\ that has a com- 
plete SCI of axioms, appeals oulv lo a small number of students interested 
in mathematics. 

Seen in this liyht, a good areument can be made for SSMCIS: it tenches 
the nature of proof without being rigorous in developing geometry axioniati- 
cally. However. SSMCIS does not neglect the notion of axiomatics. Indeed, 
after some infomial preparatory treatment, it axiomalizes the notion of 
groups (as already mentioned), fields, vector spaces, probability, iinite 
geomclries, and the laws of exponents; but when a proof is too diflicuh for 
most students* they are asked to accept the theorem if it is made plausible 
by other methods. 

As we need lo recognize* little of the spirit or the method of axiomatics 
is present in the traditional tenth-grade geometry course. It cannot there- 
fore be justly charged that a program of teaching geometry as part of an 
integrated course over a number of years weakens the objective of teaching 
axioniaties. Moreover, the spirit of axiomatics is better taught in small 
systems, not in long* drawn-out ones where the overwhelming number of 
trees (theorems) interferes with the keen awareness of the forest (system). 
If axiomatics is to be appreciated, a system having a variety of models 
should be used to clarify its abstract nature. 

Seen in this light, proof may be accepted as a method cither lo convince 
(to prove true) or to interrelate a set of statements in order to display a 
logical structure (lo prove valid)* and consequently it has a part to play 
in both informal and tom^al mathematics. In either case, proof has a real 
place in a course in integrated mathematics. 

Summary 

The teaching of geometry as part of mathematics conceived as a unified, 
or integrated, whole is made possible by the multiplicity of approaches: the 
synthetic methods of Euclid, coordinates, transformations* mass points, 
matrices, complex numbers, and vector spaces. It is possible — perhaps 
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advisable — to begin with affine geometry and work into Euclidean geometry 
through inner products, perpendicularity, and a distance function on pairs 
of points. 

The trend toward the integration of geometry with other branches of 
mathematics was late in getting started. It was given a significant impetus 
by Felix Klein and tried in the United Stales by John A. Swenson. This 
integration has encouraged the inclusion of coordinate geometry in the 
tenth grade. 

A thoroughgoing attempt at teaching geometry as part of a unified 
mathematics is made by SSMCIS in their six courses in Unified Modern 
Mathematics for grades 7 through 12. Characteristic features of this text 
series arc — 

1 . the spread of geometry topics over six years; 

2. the central position of transformations; 

3. the early introduction of matrices; 

4. the omission of some of the traditional topics in geometry; 

5. the early introduction of coordinates; 

6. the early introduction of three-space geometry, which is presented 
informally; 

7. the early introduction of the meaning of axiomatics but no com- 
mitment to use the method exclusively (in fact there is frequent use 
of informal methods); 

8. the use of geometry as a model of an abstract vector space. 
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An Eclectic Program 
in Geometry 

JACK E. FORBES 



'J'he systematic solution of any curriculum problem consists of the 
consideration of four basic questions, in the following order: 

1. Why should instruction in this content area be included? 

2. What topics from this content area should be selected? 

3. When should this instruction be included? 

4. How should this instruction be carried out? 

Most of the work on new curricula in geometry has been directed at 
answering one much more limited question: Given that (a) most instruc- 
tion in geometry will take place in a one-year course following one or two 
years of instruction in algebra, {b) the essential content of this course will 
be some subset of the geometric content of Euclid's Elements (4), and (c) 
the content will be developed in the spirit of Euclid's Elements as a unified 
mathematical system whose "objects'' are abstractions and with most of 
the facts about the system being deduced from a limited number of unde- 
fined terms and assumptions, how can such a course be taught so as to be 
meaningful and useful to the wide range of students who will take it? Note 
that this question assumes answers to questions 2 and 3 presented earlier. 
It ignores question 1, leaving only question 4 to be answered. 

It would be unfair to imply that no attention ha2 been given to when 
geometric topics should be taught. The increase in the geometric content 
of textbooks for elementary school (an increase not always reflected in 
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ihc ainouni of gcomciric inslruclion given) has been dnimaiic. Mosl see- 
on Jiiry proLTnms include some analylie gcoinelry in both (he tirsl and ihc 
second courses in aigebra. Geomcirie ill usi rations of imporianl properties 
of functions, such as continuity, periodicity, and bounded variation, aeeom- 
pany the increased emphasis on these properties in trigonometry courses. 
Sonic programs go mueh further in integrating geometric content with the 
other content of school mathematics. (See chapter 9 lor one such program.) 

Still, the geometric experience of most students is largely concentrated 
jn a one-year *'forma!" course in geometry, li is for this course (hat most 
new materials in geometry have been written. AlUiough the variation in 
these materials is broad, they differ primarily only in how the instruction 
is to be conveyed — synthetically, numerically, using coordinates, using 
vectors, using transformations, and so on. They are remarkably similar 
in content and organization, llie content is essentially some sub.set of the 
geometric content of Euclid's lile merits. Variations in content .and organiza- 
tion arc largely those necessary for the developmeiil of the particular mathe- 
matical tools to be used, together with some enrichment topics. The 
organization of the content is that of a single deductive system, with mosl 
results being derived from one of several lists of undelined terms ai.d pos- 
tulates in a more or less rigorous manner. Thus both the content (Euclid- 
can) and Ihe spirK (deductive I of traditional geometry courses remain 
largely intact. 

The impact of this formal course in geometry is felt throughout the 
curriculum. In the absence of well-e.stablishcd alternate objectives, ^'getting 
ready for geometry in high school" seems the de facto objective of most 
elementary school geometry instruction. This tends to determine both the 
content of elementary programs and the spirit in which they are taught. 

This formal cour.se in school geometry also inHuenecs the geometric 
education of teachers. The limited time assigned to instruction in geometry 
must be spent preparing them to teach a deductively oi iented course in the 
geometry of Euclid. 

Since the one-year course ir, high school geometry has such influence 
throughout the curriculum, it seems to deserve a more careful examination 
than it has been given. This examination should not tacitly assume the 
appropriateness of traditional content organization or the validity of tra- 
ditional (often unstated) objectives. In faci, the examination should 
begin with the consideration of why geometry and proceed to yrliat geom- 
etry, and only then consider the questions of when and iww geometry should 
be taught. One attempt at such an examination is given in the sections 
that follow. 

First, we shall list and comment on some of the commonly accepted 
objectives for a formal course in geometry. Next, we shall suggest geometric 
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topics — and approaches to these topics — that seem more likely to produce 
the achievement of those objeclives than any approach to traditional Eu- 
clidean content. Finally, we shall indicate how many of the advantages 
claimed for this new approach can be realized within the framework of 
existing courses with existing textbooks. 

OhjiH'lives 

There are many objectives for a formal course in geometry — some stated, 
some tacitly assumed, some vaguely hoped for. From recommendations 
that have been made and materials that have been written, it is rea.sonable 
to infer that the primary objective of the course is a content objective: To 
develop the entire body of traditional content as a unified, abstract mathe- 
matical system — a geometry of ideas — based on undefined terms and rea- 
sonable assumptions from which the remaining information is obtained 
by proper application of rules of inference. It is the basic premise of this 
chapter that this objective is not an appropriate one. 

Many observations support this premise. First, consider the fact that 
much of the content to be developed formally is not new to the student. 
He has had extensive exposure to it and has participated in convincing 
demonstrations of its validity within the context of a "geometry of pictures." 
It takes more mathematical maturity than most students possess to view 
results that they *'know" and "believe'' as merely conjectures that require 
formal proof. It demands considerable intellectual discipline to separate 
unusable observations from usable facts while continuing to u.se these 
intuitively appealing observations to give meaning to these facts. (We all 
know that congruence is an undefined term, but we continue to think "same 
size and shape" to give it meaning.) In short, as students say, *'lt's hard 
to pretend you don't know it and prove it." Abstraction, in mathematics or 
otherwise, is not easy. It is doubly hard when too much is known about 
one particular physical model for the abstraction — especially when that 
model is the all-pervasive "real world" of pictures and objects. 

Although no one would argue against familiarity on an intuitive level as 
a necessary aid to formal development, this is not the situation with most 
students. They are familiar with the results, and furthermore, they believe 
them in the sense that they have participated in demonstrations of them — 
demonstrations that to them may be more convincing than formal proofs. 
It is not surprising that an introduction to formalism in this environment 
leads to the common student definition of proof as "a formal argument 
establishing something you already know to be true." 

Not only does the student know much of the content of the traditional 
program, but his exposure to geometry has probably been limited to that 
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content. This makes it particularly difficult to motivate him to consider 
in depth the basic ideas thai are necessary in a formal approach. It is not 
easy to understand the importance of a concept when no alternatives to it 
have been encountered. For example, would the commutative property 
of addition be of interest if all operations on all numbers were commuta- 
tive? Similarly, is separation on a line an interesting concept until situations 
are known in which other types of separation apply, such as on a circle? 
Thus, not only an excessive familiarity with the content to be formalized 
but also a lack of experience with alternatives to that content make much 
of the introduction to traditional formal geometry '*much ado about 
nothing'' to many students. 

Further weaknesses of an attempt at a one-year course in formal geom- 
etry as a student's first exposure to an abstract mathematical system are 
intrinsic within the content itself. It is a system with a large number of 
undefined terms and a large number of assumptions. In modern treatments 
of this content it is common practice to introduce these terms and assump- 
tions as needed, that i.s, to develop the overall system as a hierarchy of 
related suL stems, such as incidence, order, congruence, and so on. 
Whereas this practice reduces the impact of the massiveness of the overall 
structure, it does not alter the fact that the student is engaged in a yearlong 
task of the construction of an enormous, complicated structure as his first 
try at coping with an abstract system. He is being asked to ''run hard and 
long'' as his first attempt at walking! 

An in-depth look at the various subsystems of which Euclidean geometry 
is composed p iiits up additional problems. First, the nature of the con- 
tent of these subsystems is quite different. The results concerning incidence 
are far removed from those involving mensuration or parallels, and these 
results, in turn, differ greatly from those having to do with congruence. 
Since these results are essentially different, it should not be surprising that 
any one approach — synthetic, vector, or coordinate, for example — may 
produce a very simple development of one subsystem while being far from 
optimal for the development of another. These essential differences in the 
subsystems raise the question of the appropriateness of any approach to 
the traditional content as one abstract system. 

Furthermore, the various subsystems differ greatly in the leveJ of sophis- 
tication of the concepts they include. This would not be a serious problem 
if it were possible to study them in the order of their increasing sophistica- 
tion. However, these subsystems rest upon each other in a relatively 
inflexible sequence with some of considerable sophistication coming near 
the beginning (e.g., separation). This necessary, logical ordering precludes 
a pedagogically acceptable sequencing from easy, to hard, to harder, to 
hardest. Maintaining a uniform level of rigor throughout produces a broad 
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range of levels of diflieiilty for students and produces these in a far from 
optimal sequence. Allowing the level of rigor to lluctuate so that levels of 
diiriculty are controlled tends to induce even more student confusion about 
when fie is to accept something and when he must prove it. 

This heterogeneous nature of the content of the traditional program is 
not surprising. It has been developed as an abstraction from the real world, 
which is itself quite complex. One should not fault the system. However, 
it is appropriate to ask why a student's initial contact with the concept of 
producing and working with abstract systems should be with one of such 
breadth and complexity, 

That Euclidean geometry is a good abstract system in that it fits the 
real world **in the small" cannot be denied. In fact, in a sense it is too 
good — or at least too complete — to illustrate to students the eJfieiency of 
working with abstractions. A primary motivation for work with abstract 
systems is that a result established onee in i^eneral can be used with esseti- 
rially diflercnt models for the system. Unfortunately, this is not so with 
Euclidean geometry. The structure of this system is so extensive that it is 
categorical. That is, any two models of the system arc isomorphic — 
esse fUi ally the same. This is a satisfying logical result inasmuch as it shows 
that the system provides a delinitive description of the physical model from 
which it was abstracted — the real world "in the small." However, it is a 
"so what" result to students. Would not the value of working with abstract 
systems be much better illustrated for iheni by the consideration of simpler 
systems for which there exist non isomorphic models, for example, vector 
spaces, fields, projective geometries, or models for proper subsets of the 
complete set of Euclidean postulates? 

As noted earlier, instruction in geometry throughout the curriculum — 
from elementary school through the education of teachers — is dominated 
by this one-year course in formal geometry. More precisely, the cur- 
riculum is dominated by the primary objective (geometry as a unified 
abstract system) of that course, in particular, attempts to achieve this 
primary objective set the environment within which other worthwhile 
objectives for the course must be achieved. Let us consider the following 
list of such objectives (including the primary one) and comment on the 
positive and negative contributions that the attempts to achieve the pri- 
mary objective make toward the achievement of the others: 

1. (Primary objective) To develop the entire body of traditional con- 
tent as a unified, abstract mathematical system 

2. To develop within students an appreciation for both the intellectual 
strength and the intrinsic beauty of working with abstractions 

^ 3. To provide students with the opportunity for original investigation 
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and (he construction of valid arguments within tl.'c coTv^xt of geo- 
metric content 

4. To extend the students' facility in dealing with rcai-world problems 
involving geometric content 

5. To exhibit the unity of mathematical ideas through an integration 
of arithmetic, algebraic, and geometric concepts 

6. To build the students' geometric intuition so that geometric models 
can be used in further mathematics instruction 

7. To introduce those mainstream mathematical ideas that arise most 
naturally within the context of geometry 

Even a casual reading of this admittedly limited list of objectives raises 
the question of the existence of any single approach to any unified body of 
content that will maximize the probability of the achievement of such 
diverse objectives, considering the wide variety of students served by a 
formal course in geometry. If these objectives are not contradictory, they 
are at least not complementary! Some are very difficult to achieve within 
any context. Let us consider sonic of the particular problems that accom- 
pany attempts to achieve these objectives within the context of a unified 
approach to traditional content, regardless of the mediating devices used. 

Objective two — appreciation for the value of using abstractions — is an 
objective in the afTective domain. It is even more difficult to determine 
how attitudes are formed than it is to describe how cognitive skills are 
attained. Still, it seems safe to say that many of the observations made 
earlier about a singie-abstract-system approach to all of traditional content 
would support the assertion that such an approach is not conducive to the 
achievement of this attitudinal objective. The excessive familiarity with, 
and belief in. the content, the complexity, the massiveness, and the hetero- 
geneity of the system and the lack of payoff inherent in a categorical system 
seem more likely to '*turn off" than ''turn on" students. The author (and 
probably many readcs) can produce empirical evidence of this result. 

Within a program whose primary objective is the development of tradi- 
tional content as a single abstract system, the achievement of objective 
three — providing opportunities for original investigation — is usually as- 
signed to those problems often referred to as '^originals." Unfortunately, 
most interesting originals are based on considerable structure and therefore 
appear too late in the course to salvage ihc interest and creative spirit of 
many students. Furthermore, many are of a "so what" nature even to 
those students who can cope with them. Yet many teachers report work 
with these problems as the high point of the course from the standpoint 
of student interest and subsequent effort. Surely, original investigation is 
important both in itself and for the contribution it can make to developing 
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appreciation for the mathematical method. Consequently, several impor- 
tant questions about the program in geometry are raised. Is it possible to 
provide students with more such opportunities for original investigation, 
but at an earlier time and in a less complicated geometric environment? 
Is this possible within the environment of the single-abstract-system ap- 
proach? Is it easier to achieve with some other approach? What should 
be the relative values of the single-system and original-investigation 
objectives? 

Objective four — extending the students' facility in dealing with real- 
world applications of geometry — is an important one. Its connection to 
the achievement of the objectives of developing appreciation and providing 
for original investigation is obvious. It is also closely connected to objective 
five — integrating mathematical concepts. Objective four is certainly not 
incompatible with a single-abstract-system approach to geometry. How- 
ever, such an approach is in no sense necessary for the achievement of this 
objective, nor is a consideration of real-world applications a necessary part 
of such an approach. In fact, doing all that is necessary within a formal 
approach often leaves little time to emphasize applications. It is certainly 
safe to assert that the deletion or modification of the single-abstract-system 
objective would not preelude, and might well aid, the achievement of 
objective four. 

The effect of the primary single-abstract-system objective on the achieve- 
ment of objective five — unifying mathematical ideas — depends to some 
extent on the approach used in developing the overall system of geometry. 
Surely, Birkhoff's postulates (2), which include number from the begin- 
ning, contribute more to achieving objective five than Hilbert's (8). Most 
treatments using coordinates, vectors, or transformations make even larger 
contributions. Still, it is questionable whether this important objective can 
be optimally (or even adequately) achieved through any approach as a by- 
product to the achievement of the primary objective. 

At first thought, objective six — the building of geometric intuition — 
seems directly contradictory to the abstract-system objective. How can a 
student's intuition be developed while his reliance on that intuition is simul- 
taneously reduced by a demand for rigorous proofs of what he often 
considers intuitively obvious? However, any continuing, meaningful experir 
ence with concepts should contribute to intuition concerning those concepts. 
Whether the abstract-system approach makes a maximum contribution to 
the achievement of this objective is open to serious question. Also, the 
scope of traditional content, as broad as it is, docs not provide experience 
with all aspects of geometry with respect to which intuition is important 
(e.g., the important relationships between algebraic and geometric 
constraints). 
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One reason given to support the use of coordinates, vectors, or transfor- 
mations in the development of formal geometry is the contribution such an 
approach makes to the achievement of ohjeciive seven — the introduction of 
mainstream ideas within a geometric context. Other reasons arc that such 
use "makes geometry easier" and contributes to achieving the objective of 
unifying mathematical ideas. As noted earlier, the heterogeneous nature 
of traditional content makes the selection of (lie most appropriate tool 
difficult, for what works best with one subsystem may be far from optimal 
for another. Why not develop facility with a wide variety of tools and use 
each where most appropriate? There simply is not time enough for this if 
one is to achieve the primary objective of presenting all traditional content 
in a formal manner. If one is willing to modify the single-system objective, 
it should be possible to provide opportunities to work with the wide variety 
of interesting mathematical tools whose introduction is most natural within 
the context of geometry. This seems, perhaps, the most compelling argu- 
ment for considering the abandonment or modification of the single- 
abstract'System objective. 

It is easy to see that the primary objective — the development of all tradi- 
tional content as a single, abstract mathematical system — influences, in 
fact dominates, all other objectives. As stated earlier, it is the premise of 
the author that this primary objective is an inappropriate one. It is too 
limiting in its effect on other worthwhile objectives, in the narrow view it 
gives of geometry "in the large," and in its contribution to the overall 
mathematical development of the students. This is not to say that experi- 
ence with an abstract system (or systems) is not an important objective 
of instruction in geometry, but rather that for the reasons stated earlier, 
all traditional, Euclidean geometry is not the best system with which to 
begin this experience. 

In the sections that follow, we shall use a modified version of objective 
oner 

1*. To use geometric content to provide students with the opportunity 
to work with abstract mathematical systems 

Within the broader context of this set of objectives, we shall make some 
recommendations for an improved program in geometry. 

An Eclectic Approach to Geometry 

It is traditional to build a curriculum in geometry by beginning with the 
primary single-abstract-system content objective^ next determining how 
to conduct the instruction so that this objective can be achieved, and 
finally doing as much as possible within this limited context to achieve 
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Other worthwhile objectives. We shall take a difTcrent approach. Having 
discarded this al!-pcrvasivc primary objective in favor of a more limited 
one, we are now free to look at all the eontent of geometry — not just that 
contained in tiic traditional program— and select those geometric concepts 
that will make maximum contributions to the achievement of all our 
instructional objectives. In this new atmosphere of freedom, one is imme- 
diately impressed with the wide choice of "good things to do." 

in recognition of the broad spectrum of content within geometry, the 
diverse nature of the objeclives to be achieved, and the wide range of 
interests and abilities of the students who take this one-year course in 
geometry, one would surely opt for a ^'unitized" program with many of 
the units largely self-contained. It seems unwise to surrender our newly 
acquired freedom from one massive single-structure approach to any 
alternative unified treatment, which is likely to have all the disadvantages 
of the traditional program with, perhaps, even fewer advantages. Rather, 
we shall choose to construct units thai will have both logical and peda- 
gogical reasons for their existence. That is, units that are natural entities, 
not merely collections of bits and pieces of gcomctr>'. Each unit will be 
constructed to make particular contributions to the achievement of one or 
more of the objectives (1* through 7) of the course. 

In the remainder of this section, we shall give descriptions of some such 
units. This list of units is intended to be representative, but in no sense 
exhaustive. Which of these units a given teacher might select for a given 
class depends on the relative value the teacher puts on the various objec- 
tives, on the backgrounds, interests, and abilities of the students, on the 
students' future educational plans, and on many other local variables. 
Whereas some units should be part of a common background of all stu- 
dents, other units could be assigned to subsets of the class on the basi.s of 
particular interests. Perhaps members of each such subset could present 
an overview report of their work as a class project. 

The numbering of the units is largely arbitrary. When an interdepend- 
ence of units exists, it is noted. With each unit are listed the course 
objectives relevant to it and the references in which background informa- 
tion can be found. 

Unit I — review, organization, and extension of traditional content (two- 
dimensional) 

This unit contains the important basic terms, facts, results, and formulas 
of the traditional program. The objectives are to develop, the ability to 
recall, recognize, and use all of these. Minor emphasis would be placed 
on foundations; the abstract nature of the subject would not be stressed. 
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However, limitations of pictures should be pc-'nlcd out. As students 
progress through the unit, there should be a gradual shift toward more 
formal argument as a basis for establishing results. No elaim of rigor 
should be made. 

The content of this unit includes the basic terms, facts, results, and 
formulas concerning incidence, order, congruence, similarity, parallelism, 
and mensuration. Regdlar reference should be made to what is being 
assimied and to whieh assumptions are essential and which could he estab- 
lished. Alternatives to the observations about separation, pamllclism. the 
ordinary distance function, and so on, should be mentioned as possibilities 
for later investigation. Informal observations about the infinite extent, 
compietcness, Archimedean property, and so on, of the line and possible 
alternatives to these should be inserted and, if interest develops, expanded. 
Informal treatment of the limit concept should accompany discussions of 
the circumference and area formulas for circles. 

This unit should be studied by all students early, but perhaps not first, 
in the course. It may be better to begin the course with a shorter unit 
assured to be new and of high interest to all, such as unit 4 or unit 7 of this 
section. 

In terms of the course objectives, unit I makes a major contribution to 
the achievement of objectives three tJirough six — original investigation, 
real-world applications, integration of previous learnings, and developing 
intuition. 

The content, but not the spirit, of many existing texts could serve as 
material for this unit. However, this content .should be approached in a 
developmental and experimental, as opposed to a formal, spirit. For a 
sample of geometric material written in this spirit, see (6). 

On completion of this unit, the student would take all this basic content 
as **known and usable,'' with no distinction between assumptions and 
derived results. With this large amount of Dackground, much interesting 
geometry can be done. 

Unit 2 — modern topics in Euclidean }*eomeiry 

Until the emphasis on foundations of geometry in the last fifteen years, 
a course in modern geometry or college geometry was part of the under- 
graduate education of most teachers. Such courses were usually based on 
the Euclidean postulates but presented results not contained in Euclid's 
Elements. (Here, "modern" means post-300 B.C.!) Many of these results 
arc less sophisticated than some in the traditional program. Furthermore, 
many will be new and unexpected for most students. Some such results in 
the plane follow. 
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Memei.aus's theorem. Given trianfyle ABC and points X, Y, and Z on AB, 

BC, and CA, respectively, (Sec fig. lOJ . ) Then X, Y, and Z are collinear 
if and only if 

AX BY CZ J 

XB YC ZA 

Here AX, BY, and so on, denote the directed distances from the first point to 
the second. Why cannot exactly one of the colHncar points be between vertices 
of the triangle? 




Fig. 10.1. Two cases of Menclaus's theorem 

Desargues's THEOREM. Given triangles ABC and A'B'C such that AA\ BB\ 

and CC intersect at point then the points of intersection of the lines con- 
toining corresponding sides are collinear. (See tigs, 10.2-10.4.) 

There may be three (fig. 10.2), two (fig. 10.3), or no (fig. 10.4) points of 
intersection of corresponding sides. Why not one? 
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B' 



Fig. 10.4. Desargues's theorem — zero points of intersection 

Pascal's theorem. Given simple hexagon ABCDEF inscribed in a circle, then 
the points of intersection of the lines containing opposite sides are col linear, 
(See figs. 10.5- 1 0.7.) 

There may be three (fig. 10.5), two (fig. 10.6), or no (fig. 10.7) points of 
intersection of pairs of opposite sides. Why not one? 

Quadrangle theorem. Given the simple quadrangle PQRS whose opposite 

sides intersect at points X and Y and in which PR and QS intersect XY at 
W and Z (see fig. 10.8). then 

xw ^ xz_ 

X[V, WY, and so on, denote directed distances from the first point to the second. 
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Fig. 10.8. Quadrangle theorem 

All these, and many other theorems from modern geometry, are easy 
to prove. Some (especially Desargucs's theorem) give rise to many inter- 
esting straightedge constructions. The quadrangle theorem introduces the 
concepts of double ratio and harmonic sets of points, which are closely 
related to harmonic progressions of numbers. Pascal's theorem holds for 
other conies also and forms the basis for straightedge constructions of 
points of a conic and tangents to conies (see unit 10, later in this section). 

A unit such as this one can contribute to the achievement of the objec- 
tives on original investigation, application, and (since many such theorems 
involve numerical results) integration of previous learning. 

Source material for such a unit can be found in any text on modern or 
college geometry, (3) or (14), for example. 

Vnh 3 — coordinate systems 

Students entering a geometry course will be familiar with Cartesian 
coordinates for the plane from first-year algebra. Following are some 
topics that can form, or be included in, this unit. 

1. The distance formula, concept of slope, formula for the coordinates 
of midpoints of segments, and slope condition for perpendicularity. 
Their use can be illustrated by establishing some of the "known" 
results from unit 1. This should include discussions of selecting 
coordinate systems so that no generality is lost but the algebra is 
"easy." For example a proof using coordinates is given in figure 10.9. 

2. A simplified version of the work of Descartes with points, lines, and 
between defined in terms of real number arithmetic and algebraic 
forms, with the subsequent establishment of the basic assumptions 
of unit i as theorems (5, pp. 96-102). 

3. Locus problems, including locus definitions of conies. 
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Theorem. The diagonals of a rhombus intersect at their mUipomfi and are perpendicular. 

Proof, Given rhombus P^PiP-P^, the coordinates of its vertices may be selected as 
shown in the accompanying figure. By the midpoint formula, 

the midpoint ofT^ = ~ 

and 

the midpoint of PrP7= (" +-'". ' "J 

Since these midpoints are the same point, ihe diagonals intersect at their midpoints, 
By the slope formula, 

the slope ofP^, = " 
a -\- c 

and 

the slope of^^s = ~ ^\ 

c — a 

Since 

\/r^ - ^2 - Vc^ - a'^ ^ -(c* = ^\ 

o + c c — a c"^ — a"^ 

the diagonals are perpendicular, by the slope condition for perpendicularity. 

Fig. 10.9. A proof using coordinates 



4. One- and two-parameter families of lines with emphasis on the rela- 
tionship between algebraic and geometric constraints. 

5. Parametric equations, of lines and other curves, orientation of curves, 
motion along a curve. For example, suppose {x, y) is the position 
in a plane of particle P at time t (with ~1 < ^ < I ) and 

y = ^ 

Describe the motion of the particle (see fig, 10.10). Write para- 
metric equations for the motion of a particle that moves along the 
same curve from (^1, 0) at / = —1 to (1, 0) at / = 1 (two answers). 
See figure 10.11. 
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Ft = location of F at time /. 
Fig. 10.10 
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For - 1 < / < 1 




Fig. 10.11 



6. Other coordinate systems for a plane: polar coordinates, iionrectan- 
gular versions of Cartesian coordinates (nonperpendicular axes), 
algebraic and geometric consequences. 

A unit containing some of these, or comparable, topics would make 
major contributions to the achievement of the objectives dealing with 
original investigation, applications, integration of previous learning, devel- 
opment of intuition, and mainstream ideas. A rather formal treatment of 
topic 2 provides worthwhile experience with an abstract mathematical 
system. 
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Source material for these six topics can be found in most texts on ana- 



Unit 4 — mathetnatical systems 

In selecting topics to aid in the achievement of objective one — ^work 
with abstract systems — we can choose any one of several subsets, such as 
incidence, of the overall structure of Euclidean geometry and treat it in a 
more or less traditional, or formal, manner. However, a better choice 
would be finite projective geometry because here formalism is forced on 
us and intuition is no help at all. Furthermore, this system has minimal 
structure — four axioms (16, pp. 34-36). These four axioms exhibit a 
symmetrv (duality) in terms of points and lines absent from Euclidean 
geometry. (Why? Each pair of points determines a line. Some pairs of 
lines determine no point.) It is a remarkable result of this system that 
specifying that there are to be n points on one line assures exactly n points 
on every Jir.c, n lines on every point, and n- — n -\- \ points in the plane. 

The following axioms give a seven-point projective geometry (see fig. 



lytic geometry, for example, (11) and (13). 



10.12); 



Axiom 4 



Axiom 1 



Axiom 2 



Axiom 3 



There exist a point ami a line that arc not incident. 
Every line contains at least three points. 
Any two distinct paiim are joined hy exactly one line. 
Any two distina lines in tensed in exactly one point. 



Model. 



Points: A,, A.., A.-^, A,, A^, A,,, A7. 

Lines: {A,. A., , (A^, A,,A;], {A^, A,, A,}, 



jA,., A-, A;), (A.J, A„ A,.}, 
[A,, A,;,A:j, |A„A„A,1. 



1 \ 



\ 




Fig. 10.12 
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Another interesting system for study is rationai-point geometry, a 
geometry whose points are those points {x,y) of a coordinatized Euclidean 
plane with both x and y rational numbers. Two such points determine a 
line cue by -j- c = 0 with a, h, and c rational numbers. Are such lines 
"full" of points in the Euclidean sense? Although the circles -f y" = 4 
and (x — 3)-4-y-=:4 have common interior points, they have no points 
of intersection. Can this happen in Euclidean geometry? Why or why not? 
Questions like these concerning these two geometries can form the basis 
for a discussion of the need for some of the less intuitively appealing 
Euclidean postulates. 

The main purpose of this unit is the achievement of the objective con- 
cerning work with abstract systems. However, it can also contribute to 
the objective of producing appreciation for the mathematical method and 
can aid in strengthening intuition. 

Unit 5 — other geometries 

The geometric systems discussed in unit 4 exhibit alternatives to the 
incidence and completenes?. results of Euclidean geometry. It is also inter- 
esting 10 consider alternatives to other basic ideas of Euclidean geometry 
and the consequences of these alternatives. We might ask the following 
question: 

What if on each line there were one *'new"' point that is the point ol 
intersection of that line with all lines that were parallel to it and all these 
'*ncw" points lie on one "new" line in the plane? 

What results of Euclidean geometry (besides the parallel postulate) would 
be changed? What about betweenness on these new lines? Compare with 
bctweenness on a circle (16, pp, 47-50; 12, chap. I). What about a 
coordinate system for this "augmented" Euclidean plane? (See 16, p. 60 J 
Would such a geometry have any applications? (See 10.) 

What if the set of points remained the same as in ordinary geometry but 
there were more than one parallel to a given line through a given point? 

What else would be different from ordinary geometry? What would be the 
same? (See 16, chap. 1; 17.) 

What if we consider "distance between points" as \vc would ''^ a city wilh 
rectangular blocks, that is, distance along the streets? 

What properties does ordinary "straight line'' distance share with this new 
concept of distance? Are there other ideas of distance that also have these 
properties? 

Each of these sugg^Jtions could be a unit in itself. In addition to the 
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references given, any book on classical projective geometry will give back- 
ground material for the first suggestion. A source for the second is any 
book on classical non-Euclidean geometry. Information related to the 
third suggestion can be found in a text by Eves and Newsom (5, pp. 
247-49). 

Such a unit (or units) can contribute to the achievement of the objec- 
tives of working with abstract systems, developing appreciation, pro- 
viding opportunities for original investigation, and providing new applica- 
tions of geometry. 

Unit 6 — transformations 

Proposals and textbooks for the use of transformations as the method 
for presenting a unified program of more or less traditional content exist 
(see chapter 6). This is not what is meant here; rather, the purpose of 
this unit is to teach about transformations using the basic facts of geometry 
from unit 1 as a mediating device. One can view a particular geometry 
as the study of those properties of figures which are invariant, or .un- 
changed, under a certain type of transformation. This is the view taken by 
Klein in his Erlanger Programm (9; 16, p. 65). Such an approach can be 
carried out at any level of formalism, from the very intuitive 'to the very 
rigorous. It can be done with or without using coordinates. Such sets 
(groups) of transformations vary from the quite restrictive "rigid motions" 
of Euclidean geometry through homothetic transformations (dilations and 
translations), similarity transformations, afline transformations, inversions, 
and so on. Of course, a detailed study of any of these can become quite 
deep; however, with a minimum amount of complexity much can be 
learned. A basic result concerning dilations is shown in figure 10.13. 

^In particular, many of the results covered in unit I can be established 
easily with very little "machinery." It is only when one demands that the 
entire traditional program yield to a transfonnation approach that sophisti- 
cated facts about transformations are necessary. 

If coordinates are used, matrices can be introduced to represent trans- 
formations, thus introducing students to a powerful mathematical tool in- 
a completely natural setting. 

In addition to the references already noted, any textbook using trans- 
formations could be used as source material for this unit. (See chapter 6 
for references.) A?? the use of existing texts for unit I, the use of 
these texts will probably require deviation from the unified-system spirit in 
which they are written. A particularly interesting unit could be based on 
the ideas of Giles (7). 

A unit like this one can make major contributions toward the achieve- 
ment of the objectives concerning original investigation, integration of 
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P2 (^z^J\) 



Theorem. Under (he (iiiadon x' = kx, y' = ky for k any nonzero real number, the image 
of any line is a line parallel to it. 

Proof. For any point P\ {Xu ^i), there is a unique image point P'l (Ajci, ^^'i). For any 

point P2 (■X'2, ^'2), there is a unique point Pz (^^^ '^^^ that has P^ as its image point. For 

P\ C A ax^ + byx + c = 0, so 

kiax, + ^vi + c) = o • ikxx) + h - (^v,) + kc = 0. 

Therefore 

P', ^ /': ax + by -\- kc = 0, 
and /' is parallel to /. (See the accompanying figure.) Also, for P2 ^ ax^ + byz + kc 
= 0, so 

I (^ax, + by, + = - ^.^ + • + r = 0. 

Therefore Pa C ' ^"d /' is the image of /. Note that for A- = I , /' = / for all /; for all / such 
that r = 0, /' = / for all k. That is, all lines containing (0, 0) are invariant under all 
such dilations; all lines are invariant under the identity transformation. 



Fig. 10.13. A basic result concerning dilations 



learning, intuition, and mainstream ideas, with special emphasis on the 
last of these. 

L/nii 7 — elementary topology 

This unit leads to the consideration of how geometric objects fit together 
in a plane and on other surfaces. Attention is focused on such properties 
as incidence, connectedness, and separation — properties independent of 
"size and shape/' More precisely, those properties that are invariant under 
very general transformations (homeomorphisms, which carry points "close 
together" into points "close together" and which have inverses that do the 
same) are studied. An appealing model is that of perfectly elastic figures 
(as opposed to the rigid figures of Euclidean geometry) that can be 
stretched at will and can be separated and put back together as long as 
points originally close together are put back close together. 
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With size and shape removed from consideration, the students' first im- 
pression may be that there is nothing left to study. However, they can be 
led to discover and prove the Euler formula 

R-A =2, 

which relates the number of vertices, K, and arcs, /4, of a connected plane 
network and the number of disconnected regions, R. into which the network 
partitions the plane. See figure 10.14. 




7?. — 

Fig. 10.14. The Euler-Poincarc formula for a plane network. Since K = 5, /? = 4, 
and /I = 7. K -h /? - /I (5 + 4) - 7 - 2. 

The establishment of a comparable result on a sphere and the observa- 
tion of the equivalence of a network on a sphere with the faces (regions), 
sides (arcs), and vertices of a polyhedron provide a simple proof of the 
existence of exactly five regular polyhedra. Consideration of a comparable 
formula on a torus (doughnut) leads both to a discussion of simply con- 
nected regions and to the discovery of an important method of classifying 
surfaces. 

Other paths of exploration lead naturally to the traversibility theorems, 
orientable curves, and the famous map-coloring problems. In few areas 
of mathematics can results and questions so close to those being considered 
; by active research mathematicians b*' presented in such a meaningful 
manner to secondary school students. 

This unit contributes to the achievement of the objectives on apprecia- 
tion, original investigation, integration, intuition, and mainstream ideas. 

Material for a unit such as this one is contained in (1 ) and (15). 

Unit 8 — vectors 

As was true with transformations in unit 6, the emphasis here is not 
on using vectors to teach geometry but on using the facts of geometry 
(unit 1) to teach about vectors. A free-vector approach with or without 
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coordinates is recommended. With coordinates, one associ^ites the ordered 
pair of real numbers (X,Y) with all directed line segments P,P> for which 

Xj — A-f = A" and Vj yi = Y 

with the convention that PJ^i = Pi, Now, each ordered pair {X,Y) is a 
vector Geometrically, the relation *1s associated with a given ordered 
pair of real numbers" is an equivalence relation on the set of directed line 
segments (including points). Any member of a given equivalence class is 
a reprt'sentotion of the associated vector. The arithmetic of vectors is 
defined by 

(X.Y) + (Z^V) = (X Z,Y + W) 
kiX,Y} = (kX, kY), 

for k any real number. 

From these definitions the triangle law and the existence of collinear 
representations of {X,Y) and kiX^), equidircctcd for A* > 0 and oppo- 
site-directed for k < 0, follow immediately. The parallelogram law is an 
immediate consequence of the triangle law and the frcc-vcctor concept. 
See figures 10.15 and 10.16. 

It is an easy exercise to show that (0,0) is the additive identity, that 
{-X-Y) is the additive inverse of {X,Y), and that -1 • (XJ) = 
— {X,Y), The distance formula for a coordiniatizcd plane yields 

length of {Xy) ^ ^X- + r- 
length o\k{Xy) = \k\ - length of {X,Y), 

With this structure it is easy to establish that 

{X,Y) and {Z,W) have collinear representations if and only if 
there is a real number k such that (X,Y) = k{Z,W), 




Fig. 10.15 
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X x-i — X\ Z - Xi — U — Xi — X] 

Y = y. - .r, \V = r, - y. V = v, - r, 

(A', K) + (Z, M/) = (A' + Z, y + W^) 

= {Xi - Xu Vj - Ti) 




Fig. 10.16 



This result leads to a discussion of the very important mathematical con- 
cept of linear dependence and independence, which is basic to the justifi- 
cation of techniques used to solve systems of equations as well as to many 
other important ideas. 

This minimal structure is sufficient for the proof of many of the results 
of unit 1. A proof using vectors is shown in figure 10.17. 

There are several directions we can go from here. The slope condition 
for perpendicularity can be used to establish that 

{Xy) and (Z.H^) are perpendicular if and only if XZ-vYW ^ 0. 

With this concept .oiany more results from unit I are accessible. 

An alternate direction is to increase the number of dimensions under 
consideration to three or more and consider previously discussed concepts 
in this new setting. Another possibility is to introduce the concept of a 
basis for the two-dimensional Cor higher) spaces and present transforma- 
tions in terms of changes of bases. 

It is also interesting to develop the entire concept of vectors in the plane 
without using coordinates. In this case a free vector becomes an equiva- 
lence class of directed line segments, with all structure developed com- 
pletely geometrically. It is an interesting challenge to define equivalent 
directed line segments (congruent and equidirected) using only the ideas 
of synthetic geometry. 

Chapter 8 of this yearbook, together wUh references listed there, contains 
background material for a unit such as this one (with, again, a possible 
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Theorem. The diagonals of a parallelogram intersect at their midpointa. 

Proof, let A/ denote the midpoint of P^P^, as shown in the accompanying figure. 
(To simplify notation, vectors are denoted by Greek letters.) The directed line segments 
P\Pi and PiPa represent the vectors a + & and ^ - a, respectively, by the triangle law. 
Since c is collinear with, equidirected with, and one-half the length of a + {j, we have 



Therefore Y 's collinear with, equidirected with, and o ne-ha lf the length of 3 — a- Hence, 
M is a point of P.Pi and is, in fact, the midpoint of P^Pa, as was to be proved. 



change in spirit). Such material is also contained in many analytic geome- 
try texts and in the introductos-y parts of college texts on linear algebra and 
vector analysis. 

This unit makes a major contribution to the achievement of the objec- 
tives dealing with abstract systems, original investigations, applications, 
integration of learning, intuition, and mainstream ideas. 

As with most of these units, this one has the advantage that it can be 
presented at many different levels for different classes or for different 
students within ^class. 

Unit 9 — Euclidean geometry in three dimensions 

" he spirit of this unit parallels that of unit 1. Little emphasis would be 
pla :ed on a formal development, but rather the major stress would be on 
developing intuition and perceptive abilities, with considerable work with 
mensuration being included. Study would not be limited to the solids of 
Euclidean geometry but should include surfaces of revolution, ellipsoids, 
paraboloids, and so forth. The ability to recognize and sketch curves of 
intersection should be developed. If this unit follows those on coordinate 




By ihe triangle law. 




so 




Fig. 10.17. A proof using vectors 
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systems, transformations, or vectors, then generalizations of the methods 
used there should be included. Material from traditional solid geometry 
texts can be used if the spirit of the presentation is modified. Most analytic 
geometry texts contain useful sections on three-dimensional geometry. 

This unit can contribute to the achievement of the objectives of original 
investigation, applications, integration, and intuition. 

Unit 10 — conies 

In unit 3, the introduction of conies as loci was recommended, and in 
unit 2, Pascal's theorem for a circle was presented. Many other interesting 
facts about conies arc also accessible. These include the following: 

1. Consideration of conies as plane sections of a right circular cone 
(after unit 9) 

2. Consideration of conies in the *'new'' augmented plane of unit 5, 
their equations in the ''new'' coordinates mentioned there, and their 
relationship to the '*new'' line of the ''new'' plane 

3. Discussion and proof of the standard paper-folding constructions of 
conies. Paper folding yields the set of tangent lines of the conies 
when, in all three cases, the point P is folded onto points T,. The 
fold lines are the lines X-.M-, of the figures in figure 10.18, and the 
points Xi are the points of tangency of these tangent lines. 

4. Extension of Pascal's theorem to conies and use of it to construct 
additional points of and tangents to conies. Observations that five 
independent conditions determine a conic and that there are five 
independent parameters in a general equation of second degree in 
two variables provide considerable insight concerning relationships 
between algebraic and geometric constraints — a logical extension of 
the situation for first-degree equations in topic 4 of unit 3. A problem 
involving the construction of conies is given in figure 10.19. 

Material for this unit is contained in many analytic geometry and classical 
projective geometry texts (11; 12, chap. 8). 

This unit contributes to the achievement of the objectives of original 
investigation, applications, integration, intuition, and mainstream ideas. 

This list of units is far from exhaustive. It is, however, representative of 
the types of things that can be done. No doubt each reader has thought 
of other possible units or of other concepts that could be included in the 
units described here. If so, the purpose for which this chapter was written 
has been achieved. It has been our objective to present a new way of 
thinking about a geometry program rather than to outline in detail what 
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THfORrNf, Let C ikniote a circle with center C ami radius of /ctt^th r, P 7^ C a fixed 



bisector of PT,, then — 

la) if P is a point of the interior of the locus of a/I X,for T, ^ C is an ellipse with 
foci C ami P: 

(b) if P IS a point of tin' exterior of the locns of all for T, ^ (B is o hyperbola 
with foci C and P. 

Proof For both (a) and (b), A X,T,M, ^ A X,PM, by SAS, Thus in both cases 
A',P, = X,T,. In (a), r =- X,C -^ 7. = X,C + X,P, Therefore, for each /\ the sum 
of the distances of X, from C and P is the constant r, which is the locus definition of an 
ellipse with foci Cand P. In (b), r = X,T, - X,C = X,P - XX. Therefore, for each /, 
the difference of the distances of X, from C and P is the constant r, which is the locus 
definition of a hyperbola with foci C and P, (Since A', = C for P ^ C the betwccnness 
relations T. — X, ~ C and T, - C — X, used above can be justified.) 

THEORiiM. Let I denote a line^ P ^ I a fixed point, 7, any point of /, and X, the point of 
intevs<*ction of the perpendicular bisector of PT, and the perpendicular to I at 7,, then 
the locus of ail X, for T, C ^ a parabola w ith focus P and directrix /. 



Proof APM,X, ^ ATM.X, by SAS. Therefore, X,P - X,T, and for each i,X, is 
equidistant from /*and /, which is the locus definition of a parabola with focus P and 
directrix /. 





P 



Fig, 1 0. 1 8. Paper-folding constructions of conies 
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Problem. Given points A, B, C, D, E of a conic, construct additional points of the conic. 

Solution. Let x be any line on one of the given points, say A. We shall determine an 
additional point X ^ x that is also a point of the conic (if such a point exists). Con- 
sider the six points A, X (as yet unknown), B, C A E and the hexagon AXBCDE de- 
termined by them in the order given. By Pascal's theorem for conies, lines containing 

opposite sides of this hexagon intersect in collinear points. Thus AX CD = P,, 

XB C\ DE ^ BC r\ EA ^ Ps. Since A and X lie on x, AX = x. Therefore P^ and 

Pz are determined. Thus, the Pascal linep is given by p = PiPj. Then DE f\ p ^ P« 
and PiB r\ x - X. (In the Euclidean plane some pairs of sides may be parallel If, for 

example, x and CD are parallel, p Is the line through Ps parallel to these lines, that is, 
Pt is the 'Ideal point" on these three parallel lines.) The first figure below shows the 
construction of point X as described above. The second figure shows several additional 
points obtained by repeating this construction using the same five given points. 

Fig. 10.19. Constructions of conies using Pascal's theorem 

such a program should be. One should think first of students and of a 
set of reasonable objectives for them to achieve within the context of 
geometric content and then choose the appropriate content for those stu- 
dents and those objectives. 

Each of the units discussed in this chapter is intended to contribute to 
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the achievement of several objectives. Which units are selected and how 
their content is approached would, of course, depend on such things as 
the background and interests of the teacher, the availability of appropriate 
materials, and the ability and interests of the students. Here again, one is 
impressed with the flexibility possible when the singlc-abstract-system 
approach to geometry is abandoned. For a class whose members have 
career goals related to science or mathematics, the units and approaches to 
units that would be most valuable for them might be selected. Perhaps a 
few units, in considerable depth, would be most appropriate. For a class 
of students taking geometry only for college entrance, a much different 
approach might be taken — perhaps more units with less depth of coverage 
and with special emphasis on the objectives of intuition, application, and 
appreciation. In fact, it is possible to select different units for different 
subsets of one class or different approaches to, and emphases within, a 
given unit for different students in one class. 

As stated early in this section, when freed from the limiting "all tradi- 
tional content as a unified, abstract system" objective, one is immediately 
impressed with the number of good things that can be done — and with the 
variety of ways of doing them — to provide a geometry program of sufficient 
flexibility to meet the mathematical needs of the wide variety of students 
who take geometry. 

What ahout '''oday V 

Some persons view a change of textbook as equivalent to a change in 
curriculum; however, this is not necessarily so. In fact, a change of text is 
neither necessary nor sufficient for a change in curriculum. Textbook 
changes occur at various points on the "time axis.'' Curriculum change is 
a gradual, continuing thing that can be speeded or slowed by textbook 
change. The ci^rriculum is "what happens in the classroom" through the 
interaction of i>tudents, teacher, and instructional materials. The major 
components of the curriculum are determined by the teacher. These are 
the objectives (stated or tacitly understood) of the instruction and the 
strategies selected to effect the achievement of these objectives. 

In the previous section we suggested a variety of sources of material for 
the units recommended. To expect any busy teacher or group of teachers 
to develop a complete course from a variety of sources in their spare time 
or in a short curriculum workshop is, of course, ridiculous. It is equally 
ridiculous to expect an instant change to a curriculum such as that recom- 
mended here even if a textbook containing such units were available. 
(Curriculum guides, standardized tests, and teachers trained in, and ori- 
ented to, the traditional content in geometry do exist!) Unless the teachers 



362 



GEOMETRY IN THE MATHEMATICS CURRICULUM 



involved arc committed to this new view of geometry, the use of such a 
text would no doubt produce frustration and an inferior program in 
geometry. If the teachers involved are committed to this view, then sig- 
nilicanl, though gradual, change can begin today — in any class with any 
text. 

Let us suggest how this can be done. It docs not require abandoning 
the content of the text, but it docs require a change in viewpoint concerning 
this content. It requires an attitude of flexibility, a willingness to sacrifice 
consistent rigor and abstract unity to gain breadth and depth of under- 
standing. This attitude can be described as one of "never proving the 
obvious, proving things only when proof contributes to understanding, and 
being willing to fall back on intuitive arguments when rigor is impeding 
understanding." Since Euclidean content consists of strongly interrelated 
subsystems, it is dangerous to omit a subsystem. However, some such 
*'minisyslems'*' (e.g., incidence) can be treated quite rigorously while 
others (e.g., separation) can be treated on an intuitive level, with the 
results of both equally accessible for future work. The tendency of most 
books to designate these subsystems by periodic introduction of axioms 
makes such changes in level easy. It seems best to maintain one approach, 
formal or intuitive, throughout a subsystem to avoid confusing students in 
regard to their teacher's expectations of them. Of course, the overall plan 
should be explained to them. 

This change in strategy is an important one. Not only will it smooth 
out the difficulty level of the course, but also it can introduce a vital spirit 
of freedom within which additional content, alternatives to Euclidean con- 
tent, and alternative methods of proof are possible. Moreover, the time 
saved by discussing informally both the obvious and the very difficult can 
be used to try small excursions into some topics recommended in the 
previous section without deleting any traditional content. For example, it 
takes very little time to provide sufficient background with coordinates, 
transformations, and vectors so that these tools are available for use when 
most appropriate (contrasted with the rather extensive background neces- 
sary if any one of these methods is to be used as the basis for all instruction 
in a formal course). Many topics suggested in the previous section provide 
the basis for informal discussions to establish important ideas in the text 
(e.g., separation on a circle or on a torus to develop an understanding of 
the significance of "ordinary" separation). 

How much can (or should) be done outside the traditional content the 

I. For this appealing term, as well as for reinforcement and expansion of his own 
views on geometry, the author is indebted to Irvin Vance of New Mexico State Uni- 
versity. 
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first time this approach is tried depends on many faetors — the ability of 
the elass, the background of the teaeher, the availability of reference 
materials, and so on. Perhaps little more than the adoption of flexible 
objectives in regard to textbook content and the encouragement of some 
student projects can be accomplished at the beginning. Still, this is an 
important step, for such a change will prove rewarding to both teacher 
and students, and this will, in turn, produce further change, more rewards, 
more change It is by such iteration that valid and lasting improve- 
ments in curriculum are made. 

Iniplicatioiis for TearluT Education 

If any proposal for curriculum change is to be adopted successfully, it 
must not require that teachers do things for which their education and 
experience has not prepared them. It should require neither massive re- 
education of practicing teachers nor major modification of the quantity of 
preserviee education of prospective teachers. The proposal made in this 
chapter with the iterative implementations of it recommended In the previ- 
ous section satisfies these criteria. However, changes in preserviee and 
in-service courses for teachers could aid and speed this implementation. 

What instruction in geometry has been (and is being) included in the 
preparation of most secondary teachers? Few undergraduate programs 
require more than one advanced course in geometry. This may be the 
''modern'' geometry described earlier — post-300 B.C. topics in Euclidean 
geometry. It is more likely to be a study of the foundations of Euclidean 
geometry using the postulates of Hilbert or Birkhofl". It may be a survey 
course in geometries, giving students a brief view of Euclidean, projective, 
classical non-Euclidean, and several other geometries, with attempts at 
comparisons of these. 

In addition, it may be possible for students to choose as elcctivcs courses 
in projective geometry, classical non-Euclidean geometries, or topology. 
Consideration of vector spaces is usually included in a required course in 
algebra, but geometric aspects or applications are seldom stressed. Trans- 
formations may also be included in this course, but again with little refer- 
ence to geometry. 

It seems fair to say that the geometric education required of teachers is 
minimal and what is available for election is not extensive. Still, to demand 
that three or four courses be required is unrealistic. Therefore, we must 
consider carefully the limited time we have for instruction in geometry and 
seek to maximize the contribution this instruction makes to what we would 
like a teacher to know and do. 

Courses in modern geometry usually give minimal consideration to the 
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foundations of EuJjdean geometry. They take school geometry as "given" 
and proceed to proving and applying theorems not contained in Euclid's 
Elements, As such, they provide some delimitation of the students' views 
of geometry. However, their primary objective seems to be to develop 
within prospective teachers the theorem-proving skills that these teachers 
should develop with their students. 

The purpose of most foundations courses is very simple. After a brief 
exhibition of the weaknesses of Euclid's postulates and, perhaps, some 
consideration of alternatives to them (Euclidean and non-Euclidean), one 
set of postulates is chosen (Hilbert or Birkhoff, in most instances) and 
Euclidean geometry is developed as a unified abstract system. In general, 
the postulate set is weaker, the detail greater, and the level of rigor higher 
than in the course the prospective teacher will teach. The overall strategy 
is to ''teach them what they will teach — only on a higher level.'' Such a 
course is more likely to train a teacher to teach one particular approach to 
one particular geometry than to produce a teacher with a broadened view- 
point of geometry. 

In theory, a "survey of geometries'" course provides students both infor- 
mation about Euclidean and other geometries and the perspective from 
which to view the broad field of geometry. In practice, such courses, like 
survey courses in algebra, often attempt too much and become quick trips 
through the "mathematical zoo" with fleeting glances at, but no real 
familiarity with, the "animals." 

The major objective of each of these three types of courses is of un- 
questioned value. Teachers should be skillful in making original proofs, 
they should know the foundations of Euclidean geometry, and they should 
have a view of geometry in the large. Must we opt for one or two oif these, 
excluding the rest? Should theorem-proving skills usually be limited to 
synthetic or numerical work with Euclidean geometry? Is an exhaustive 
development using one set of postulates the most efficient way to teach 
the foundations of Euclidean geometry? Is a shallow exposure to many 
geometries the best way to develop geometric maturity? It is the thesis of 
this author that the answer to each of these questions is no. 

Modern geometry entered the curriculum at a time when emphasis on 
structure and proof was essentially absent from other undergraduate 
courses. Such is no longer true. 

Much of the precision brought to Euclidean geometry by HiJbert and 
Birkhoff is very difficult to appreciate except within a broader historical or 
conceptual context than most undergraduate students have. Furthermore, 
they are faced with a situation much like the "pretend you don't know it 
and prove it" difficulty of secondary school students. Only they must 
pretend they don't know how to prove it and prove it more rigorously. 
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This both places stroj?g dem-ids on maturity and tends to produce a "so 
whnt" attitude. 

The development of breadth of viewpoint through comparison and con- 
trast requires that the student have sufficient knowledge of what things arc 
being considered to realize in ^hat ways they are alike or different. In 
regard to geometries, this amount of knowledge is sicnilicant, although 
not massive. To attempt comparisons based on inadequate knowledge of 
what are being compared is more likely to produce frustration than maturity. 

The prospective teachnr knows considerabi'^ Euclidean geometry. Cer- 
tainly this knowledge could be better used and extended in mathematics 
courses other than geometry courses than now usually occurs. Coordinate 
proofs of more '*high school theorems" should be included in analytic 
geometry. Geometric ^naracterizations and applications of vectors and 
tiansformations should be included in algebra courses both to extend 
geometric knowledge and for use in instruction in these topics. 

In the first of, it is hoped, two courses in geometry for a prospective 
teacher, three things could be done: 

1. Consider the foundations of Euclidean geometry through comparison 
and contrast of several postulate sets for Euclidean geometry. De- 
velop thoroughly two or three parts of the overall structure thnt best 
illustrate differences arising from adopting different postulate sets. 

2. Present some non-Euclidean concepts within the *'what if?'' context 
of unit 5 recommciidcd in this chapter. 

3. Introduce a "high school leveT' treatment of one geometry other than 
Eiiclidean, with major results compared and contrasted with those 
in Euclidean geometry. 

The second course could be either a rigorous treatment of one geometry 
(perhaps the geometry indicated in the third recommendation above) or, 
with a prerequisite of exposure to the algebraic concept of groups, the 
study of geometries as recommended by Klein (16, p. 65). 

The first course in this sequence, together with an increased emphasis 
on the geometric aspects of topics in other courses, should enable a teacher 
to teach any unified-system approach to Euc dean geometry. It should also 
provide him with sufficient knowledge* of alternatives to Euclidean structure 
to produce examples for his students that show th^ necessity for the exten- 
sive structure of modern approaches to traditional content. Finally, the 
third part of the first course and the second course together should provide 
him the information necessary/ to intnMhice in-dc^th units of non-Euclidean 
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Geometry 
a Secondary School Subject 

HOWARD F. FEHR 



'J^RE STUDY of geometry in the secondary school has been one of tne 
most controversial issues debated by mathematicians and educators 
during the entire twentieth century. In this debate — and especially during 
the last fifteen years — two distinguishable positions have become apparent. 
One group has devoted its efforts mainly to preserving Euclid^s synthetic 
development as a year or more of consecutive study bv modifying the 
axioms. At recent conferences, some speakers have proposed various sets 
of axioms that could serve to save Euclidean synthetic geometry (I ). The 
other group, looking at all the developments in geometry during the last 
150 years, has seen a need for a completely new approach to the study of 
geometry at the secondary level. One of the chief advocates of a modern 
approach, Jean Dicudonne, has said, *'Euclid must go!" (7, p. 35). 

If taken out of context, this quotation may lead to some misunderstand- 
ing. What Dieudonne was complaining about is the year or two of formal 
study in the high school of Euclid's synthetic geometry, in which congri»- 
ence of triangles, circles, and sirn?H»-^*v thr^re ' ' ^ 
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different from that described by Euclid could exist was not intuitively 
evident. From 1827 on, however, various other geometries, ''ome of which 
have assumed an eminent role in science, have been created. Today the 
second group of educators mentioned earlier believes that the develop- 
ments in geometry since 1827 must be considered in answering the question 
of what to teach in the secondary school. Another reason advanced for a 
change is to have the subject tauglil so as to reflect the spirit of the con- 
temporary cDnception of mathematics as a unified, interlocking set of 
structures breaking down the traditional barriers separating algebra and 
geometry. 

An important reason for the survival of Euclid's geometry rested on the 
assumption that it was the only subject available at the secondary school 
level that introduced the student to an axiomatic development of mathe- 
matics. This was indeed true a century ago; however, recent advances in 
algebra, probability theory, and analysis have made it possible to consider 
using these topics, in an elementary manner, to introduce axiomatic struc- 
ture in the secondary school. If we assume that reform in mathematical 
education is to be carried out in a broader context than just in the field of 
geometry, it is no longer necessary for geometry to carry the burden, or 
even the larger part of the burden, of introducing the student to axioniatics. 

In arriving at a conception of geometry and geometric instruction from 
a contemporary viewpoint, it is useful to review the historical background 
and development that led to this conception. 

Tlie Euclidean Era 

The history of the origins of geometry'is similar to the development of 
the other classical branches of mathematics. Arising out of practical 
activity and man's need to describe his surroundings, geometric forms were 
slowly conceptualized until they took on an abstract meaning of their own. 
Thus from a practical theory of earth measure, there developed a growing 
set of relations or theorems that culminated in Euclid's Elements, the col- 
lection, synthesis, and elaboration of all this knowledge. This axiomatic 
presentation of a store of geometrie knowledge represe*iK one of the 
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the parallel postulate. Down through the two millcnia from 325 n.c. to a.d. 
1827, many mathematicians had a feeling tha* this assumption was not 
independent of the others and could be proved. The theory of parallel 
lines became a focal point of the energies of such mathematicians as Wallis, 
Saccheri, Lambert, Lcgcndre, Gauss, Bolyai, Lobachcvsky, and Riemann. 
This research paved the way to the first major development since Euclid's 
time. It is a tiibutc to Euclid's genius that he included his statement as a 
postulate and made no attempt to justify it. 

Non-Eiicii<lean Spaces 

As we now know, if the postulate concerning parallel lines is replaced 
by the statement "Through a point not on a line there exists more than 
one line containing that point and parallel to the given line/' then a per- 
fectly rigorous, logical synthetic non-Euclidean geometry (hyperbolic) 
may be developed. This was the contribution of Bolyai and Lobachcvsky, 
who used this non-Euclidean axiom along with Euclid's other axioms. 
Since they recognized that no contradiction arose, they concluded — 

1. that the parallel postulate of Euclid is not provable from the other 
axioms; 

2. that a geometry exists that appears to contradict our intuition but is 
logically co^^ istcnt. 

Thus the obvious implication is that there is more than one geometry. 

The mathematical world did not immediately accept the conclusions of 
these men. It was not until Bernhard Riemann's publication "The Hy- 
potheses Which Lie at the Foundation of Geometry" (originally given as 
a lecture in 1 854 but published pos'^^humously in 1868) that mathematicians 
gave serious recognition to spaces other than Euclidean. In his text, 
Riemann not only generalized the concept of space by considering various 
f?-dimensional spaces with metrics, but he allowed for the creation of 
another non-Euclidean synthetic geometry by the replacement of the paral- 
lel postulate with the statement "Any two straight lines in a plane intersect." 
Again pcr^'^ctiy logical ceon<>tr>' (elliptic) w ^evMnped. Pu^*'^.«r he 
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sessing particular properties of space that are preserved under particular 
groups, of transformations. A geometry is determined by a group; every 
group determines a geometry. (However, there are geometries that do not 
possess a group structure.) In particular, similitudes and isometrics lead 
to aflTine and Euclidean 'spaces. 

Moreover, Riemann extended the growing subject of diflferential geome- 
try from a study of curves and surfaces in three-dimensional Euclidean 
space to a study of quadratic forms with n coordinates. The story of the 
advance from Riemann to the present-day global differential geometry and 
differential topology is well known to researchers in this field (10, pp. 
216-24). Today the development of geometry and its counterpart, topol- 
ogy, is proceeding in all directions. The geometries being studied include 
projective space; Euclidean space; Hilbert and Banach spaces; four-, 
and infinite-dimensional spaces; convex spaces; metric spaces; topological 
spaces; and so on. These theories are finding applications in and outside 
mathematics — in the relativistic space of the physics of time and gravity 
and in the quantum theory cT nuclear physics, for example. From all this 
activity it is plainly evident that geometry today has a tremendously dif- 
ferenUaspect from the geometry that is still prevalent in today's high school 
program. 

The Perfection of Euclid 

Beginning a century ago witii the revelation of Euclid's flaws, a move- 
ment developed among the outstanding mathematicians to really clear 
Euclid of all blemishes. The search was for a minimal complete set of 
independent axioms that would place Euclid's synthetic geometry on a 
perfect, logical foundation. All inconsistencies, fallacies, and hidden or 
unmentioned assumptions were to be eliminated. The task was first com- 
pleted by Moritz Pasch in 1882. It was followed by others, namely, Peano 
and Pieri (members of the "Formulaire'' group, a forerunner of the "Bour- 
baki" group), and culminated in 1899 with the publication of Grundlagen 
der Geometrie by David Hilbert. The problem of perfecting Euclid was 
solved for the mathematicians. However, the solution was far too compli- 
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ruler" and "rcaJ protractor" axioms. All other modifications in current 
use follow this same procedure. 

Geometry Today 

Today, geometry must be defined as a study of spaces. Each geometry 
is an ordered pair, namely, (set, structure), where the elements of the set 
are called points and the elements of the structure are axioms (and defini- 
tions) that relate the points and the important subsets of them. It is useless 
to attempt to list all these geometries, synthetic or nonsynthetic, ?"incc lo do 
so would certainly result in unintentional omissions. Ricmann has seen to 
this. This new definition has evolved slowly as a result of two phenomena. 
The first was purely mathematical by the discovery and description of 
non-Euclidean geometries and "spaces," such as topological, vector, 
Banach, Hilbert, and metric. The second phenomenon, and more influ- 
ential, occurred as a result of advances in science and technology. The 
advent of relativity was most significant. After Einstein showed that the 
existence of matter in a space/time relationship is actually described by a 
fourth-dimensional model of Riemannian space, other spaces found appli- 
cation in physics, astronomy, biology, and economics. Euclid's geometry 
is just one of many, and to imply otherwise would be to deny all that has 
happened in mathematics and science during the last 100 years. 

Geometry for Seeon<lary Schools 

Despite the introduction of metric axioms, all the efi'orts to save Euclid 
bear too strong an impression of Euclid's synthetic brand to satisfy the 
present trend of mathematical thought. Euclid's synthetic treatment of his 
"space'" is simply out of the mainstream of current mathematical thinking 
and is seldom used by pure or applied mathematicians. As a year of formal 
mathematical study, it must depart. Geometry as a study of space must 
in due time be related to the structures of algebra, and thus it must be 
developed so as to permit and exhifr ihe use of algebraic techniques. 
This is the spirit of the times. One of the goals at the secondary school 
level should be the ac^'^iovcment of a b3s«f i"'^<'.V^^<mdin^ ^f c^-«.,5 
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2. Develop knowledge of the precise relationships between the "line" and 
the set of real numbers. 

3. Develop an understanding of the principal transformations applicable 
io different geometries, and groups of transformations, especially 
with respect to aHine and euclidean geometry. 

4. Develop an understanding of an axiomatic structure through this type 
of study: the alTine line, the affine plane, affine space, euclidean metric 
space, vector space. 

5. Develop skill in applying the several methods of geometric development 
to the solution of original problems — both mathematical and applied. 

The use of the word set in the ordered pair (set, structure) is not in 
the physical sense, in which it is correctly used in a preformal study of 
geometry, but in its strict mathematieal sense, that is, a colleetion of beings 
or abstract entities that are undefined but that take on meaning only by 
the structure that is placed on them. What is required for this purpose is 
a little formalization of elementary set theory to the extent that one under- 
stands the operations of union, intersection, and complemi.Mitation; the 
nature of subsets and partitioning; the cross product of sets; the power 
set; and the interrelations of these ideas (6, pp. 1-15). 

With these objectives available, a number of subsequent conferences on 
geometry and the teaching of geometry have been held in Europe and the 
United States in which the ''saving of Euclid's Elements'' has gradually 
lost some of its strength to a more powerful argument for the teaching of 
geometry from a contemporary viewpoi'^t. A number of ways, all valid, 
can be used for approaching the study of space. One can proceed syn- 
thetically, choosir:g a convenient set of axioms in the inanner of Euclid, 
or one can coordinatizc space and make use of the re,u' numbers and a 
distance function as Descartes indicated it could be done. Une can follovy 
the Erlani^cr Proi^ramm of Klein, making a group of transformation^ Me 
basic idea in the study, or one can develop an algebra of points (/2-tuples) 
and develop an affine and Euclidean vector space. It appears that a con- 
temporary geometry program must contain all these approaches. 

At Dubrovnik in 1960, a group of seventeen mathematicians and edu- 
cators delineated programs in geometry and algebra which supplement 
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d) Reflections 

e ) Rotations 

/) Glide reflections 
^) Shearing 
//) Dilations 

Isometries and homolheties and their relation to congruence and 
similarity evolve from this study. 

2. Afline Geometry 

a) Synthetic aflfine geometry 

h ) Finite geometries 

c) Real numbers and the line 

d ) Coordinates 

e) Analytic geometry 

/) Vectors and vector space 

3. Euclidean Geometry 

a) Perpendicularity 

/>) Inner product 

c) Vector spaces, norm 

d) Trigonometry 

A, Conies 

') Geometric loci 
h ) Ajfme transformations 

r) Projective properties; projective and descriptive geometry 
d) Ouadracic forms, parametric representation 

The A<lvioo of Some Mathematicians 

The entrenchment of Euclid's synthetic geometry and the desire on the 
part of teachers and some university professors to keep it as a year of study 
can be well understood. This is the only subject they recall that had an 
axiomatic treatment, and t'he proof of theorems and original exercises gave 
them satisfaction. Although debate may continue to occur, we present 
here th\ i^rcn! u^-iiho-^^-^'i -'-^ns wh.^ ";\^ . <!iM>t> c(^nv;,^l«r 
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the Circcks had only a calculus in geometric form, ... a process much 
more cumbersome lhan in our arithmetic. 

In 1934, Oswald Vcblen, the great American geometer, made the fol- 
lowing observation in a talk on 'The Modern Approach to Elementary 
Gctimelry" (9, pp, 214): 

If you ask a modern mathematician or physicist what is a Euclidean 
space, the chances are that he will answer: It is a set of objects called 
points which are capable of being named by ordered sets of three real 
numbers (.r. v, z) in such a way thai any two points (a-,, y,, ::,) and 
(Aj, y.j, z.j^) determine a number called their "distance" given by the 
formula, 

With a little refinement of logic this answer is a perfectly good set of 
axioms, The undefined terms are "points'' and certain undefined corre- 
spondences between points and ordered sets of numbers (x. y. z) which 
we call ''preferred coordinate systems." The axioms state that the trans- 
formations between preferred coordinate systems preserve ratios of dis- 
tances. 

After advocating the introduction of analytic methods in elcmeiitary 
geometry and pointing out the obvious thing — that geometry has to do 
with physical reality, which means that algebra and geometry must be 
used, and hence taught, together — he concludes: 

The thesis I have tried to advance is that although we can now see 
Euclidean geometry more clearly trin ever before as a distinct subject 
capable of being treated without reference to analysis by its own peculiar 
and highly elegant methods, nevertheless the spirit of our time requires 
that we should present geometry as an organic part of (mathematical) 
science as a whole. This requires analytic methods from the first - . . 
and a non-dogmatic attitude both as to physical and as to logical questions. 
(9, p. 221] 

More recently, a conference held in Bologna, Italy, in 1963 under the 
auspices of the International Commission on Mathematical Education 
considered the teaching of geometry in vjf^w of the genera^ rrfornT tnVin^ 
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After listing sonic of the dinkullics encountered in this third extreme 
viewpoint, Artin proceeded: 

C'onicmporury teaching of algebra uses the geometry of vectorial space 
which is indispensable in the study of linear algebra. The introduction of 
this space in algebra simplifies all the proofs, and renders intuitive all that 
made rigorous. 

This third 'Y>WllYt of view does not exclude axiomalics, But it proposes 
to limit the use of a.xiomatics to algebra. The notion of group, field, vector 
space can only he introduced by an axiomatic description. But these 
axioms can be easily used and students have only a little ditliculty in 
assimilating them. On the other hand, these axioms are not arbitrary and 
are also usc/ul in other domains ol mathematics, Another advantage of 
this point of view is that it leads tr *io. notion of space of arbitrary dimen- 
sions and thus the students obtain ideas that will be useful to them ihrough- 
out all their university studies. . . . Personally I do not lean to a pure- 
axiomatic method. 1. myself, prefer the third point of view. |p, 3) 

The final speaker at the Bologna conference was Henri Cartan of France. 
In his summary, Cartan spoke of past conferences and of those who search 
for axiomatic systems lo preserve Euclid (3): 

1 am reminded of the personage of Cly iel. who, in "The Satin Shoe" 
demanded at all costs, fci the new. but on one condition that "the new 
must resemble exaetly the old." 

Notably some have attempted to recommend the continuance of ways 
of exposing Euclid for geometry study. I ask myself if Euclid today would 
he on the side of those who take his defense; I myself rather imagine that 
his character would carry him to recast the whole of geometry on new 
foundations and take into account all th*: ideas which have acquired a right 
of entry into the city of mathematics during the last twenty centuries, , . . 

We are all in agreement. I believe, of the urgent necessity of a change 
in mathematical instruction land especially in geometry) at the secondary 
school level. This instruction must be pertinent to the education of the 
young people who later will follow scientific study at the university. But 
it is also necessary to think of those who no longer study mathematics 
after leaving the secondary school, . . , 

Above all. 1 join entirely the opinion that the potion of vector • ( ' 
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1) to initiate the students to the indispensable techniques of analytic 
geometry. 

2) to found, on a solid base, (recapturing all things from the start) the 
essential notions of geometry without any future necessity to resort to 
axiomatics. One can, in effect, proceed then by mer.ns of explicit definitions 
of ail algebraic character. ... 

These algebraic explananom do not exclude the geometric language. 
Such language is justified. It does not exclude, moreover, the solution of 
pro'blems by a geometric manner. It will always be of interest that that 
which is the same problem should be treated in two ways, by a geometric 
way, and by an analytic way. [3, pp. 84-90] 

The essence of these comments is, first, that the classicar separation of 
mathematics into separate, watertight compartments is no longer a way of 
conceiving of our subject and, secondly, that we must no longer conceive of 
geometry as a separate subject. As Willmore succinctly put it, "What is 
important is a geometrical way of looking at a mathematical situation — 
geometry is essentially a way of life'* (JO, p. 221 ). 

Summary 

Geometry today as a junior-senior high sr^^ool program should enter 
every year of the study of mathematics. It should grow in depth and 
complexity until it becomes embedded in all the other areas of mathe- 
matical study — linear algebra, analysis, and applied mathematics — until 
it becomes a way of thinking. This study should be made from many 
approaches: 

1. Physicat'informal—v/ork'ing with drawings, paper folding, and appa- 
ratus to gain an intuitive feeling for geometric figures id* Euclidean 
two- and three-space. 

2. Synthetic-axiomaiic — considering the affine plane with a minimum 
of axioms and with finite as well as infinite models (7), (With a 
few more axioms, the axiomatic study can be extended to three- 
space, but the value of this extended formality is doubtful.) 

3. Coordinate-analytic — assigning coordinates to the affine plane, and 
subsequently to Euclidean two- and three-space, and using the usual 
iaigebraic techniques. 

4. Transformations — studying mappings of the plane and three-space 
and eventually relating the study to group structure and the algebra 
of matrices. 

5. Vectors — examining the algebra of points in two- and three-affine 
space and introducing the inner product for the study of perpendicu- 
larity and Euclidean space. 
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6. Vector spacvs and linear ali^chra — building an axiomatic n-dinicn- 
siona! vector space and its linear algebra, (AH the above approaches 
serve as foundation work for this. ) 

Each of these six approaches is lo be made, not as an isolated bit of 
study, but in a spiral ascent in which one returns to each procedure at a 
higher level of abstraction and with a deeper insight into its nature, into 
this spiral ascent must also be interwoven those elements of the algebraic 
structures of group, ring, field, and vector space that permit the situdent to 
sec the interdependence of geometry and algebra. There is no single 
axiomatic treatment of all of geometry, but several small axiomatic struc- 
tures may be introduced for a number of the approaches. 

Thus physical-informal approaches arc made to the study of figures in 
the atiine plane and the Euclidean plane, hrsl without coordinates, then 
with coordinates. This study involves the use of transformations in order 
lo arrive, by induction, at properties of figures in the plane. At a higher 
'level, the small set of axioms of plane synthetic affine geometry opens a 
new world of finite geometries as well as the geometry of the continuous 
plane. If one cares to do so, the axiom list may be extended to develop 
the three-dimensional affine space, but this is not a required action, since 
today this type of synthetic geometry docs not have as much value as' an 
analytic approach. 

If one desires a formal approach to coordinate geometry, the axioms are 
available. However, coordinatization can take place in an informal, but 
correct, manner and thus permit a development of the analytic study of the 
plane and three-space — a study so essential in the subsequent study of 
analysis and linear algebra. Concomitantly with the study of coordinate 
geometry, one studies a new type of algebra, the algebra of points in the 
plane and in three-space. The climax occurs when all this study, including 
that of matrices> results in the vector space of two and three dimensions. 
Then a linear algebra permits the introduction of Euclidean three-spaee and 
a complete unification of. algebraic and geometric concepts, through trans- 
formations, for use in all parts of subsequent mathematical study — trigo- 
nometry, probability, the calculus, an^? differential equations, for c;:unip=c. 
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All Evolutionary View 

SEYMOUR SCHUSTER 



ACCEPTANCE of thc responsibility to contribute to this section of the 
yearbook, the authors were given directions to (I) say what they 
thought geometry to be and (2) discuss the implications of these thoughts 
for the teaching of geometry. Clearly, these instructions called for an 
essay — an expression of opinion — in which each author was to present 
and justify his own conception of geometry. 

That there are different conceptions of geometry, even at thc same point 
in history, is perhaps an obvious point. But it is a point worth mentioning 
because if not borne in mind by the mathematics teacher, the contrary 
notion, namely, that there is only one properly held view, may rise to 
dominate. If teachers are not aware of different conceptions of a subject, 
their notions tend toward rigidity and their curricula tend toward a static 
state. The ill effects of a single viewpoint, rigid presentations, and an 
unchanging and unreflected-upon curriculum are many. They hardly 
need belaboring here, save for one that is more pervasive, and hence 
more culturally damaging, than the resi — namely, that of minimizing the 
students' chances of appreciating the vitality that characterizes mathe- 
matics. 

It behooves the teacher to be aware of the existence of diflfercnt con- 
ceptions of geometry and, moreover, to be aware that each of these 
conceptions has certain implications for the content and development of 



Note. Part of the writing of this chapter was undertaken while the author was 
supported by NSF grant GE-3848. 
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sch(H>l geometry. Consequently, three difTerent viewpoints are offered in 
the three chapters of this section in response to the two assignments men- 
tioned in the first paragraph. 

A Conception of Ceonielr>- 

The first task, namely, that of saying what geometry is, calls for a defi- 
nition in some sense. Anyone who has grappled with the problem of 
defining "geometry" surely recognizes what a tall order this turns out to 
be. An Aristotelian definition, with a f>enm and differenfiae, would pro- 
vide criteria for the classification of mathematical knowledge (such as 
concepts, theorems, and questions) into geometry or nongeometry. Such 
definitions are clearly desirable in science and mathematics: the classifi- 
cation usually leads to additional insights^ the precision admits the possi- 
bility of using the definition in logical deduction, and these consequences 
provide a degree of aesthetic pleasure. However, an Aristotelian definition 
of geometry that would be acceptable to any significant portion of the 
mathematics world is" no longer attainable. Even thirty years ago the 
Harvard geometer J. L. Coolidge wrote that "it is not possible to dis- 
tinguish perfectly between, let us say, geometry and analysis, . . /* (5, 
p. viii). A few of the difficulties can be appreciated by pondering the 
following questions: 

J. Is the real number line a geometric object? Or is it analytic? Or 
is it. perhaps, topological? Could the answer be yes to all three questions? 

2. Euclidean space can be defined as a real inner-product vector space 
(4; 10). Is then Euclidean space an algebraic (vis-a-vis geometric) entity? 

3. The famous four-color conjecture states that every map on the sphere 
(or plane) can be colored using only four colors. Is this a geometric 
statement? Or is it a topological statement? Perhaps it would be pref- 
erable to classify the conjecture as part of combinatorial mathematics. 
(See Coxetcr [6] and Ore [18].) 

4. What is the essential difference between an axiom system that is 
generally accepted as geometric (e.g., projective geometry) and one that 
is generally accepted as algebraic (e.g.» group)? (While pondering this 
question, it should be noted that an axiom system for projective geometry 
can be phrased in purely set-theoretic terms with no reference to points 
or lines. O'Hara and Ward [17, pp. 17-18] provide an interesting illus- 
tration of such phrasing.) 

5. Is the study of finite planes geometry? Or is it algebra, or combina- 
torics? (See Albert and Sandler [1] or Hall [13, pp. 283-86].) 

6. Among the most profound results of projective geometry is the 
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innocuous-sounding tlieoreni of Pappus: // alternate vertices of a hexagon 
lie on two sides, then the three pairs of opposite sides meet in three colli near 
points. The only known proof of Pappus's theorem in finite projective 
planes is its equivalence to the eelebratcd Wedderburn theorem: /:vm* 
finite corpus (or skew-field or division rini^j is a field. Is Pappus's theorem, 
then, a theorem of algebra? 

7. The impossibility of trisecting a general angle, duplicating the cube, 
and squaring the circle by ruler and compass constructions in n finite 
number of steps can be proved only by ;:tudying the roots of polynominals 
and invoking group theory. (In addition, squaring the circle requires 
sophisticated analysis to show that tr is transcendental.) Should the "im- 
possibility theorems" be classified under geometry even though proofs 
are legitimately given only in courses in algebra? 

Even if we were successful in obtaining an Aristotelian definition of 
geometry, one wonders whether it would serve our purposes, namely, the 
purposes of teachers. Administrators require neat classifications. They 
find it convenient to report that n hours of the syllabus are devoted to sub- 
ject S and course A is clearly in a category that permits it to be counted 
toward a minor, whereas course B is not in that eategory and must there- 
fore be counted as an elective. However, teachers need less than a neat 
classification — and yet more. Even if we have only vague notions of the 
classification of our knowledge, wc can know — and indeed wc need to know 
— about Its historical roots, its evolution, its analytical techniques, and 
its relationship to other subject matter and to the culture, in fact, a genus- 
differentiae classification might hinder our purposes by providing a 
pigeonhole for the dreaded isolation of the subject matter. 

Geometry is ubiquitous. It is intertwined with so much of mathematics 
and science that it is beyond extrication and isolation. The famous mathe- 
maticians Vcblen and Whitehead were .sufiieiently moved by this fact to 
write, "Any objective definition of geometry would probably include the 
whole of mathematics" (22, p. 17). As partial evidence, consider the 
following lists of titles, which come from library cards. *I'hey arc either 
book titles or chapter titles. 



1 



Euclidean Geometry 
Hyperbolic Geometry 
Elliptic Geomeiry 
Non-Riemannian Geomeiry 
Projective Geometry 
Combinatorial Geometry 
Analytic Geometry 



Cicomelric Algebra 

Cjcomeiric Topology 

(jcomeiric Number Theory 

Geometric Measure Theory 

Cjcometric Integration 

Geometric Optica. 

Geometric Inequalities 
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Diirercnlial Geometry 
Hilbert Geometry 
Algebraic Geometry 
Minkowskian Cicometry 
Continuous Geometry 
Integral Geometry 
Transformation Geometry 
Vector Geornetr)' 
Linear Geometry 
Distance Geometry 



Cieometric Invariant Theory 
Geometric Function Theory 
Geometric Mechanics 
Cicomctry of Quantum Theory 
Cieometry of Rekitivity 
Geometric Orderings 
(ieometry of Art 
Geometry of Sandstone Bodies 
Geometry of International Trade 
Geometry and the Imagination 



Among the major appeals of geometry is the pervasiveness attested to in 
these lists, and its power in the curriculum can be drawn from this charac- 
teristic. Thus, sharp boundary lines between geometry and other sub- 
jects might very well contribute to the sterility of the subjects concerned 
in contrast to the enrichment that may be gained from the freedom offered 
by vague or flexible boundaries. 

How, then, can we define geometry and still come away with something 
of consequence for teaching? It has been held that a historical or evolu- 
tionary point of view is worthwhile in providing a description (20). 
Etymology tells us that geometry means earth measure, and so the origins 
of the subject most certainly lie embedded in attempts to solve problems 
of physical science and engineering. The Greeks, who seem to have been 
the first to develop geometry into a mathematical science, took two major 
steps to achieve this credit. First, they took the subject o\it of the physical 
sciences by abstracting or idealizing the basic notions: points are without 
length, lines are without width, and surfaces have no thickness. It is 
quite understandable that the Greeks thought their geometry to be truly a 
science of space when we reflect that this was the age that gave birth to 
Platonic idealism. Physical space, in Plato's terms, was a "shadow'' of the 
*VeaIity" with which geometry dealt. Secondly, the Greeks made the study 
deductive and developed it axiomatically. (The historical details and a 
philosophical analysis of the origin of geometry are not e>'/ccially necessary 
for our purposes here. Readers who are interested in such material can 
easily find a large number of good sources; however, it is particularly 
recommended that teachers begin with Wilde r's Evolution of Mathematical 
Concepts [24] and also see the first chapter of Whittaker's From Euclid 
to Eddington [23].) 

Thus, from the first geometers we understand that geometry is the 
axiomatic or deductive study of the ideas that arise as abstractions of the 
concepts that are encountered in analyzing physical space. For two millenia 
the first part of this description was considered foremost. Geometry was 
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inextricably botind to axiomalics. Spinaza was said to have developed 
a geometric theory of ethics when he attempted to develop his thoughts 
axiomaticaliy, and in the Caine Mutiny Captain Quceg, defending himself 
at his court-martial, stated that he proved himself right by geometric 
logic. This phraseology is satisfactory for poetry or figurative description, 
but any twentieth-century student of mathematics realizes that axiomatic 
developments arc noi peculiar to geometry. In fact, it is now the intent 
of mathematicians to develop every branch of mathematics axiomaticaliy. 

What we have left from the Greek point of view, then, is some notion 
of the content of geometry. We are on relatively safe ground because the 
content includes the ''ideas that arise as abstractions."' This admits the 
possibility of an ever-increasing body of concepts and the possibility that 
the word ''geometry" can change in meaning, as it has mosi certainly done. 
Hence, the discussion will be shortened by making a somewhat vague but 
flexible statement that will allow inferences to be drawn for the curriculum 
and for teaching the curriculum: 

Geometry should be regarded as a body of knowledge that had its 
origins in the study of physical space and physical objects but con- 
cerned itself with the abstractions that derived from such study. 
Hence, early geometry dealt with concepts such as points, lines, 
curves, surfaces, distance, area, and volume. Over the centuries, the 
imagination and creativity of mathematicians (influenced consider- 
ably by the changing ideas in physics) have produced many extensions 
of this study. They have developed higher levels of abstractions, 
variations of axiom systems, and many different techniques for the 
analysis of geometric problems. Thus we have different geometries: 
Euclidean and non-Euclidean geometries, /j-dimensional and infinite- 
dimensional geometries, projective geometries, and a host of others, 
as in list I above. And we have different analytical techniques that 
are indicated by some of the following familiar labels: analytic 
geometry, vector geometry, transformation geometry, differential 
geometry, algebraic geometry, combinatorial geometry, and still others, 
as in list II. 

With this outlook one can easily understand the claim that geometry' 
is pervasive. It appears in courses that come under the rubrics of analysis, 
topology, and probability. Algebra is not an exception, in spite of the 
fact that some algebraists, much to the detriment of their students and 
their subject, write and teach in a manner that avoids geometry as well as 
other insighl-giving devices. (Fortunately, this tendency among algebraists 
is now waning somewhat, having been attacked by several leaders, among 
whom was the virtuoso teacher, Emil Artin. See [2, p. 13] for an inter- 
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esting discussion of how geometric considerations clarify ideas in linear 
algeb-:;.) 

InipIiratioiiH for Teaching 

Axionuitics 

Geometry should not be the principal vehicle for leaching the axiomatic 
method, formal structure, and forma! proof. 

The arguments behind this inference are several, and ihey arc being 
heard in many quarters (3; 12; 14; \5\ 20), Two such arguments will 
be stated with brevity: (I ) Since axiomatic developments are now present 
in all branches of mathematics, there are many choices of subjects for 
introducing formal structure; and (2) axiomatic development of Euclidean 
geometry is difficult — it should be reserved for more advanced study than 
school mathematics. This latter conclusion is tempered somewhat by an 
alternative proposal that Freudcnthal and Schuster have indepcndemly called 
locally axiomatic teaching (12; 20). It suggests that as they grow in 
mathematical maturity, students would benefit from studying smaller 
axiomatic systems within the subject of Euclidean geometry. This point 
of view might be regarded as a request to teach mathematics the way it 
existed among the Greeks prior to Euclid. The theory of congajcnce no 
doubt existed as a set of interrelated propositions; the theory of ratio, 
proportion, and similarity was developed as a unit by Eudoxus. Locally 
axiomatic developments of units on transversals, circles and angle measure, 
and parallelograms are certainly feasible and could be offered earlier 
than grade 10 precisely because of their simplicity. 

Empirical {geometric experience 

What was earlier referred to as the pervasiveness of geometry leads 
to the beliof that teaching should capitalize on this characteristic of 
geometry from the earliest stages of education. 

Arithmetic studies using the number line are now common practice, 
but this is just a beginning to measurement studies that would enrich the 
students' grasp of both arithmetic and geometry. 

The physical study of polyhedra would be both useful and fun at early 
levels. The need for nomenclature arises; combinatorial questions can 
be asked, and these have exciting answers; symmetry, coloring, existence, 
and group-theoretic questions can all be studied at an elementary level in 
such a way as to contribute to the curriculum as a whole. 

The dissection of two- and three-dimensional figures can be another 
worthwhile experience at the elementary and secondary levels. This kind 
of meaningful play can be tied to questions of congruence, measure (addi- 
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tivily of area and volume functions), combinaloriai questions, and motions. 
The tic-iip wilii motions in this context perhaps deserves another few 
sentences. Students know intuitively, even if they inave not seen a formal 
dcvelt)pnienl, that comparison of the area measure of polygonal regions can 
he reduced to equidccotuposahilUy; that is, if /' and Q arc polygonal regions, 
then the urea measure of P is equal lo the area measure of Q if there exist 
dissections of P and Q into polygonal subregions such thai there is a one- 
to-one eorrespondence between the subregions of P and the subregions of 
Q in which corre^-'ponding subregions are congruent. Symbolically, let m 
be tile measure function. Then the m(F) m{Q) if there arc dissections 
oiP aridC^. 

such that f*, is congruent to for all /. Several questions then arise: Is 
the converse true? Is there a systematic method for producing dissections 
that exhibit the equidecomposability? And getting back to motions, what 
are the motions that exhibit the congruences Pi — QP^ What is the mini- 
mum number of isomeiries required? Can the motions be restricted to 
oriciitaiion-prcserving motions, or is it necessary to employ reflections? 

Serious play with mirrors is a fruitful geometric experience for students 
and one that is gaining favor. The idea of reflection is basic to an under- 
standing of geometry from a classical, as well as a modern, point of view. 
A single mirror produces a visualization of this basic isomctry, namely, 
reflection and gives rise to questions concerning orientation. Pairs of 
mirrors produce dihedral kaleidoscopes, which at different levels tie up 
with studies of symmetry, group theory, angle-measure, rotations, and 
translations (if the mirrors are parallel), and can be united with matters 
in the sciences (e.g., crystals, molecular structure, and morphology in bio- 
lo)2;ical studies) and the arts (e.g., painting, sculpture, and architecture). 
Extensions using three mirrors are difticult except for a few special cHses, 
but experience with even one special case (three mutually perpendicular 
mirrors, for example) can be instructive and motivating. 

The list of empirical geometric experiences thai would be worthwhile 
introducing can be extended. The work of Dienes (9). Paul Rosenbloom at 
the Minnesota School Mathematics and Science Center, the Comprehen- 
sive School Mathematics Project in Carbondale, Illinois, and the Educa- 
tional Development Corporation in Newton, Massrxhusetts, to name mst 
a few, give many more possibilities. 

O 
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Geometrization and appHcations 

Geometry had its roots in the study of a physical science. As a mathe- 
matical study it solved problems in that science (surveying) and proved 
useful in all the sciences, both pure and applied. It is precisely because 
of its usefulness that it has survived as a necessary part of the education 
of all engineers and scientists. For various reasons, historical -^nd other- 
wise, the usefulness of geometry per se has been slighted — even ignored 
(11; 14; 15; 20). The definition that has been given in this chapter implies 
that this state of affairs should be changed, and changed in several ways: 

1. Geometry should be related more to the physical world. More atten- 
tion mu.st be given to the contributions geometry can make toward solving 
physical problems, and this also means discussing the limitations of 
(mathematical) geometry. To many people this suggests introducing appli- 
cations. Certainly applications should appear both as introductory ma- 
terial to serve as motivation for the study of a topic and as concluding 
material to exhibit the power of a given study; however, ever, prior to 
struggling for applications, another change in philosophy and curriculum 
material must be instituted — three-dimensional geometry should be pro- 
moted from its current secondary role to a primary role! 

The rationale that three-dimensional concepts are essential for appli- 
cations is certainly sufficient argument for this assertion, but another reason 
should be added. If students at the elementary and secondary level are 
challenged only by plane geometry,^ey are being robbed at a crucial 
time in their lives of the practice of reasoning about space and developing 
the intuition necessary for the analysis of higher-dimensional problems of 
science and mathematics. Nurturing and developing mathematical intui- 
tion should certainly be a principal concern of the mathematics curriculum. 

2. Geometrizing, the process of constructing geometric conceptualiza- 
tions, is the basic ingredient in applying geometry to other branches of 
matnematics as well as to the probl ems of s^iepje. The fact thai so varied 
a class of concepts and problems admit geometric interpretations is another 
important rationale for the presence of geometry in the curriculum. Hence, 
geometry itself should be learned as an instrument for interpreting the 
concepts and problems that arise in other branches of knowledge. Ex- 
amples in physics abound. At the early stages, the play wiih mirrors 
provides golden opportunities for geometric interpretations of problems 
of optics and mechanics and for abstractions of the physical concepts. 
Problems involving the mechanics of constant forces and, later, velocities 
are more easily understood once the geometric formulations are given. 
The interpretation of work as an area is likewise illuminating. On the 
not so familiar side, geometric interpretations of the L of chance and 
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the study of errors in mear-urcment might be undertaken, and even graph- 
thcorctic interpretations of elementary combinatorial problems. 

3. Closely associated with geomctrizing is the question of building a 
formal structure, that is, an axiomatic system. The present manner of 
teaching this aspect of mathematics rarely teaches students where the primi- 
tive frame (the undefined terms and unproved propositions) comes from, 
that is. how and why a mathematician creates his deductive system the way 
he does. If teaching at the early stages would give students experience — 
both physical and logical — with the concepts, then there would be a much 
better basis for teaching the important matters in foundations. For example, 
it is important that students see where the definitions come from; the study 
of interrelationships of propositions will turn up necessary and sufficient 
conditions that can often be used to define a concept in a convenient 
manner. 

4. Another matte, that should be made more concrete is the process 
of generalizing — How is this done? With a view toward what? Most im- 
portant are the questions of how to abstract, how to choose axioms, how 
to mathematize a subject that we already have some knowledgj about. 
This sequence of considerations would be closer to real niatliematical 
development than that which exists in the current curriculum because 
students would then learn that the axiomatic treatment of a subject is 
usually the last stage in the creation of a mathematical subject. Moreover, 
there would be more training in mathematical creativity than could possibly 
come from merely studying the finished and highly polished product and 
completing exercises that textbook authors select to fill the gaps. 

Mathematical geometric experience 

All of the suggestions put forth in the preceding section could have 
come under the heading of this section. They deserved separate treatment 
simply because applications are so underemphasized in the current mathe- 
matics curriculum. 

The major point of this section, however, draws from the final portion 
of the description of geometry — that a variety of techniques is used to 
attack geometric problems. Understanding this, we see the clear inference 
that none of the techniques should be slighted and that each should be 
appreciated for its own special power; each has virtues and, also, short- 
comings. 

We all know about problems that appear to be difficult until they are 
examined in "just the right way.** Geometry abounds in such problems. 
There are problems solved by the simple and direct synthetic methods of 
Euclid. There are others that do not yield to these methods but require 
analytical methods. Vector techniques may be very elegant for some 
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problems but not fur others. Transformation melhotls. which may nmv 
be coming into n stronger position in leaching in this hemisphere, have 
great philosophical as well as other advantages, enabling one to see under* 
lying invariants lliat may be playing key roles: yet there are questions for 
which a transformational study would be quite artificial. 

Hence, recommendations like those of Freudenlhal (II) and Klamkin 
(14; 15) — that there be a reorientation of the study of geometry toward 
problem solving — should be supported. Problems, or classes of problems, 
should be designed to exhibit the power and beauty of one geometric 
method at a time, ^ These problems would then prompt the study of that 
method qua geometric method. Other methods come to the fore by exhibit- 
ing new problems for which the old methods arc inadequate. 

Finally — and here is where the sharpest criticism is expected — among 
the techniques for solving geometric problems should be that of interpreting 
a geometric problem in some other context, a technique sometimes called 
"transforming" the problem. For example, mechanical considerations can 
be used to solve geometric problems (21), electrical networks can often 
accomplish such results, optics (the mirrors once again) can be used to 
solve geometric inequalities, and probability (combinatorial analysis) can 
solve some geometric problems, too. In short, if concept X has a geometric 
interpretation, then it is very Hkely that concept X can be used to solve 
some geometric problems just as well as geometry can be used to solve 
problems involving concept X. 

Particularly because of the generality of the foregoing, hut also for other 
reasons, some special attention should be given to the transformation 
method. To begin the discussion, let us state that invarimice is one of the 
most important ideas in all of mathematics and that geometry is unques- 
tionably the most natural subject for the demonstration and use of this 
idea. Geometry, therefore, can serve well the entire curriculum by main- 
taining the invariance notion as one of its themes and it as an instru- 
ment for problem solving as well as for the usual purpose of clasr*fying 
geometries, 

In a sense, this notion should be brought into a child's early mathe- 
matical experience. Some of Piaget's astounding experiments show that 
small children do not realize that the size (cardinality) of a set is invariant 
under physical rearrangement of the elements (19). Thus arithmetic con- 
cepts cannot possibly have meaning until this hurdle is passed, that is, 
until an invariance is recognized. True geometric experiences with invari- 
ance are easy to generate, beginning with the mirror reflections mentioned 
earlier. 

Before proceeding further along these lines, let us get the horse before 
the cart. One can talk about invariance only after transformations. That 
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is. a SCI or structure i3 invariant relative to, or under, a transformation. 
Hence, tile subject of {geometric tvans\onncnions is prior to, and therefore 
essential for. in variance. The presence of transformations as a topic in 
the curriculum would have many advantages: they serve as a uiUural lie-up 
with algebra and the function concept, the Euclidean transformations can 
be taught eoncrctcly with mirrors or with physical translations and rota- 
tions, translations serve as a basis for an early study of vectors, and the 
notion of i some try gives the simplest .ormulation ol the idea ol* congruence. 
Incidentally, isomctry is an excellent example of the mathcmatizing of 
a physical concept, for an isometric i ansformation is a mathematical 
abstraction (and generalization) of Euclid's idea of superposition. 

Once transformations are available, the symmetry concept can be 
(J-, linec with precision: A structure (such as a geometric hgurc or an alge- 
braic equation) possesses symmetry if it is invariant under some transfor- 
mation other than the identity. There are many virtues to reaching this 
subject early in the curriculum — important properties of figures can be 
gleaned from their symmetries, symmetry concepts arc fundamental in 
science from the most elementary work on optics to the most sophisticated 
work in elementary particle theory, symmetry principles constitute an 
important tool for problem solving, and finally, with the modern view of 
symmetries as transformations that preserve some structure (2; 25). all 
geometries are simply studies of symmetries. 

After students feel at home with the basic ideas of transformations, it 
would be appropriate to go beyond the Euclidean isometrics. The most 
natural next step would be to introduce first magnification and contrciction 
and then point reflections (all examples of central dilatatkms). This is the 
beginning of the study of affine transformations, which also relate directly 
to physical concepts and should therefore be applied to physical problems. 

After these concepts are explored, it would be appropriate to study 
parallel projection and, in particular, orrhoi^onal projection by means of 
shadows and diagrams. The question '*What are the invariants?" should be 
asked. The answer helps to define affine symmetry, which incidentally 
explains why spirals are symmetric in a technical sense, and opens up a 
world of applications in the biological sciences, for example, phyUotaxis, 
the phenomenon of order of leaf arrangement on c stem and other analogous 
phenomena of order in botany, and cofichyliomeiry, the study of the geo- 
metric forms of shells. See Coxeter (7, pp. 169-72 and 326-27). 

Since it has been asserted that invariance should be an ^ver-present 
theme in a geometry curriculum, it is perhaps advisable to present an ex- 
ample of how invariance becomes a tool for problem solving and mathe- 
matical creativity apart from its philosophical (or foundational) use in 
classifying geometries. (Further interesting examples are given by Klamkin 
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and Newman [16].) Consider the problem of determining whether it is 
possible to inscribe an ellipse in a given triangle so that the ellipse touches 
the triangle at the midpoints of its three sides. (This problem was given 
to college calculus students, most of whom failed to obtain any worth- 
while insight in spite of their relatively good knowledge of analytic 
geometry.) A small : ,5. >jnt of information about affinc transformations 
provides the key: 

1. An affine transformation, /, can be used to transform the given 
triangle T mto an equilateral triangle E: 

f:T-^E 

2. A circle C inscribed in E touches the sides of E at their midpoints. 

3. Since the affine transformation /"^ preserves midpoints, the image of 
C under /"^ is an ellipse that satisfies the desired conditions. 

All the properties of affine transformations used in the solution of this 
problem are among those that can be taught to junior high school students 
by means of parallel projections: 

r. Three given noncollinear points of a plane can be mapped onto any 
other three given noncollinear points of the plane. 

2'. Affine images of circles are ellipses. (Perhaps an ellipse would be 
defined this way at the junior high school level.) 

3'. Ratios of distances, and hence midpoints, are invariants of affine 
transformations. 

A possible next step in the physical motivation (i.e., providing an em- 
pirical geometric experience) of geometry is central projection, which can 
be demonstrated by casting shadows using a light bulb. Again, this leads 
to more mathematizing of physics when the light bulb becomes a mathe- 
matical point, the projection screen becomes a line or plane extending 
without bound, and the notion of shadow is extended and abstracted in 
terms of geometric incidences. Of course this is projective geometry, which 
Lehner, Whitehead, and Coxeter, in historical order, have indicated as 
possible to treat in secondary schools. (See Coxeter [8, pp. vii-viii].) 
Coxeter's text Projective Geometry was an attempt to make the subject 
accessible to advanced high school students. It would seem advisable 
to introduce some of the notions of projective geometry even earlier be- 
cause they are so intuitive and they offer so much. 

The projective equivalence (invariance!) of conic sections is seen imme- 
diately when the center of the perspectivity is taken as the vertex of a 
cone. This not only will serve to delight students but will be another 
problem-solving tool, as it no doubt was for Pascal when he proved his 
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famous theorem on hexagons inscribed in conies. Even the invariance of 
cross ratio can be derived from physical considerations. 

In all the transformations mentioned thus far, collinearity has been an 
invariant. One can imagine enrichment units that would introduce more 
general transformations leading to topological and combinatorial invari- 
ants. Combinatorical considerations in particular are important to inject 
into school geometry. For example, Euler\s formula relating the vertices, 
edges, and faces of a polyhedron should be observed as a combinatorial 
result (another invariance relation). This would be one of the by-products 
of using graph theory, as suggested earlier in the section **Geometriza(ion 
and Applications." 

''Globally axiomatic'' development of Euclidean geometry 

Questions concerning the full-fledged axiomatic treatment of Euclidean 
geometry have been assiduously avoided. Although the when and the how 
constitute a major controversy in the world of mathematical education, 
other matters seem more important, and that is why these "other matters" 
were argued first. 

On the question of when, the heretical answer is offered first: perhaps 
never for the majority of school geometry students. "Locally axiomatie'' 
developments of the subject matter, as proposed in the section "Axio- 
matics," not only are sufficient but are to be preferred for the general 
population. There is no reasonably rigorous treatment of Euclidean 
geometry simple enough for the current student population, that is, no 
treatment that would not entail a serious sacrifice of things more relevant 
to the educational needs of students. In any event, no matter what popu- 
lation is to receive it, the question of when to teach an axiomatic develop- 
ment should be begged, since the answer can only be this: After students 
are sufficiently prepared. Referring to earlier remarks, this means after 
they have had (empirical) experience with the subject matter and after 
they understand the basic notions of the subject, have some feel for the 
propositions that might hold, and have discovered some interrelationships 
and interdependences betv/een the propositions. In short, axiomatic de- 
velopments are in order only after the pedagogical groundwork has been 
laid. 

The question of how to axiomatize Euclidean geometry should also be 
begged, since the decision must be made on the basis of ease of development, 
economy, elegance, and usefulness of the approach in the students' future 
mathematical training. There is no ''best'' decision that can be made with 
assurance, for any decision must be based on the mathematical preparation 
given to the students prior to their ''globally axiomatic" study. For example, 
if economy is a major concern, it appears at this point in history that the 



394 



ai:OMETRV IN TMK MATHEMATICS CURRICULUM 



most economical definition of Euclidean iicometry comes from linear 
algebra: A EucUdccin space is a real inner-product vector space. However, 
this "economy** of woals hides a tjreai deal; it compresses as many as 
eleven algebraic postulates, to say nothing of their geometric interpreta- 
tions. Hence, the basic groundwork for this approach requires studying 
the gconielric basis for the axioms of a vector space and giving attention to 
the importance the concept of perpendicularity to Euclidean geometry. 
The laticr point must be appreciated before the notion of inner product 
can be meaningful. 

Sum Ilia ry 

In conclusion, let us reiterate: (1) The definition of a subject for the 
purposes of teachers should take cognizance of the roots and historical 
evolution of the eoncepts; (2) the definition is best left somewhat vague 
in order to tolerate dilTcrent viewpoints and to retain a dynamic quality 
for the subject: and (3) the implications of such a delinition contribute to 
a Hcxible and dynamic curriculum that is sensitive to the culture role of 
the subject. 

The particular definition of geometry offered in this chapter has the 
following implications; ( I ) There should be a radical change in the relation- 
ship between the teaching of geometry and axioniatics — less emphasis 
should be placed on axiomatic structure and formal proof per se. Axio- 
matic developments of portions of the subject matter spread out over 
several years are to be preferred to a full-fledged formal development. 
More attention should be given to the motivation and origin of the primi- 
tive frame of undefmcd terms and unproved propositions. (2) Geometric 
experiences of all sorts — empirical and mathematical — should be injected 
into the curriculum fmni the earliest grades. (3) Many more applications 
should be studied with a view toward providing training in gcomctrizing, 
namely, providing a geometric conceptualization of a problem. (4) More 
emphasis must be given to problem solving. (5) The relatively com- 
plete rigorous development of Euclidean geometry should appear as a 
culmination uniting the "locally axiomatic'' developments of the preceding 
years in contrast to current programs that attempt a complete "globally 
axiomatic'' treatment the first time students encounter the subject. More- 
over, the "globally axiomatic*' development, whenever it comes, must be 
based on axioms and definitions that are plausible and acceptable to 
students, and plausibility and acceptability can be expected only if students 
are provided with a thorough experience with the ideas involved. If the 
students have previously dealt with the technical concepts (entities, prop- 
erties, and relations) contained in the axioms and if the axioms annunciate 



AN F-:V()LUriONARY VIbW 



395 



familiar facts concerning the concepts, then the hurdle of molivaiinn for 
ihc axiom system presents no obstacle. Students will ihcn- — and only 
then — have a chance of appreciating the creative process involved in de- 
veloping a branch of mathematics deductively. 
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A Quick Trip tlirougli Modern 
Geometry^ witli Implieatioiiis 
for Seliool Curricula 



ROSS L. FINNEY 



^^ssuMiNG that he has not already decided, just how docs one go about 
determining what geometry is? He can ask mathematicians reputed 
to be geometers exactly what kind of mathematics they do; he can ask all 
available mathematicians what geometry they have done; and he can ask 
all these mathematicians what geometry others have done. In return, he 
will receive much advice, some of it conflicting, and many beautiful 
theorems, some of which will be couched in astonishing language. 

A mathematician who is asked what geometry is may spend a certain 
amount of time asking ^-.ii colleagues what they think it is, but sooner or 
later he must answer in one of two ways. Either he can reply that geometry 
is what geometers do \a perfect response, of course, but one that does 
not describe exactly what they do) or, better, he can give examples of 
the work geometers do. 

The latter choice has been made for this chapter, and from these 
examples and their variety, implications for school curricula will be drawn 
and predictions about the role geometry will play in the schools of the 
future will be made, for the mathematical and pedagogical discoveries of 
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this century arc proving to be powerful forces for ehiinge. The clTects 
of these discoveries have already been felt through the appearance of a 
variety of new curricula — curricula that on the whole seem to be improve- 
ments over the more traditional ones that ihcy have replaced — and it is 
likely that they will produce even greater changes in the years ahead. 

Since the examples of geometry given in this chapter arc fairly inde- 
pendent of each other, it should be possible for the reader to skim them 
or skip aboul in iheni as he pleases and still make sense of what follows. 
In any event, the future role of geometry in our schools, discussed in the 
section "Implications for School Curricula,** can be read independently of 
the survey of geometry that precedes it. Among the conclusions discussed 
in the last two sections of the chapter is the following: Euclid is not dead, 
that is, Euclidean geometry is still a valid geometry for study; rather, it is 
geometry in the style of Euclid that is of waning interest and importance. 

EiirlicU'aii Spares 

One of the powerful mathematical forces at work in education today 
is the explosion of mathematical knowledge that has occurred during this 
century, particularly ir the last twenty years. To illustrate this explosion, 
a brief list of current mathematical fields that are all different but none- 
theless intimately concerned with geometry can be made. (The list as it 
stands is by no means complete, but it did come up in a natural way 
several years ago when the mathematicians at the University of Illinois 
at Urbana-Champaign decided to revise the geometry curriculum. Every- 
one who felt a professional interest in what geometry our students should 
learn was invited to participate, and the group that convened found itself 
representing many difTerent fields.) This list includes dynamical .systems 
and control theory, measure-theoretic number theory, diiTcrential geom- 
etry, diJTerential topology, combinatorial topology, partial difTerential equa- 
tions, algebraic and analytic homotopy theory, three-dimensional topology, 
general and algebraic topology, category theory, geometric topology, point- 
set topology, projective geometry, and diflferentiable manifolds. 

The group all agreed that our undergraduate course in set theory and 
metric spaces did not give a preparation broad enough for graduate work 
in geometry and topology, and all except the projective geometer felt that 
an undergraduate's exposure to projective geometry should be limited to 
what came naturally into the undergraduate course on linear algebra. We 
then designed a year's course to introduce undergraduate mathematics 
majors to geometry, a yearlong answer to the question. What is geometry? 
A description of the course, now being given for the fourth consecutive 
year, follows. 
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The Hrsl section, and one of the shortest, is a review of some of the 
Euclidean geometry that appears in our courses on linear algebra and 
elementary real variables. A point or vector a* of Euclidean n-spcice R" is 

defined to be an /7-tuple x.j \„) of real numbers. Thus R\ 

whose points are pairs of real numbers, is the familiar Cartesian plane, 
and R'^ is the usual Euclidean three-space. The space R^ is the set of real 
numbers itself. 

The scalar multiple tx of a vector .v is the vector (/.Vi, tx.j /.v„). 

The scalar product (.vjy) of the vectors .v and v is the real number .ViVi + 
-v-v- + . . . + Ji*„y„. Vectors x and y are defined to be perpendicular 
whenever (x\y) ~ 0. The leni*th of the vector x is the number \/ (.y .v) and 
is denoted by i.v for short. See, for example, the vectors in figure 13.1. The 
length (2,-1 ) of the vector (2,-1 ) is \/5 because 
(2,-1 ) (2,-1) = 4 -r 1 5. 




Fig. 13.1 Vectors (points) in the plane R- 

The vector (2,4) is twice the vector (1,2) and is perpendicular to the 
vector (2,~1) because 

((2,4);(2,-l) ) =4-4 = 0. 
The course then defines the distance d{x,y) between points .v and v of 
R" to be the length \x - y| of the differefnce vector x - y. This definition 
shows that for all points a, y, and z — 

L d(x,y) - d{y,x)\ 

2. dix^y) > 0: 

3. d{x,y) = 0 if andonly if jc =y; 

4. d(x,y) -h d(y.z) > d{x.z). 
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The formula x — Vj, when written out in full, is the usual square-root 
formula for distance. In figure 13.1, the distance between (2,4) and 
(2,-1) is 

,{2,4) - (2,-1): !(2 -2,4 -h 1) = (0,5) \/25 5. 

It is then possible to define a motion to be a distance-preserving function 
from /?" to /?". That is, / is sueh a function if and only if ^/(/(a'),/( y) ) 
(l(x,y) for every pair of points x and y. Motions, of course, ari* the trans- 
formations that many of us were laught (o call nt^/cJ motions: translalions, 
rotations, reflections, and the like. The main theorem of this section de- 
scribes motions in terms of matrix multiplication, and the course then 
spends a certain amount of time looking at matrices to see what kinds of 
motions they do or do not produce. 

Finally, Eialidean geometry is defined to be the study of the properties 
of the subsets of R" that are invariant under motions, Collincarity, inci- 
dence, length, volume, angle, separation, and convexity are all examples 
of such properties. 

Euclifh^an Spaeths Arc IVIelric Spa<*es 

One's knowledge of Euclidean spaces may be broadened considerably 
by studying them as metric spaces, and the next section of the course intro- 
duces the appropriate ideas. 

A metric space is a set X equipped with a function d(x,y) that is defined 
for all points .x and y of X and that satisfies the four properties listed above 
for the distance function in R". The function d is called the distance func- 
tion of X, or the metric of X, whence the name ''metric space." The 
Euclidean space R", with its distance function d(x,y) - x - y , is thus a 
metric space and can be studied with all the tools that have been developed 
over the years for studying metric spaces. 

For a given set there are usually a great variety of metrics. For the 
points of the Euclidean plane, we have the usual Euclidean metric d given 
by the rule 

d(A',y) z= x/{xy- y, )- + (a-. - y.)-. 

The points of the plane with this metric make up the space called R-. 
However, we also have the city-block metric d given by the rule 

(l'(x,y) ~ \Xy - y, + x^^ - y. , 
where the vertical bars now mean absolute value. 

It is always interesting to compare conic sections in these two metric?. 
The unit circles (the circles with radius 1 and center at the origin) look 
like those in figure 13.2. The parabolas with focus (1,0) and directrix 
the vertical axis look like those in figure 13.3. 
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A parabola in the Euclidean metric A parabola in the city-block metric 

Fig. 13 J. 

Whenever x is n point of a metric space X and r is a positive real num- 
ber, the open ball y^'ith center ,v arui radius r is the set of points of X whose 
distance from x is less than r. 

The name hall comes from where open ba)ls look exactly like balls 
whose outer-bounding spheres have been stripped off. In IV. open balls 
are disks minus their bounding circles. In R\ open balls are simply open 
intervals. (See fig. 13,4,) For higher dimensions, we still find ourselves 
drawing pictures just like those in figure 13.4. 

Open balls come in all sizes, depending on the radius r, and in each /?" 
each point x is the center of infinitely many of them. 

A .subset of a metric space X is said to be open if it is a union of open 
balls. There is a trick here: the empty set is open because it is an empty 
union of open balls, and each open ball is open. The space X, itself the 
union of all its open balls, is open. 
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X 



Fig. 13.4. Open balls in R\ R% and /?' 

In y?' the closed unit interval [0,1] is not open because neither of ihc 
cndpoinls 0 or 1 lies in an open inierva! that also lies in [0,1]. If the 
entlpoinis are discarded, however, the result is the open unit interval (0.1 ), 
which is open. 

In the plane the set of all points with both coordinates positive is 
open. The set of all points with nonnegative coordinates, however, is not 
open because no point of either axis lies in an open ball that lies in the 
set. The closed unit hall E-, consisting of all points of the plane with 
distance no more than 1 from the origin, is not open. The open unit hall, 
consisting of all points with distance less than I from the origin, is open. 
The unit sphere S\ consisting of all points with distance exactly 1 from 
the origin, is not open. 

Jn Euclidean three-space R^, the open unit ball is again open, but the 
closed unit ball P and the unit sphere .S"- are not. 

Whenever X is a subset of R", we may deline a metric for X by delining 
(l{.K,.x') to be the /?"-distance between the points .v and ,v'. Open balls in X 
need not look round anymore, but they are called open balls nonetheless. 

In figure 1 3.5, the set X is a comb with three teeth. The open ball in X 
about ,v of radius r consists of a piece from each tooth. 

A function / from a metric space A' to a metric space Y is continuous 
if the set / is open in X whenever the set K is open in K. This require- 
ment may look backwards, but it is equivalent to the calculus definition 
that / is continuous if /(.v„) — ^ fix) whenever .v„ .v. 

A continuous function is a homeomorphism whenever it has a continuous 
inverse. Each motion of /?" is a homeomorphism, but most homeonior- 
phisms from /?" to R" are not motions. Spaces X and Y arc called homeo- 
morphic if there is a homeomorphism from one onto the other. 




COMB -SPACE 

X 



Fig, 13.5. An open ball in a metric space need not look round. 
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Tlic topology of liud'uican space is ihc study of ihc properties of the 
subsets of that are unchanged by homeomorphisms. 

in the plane R- the subsets homeoniorphle to the unit circle are the 
simple (i.e., do not eross themselves), closed (i.e., start and stop at the 
same point) paths. For example, in figure 13.6 the plane sets are homeo- 
morphie to S\ but in figure 13.7 they are not. 




Fig. {^J . These plane scls are no,t homcomorphic to5'. 



To illustrate the kind of role homeomorphisms can play in geometry, 
we shall digress from the course outline for a moment. In figure 13.6. 
the triangle T and the outline of ihe amoeba A differ in many respects: 
they do not enclose equal areas, only one is convex, and only one has 
angles. No motion takes one lo the other because motions preserve area, 
convexity, and angle. But T and A are alike in one respect already men- 
tioned: they are both homeomorphic to the unit circle S\ Moreover, the 
property of being honiconiorphic to 5' is preserved by motions; so being 
liomeomorphic to h a property of Euclidean geometry. 

To convince us that this geometric property is really worth something, 
we have the following theorem (14, p. ^J4) : 

SCHOENFLIES THEOREM. Whenever two subsets of the plane are both 
homeomorphic to there is a homeomorphism from the plane onto 
the plane that carries one subset onto the other. 
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From this single geometric property shared by the triangle and the 
amoeba, we conclude that although there is no motion of the plane carrying 
one to the other, there is still a homeomorphism of the plane that docs so. 

There are two natural ways to rephrase the Sehocnflies theorem for 
Euclidean three-space, and both are false. They arc false, however, for 
reasons that are worth investigating and that have led to research that is 
by no means over. 

Falsh STATENiENT 1 . // two suhscts of R'^ are honieomorphic to the unit 
circle S\ then there is a homeomorfyhism of R'^ onto R'^ that carrier one 
set onto the other. 

A counterexiimple is given by a knotted circle K and a circle C that lies 
in a plane (fig. 13.8). Each of K and C is homcomorphic to the unit 
circle, but no homeomorphism of R^ onto superimposes X on C or C 
on K, Homcomorphisms of do not untie knots. (This assertion involves 
some group theory that we will sketch later.) 



On reexamining false statement K we might decide that it was not a 
very good analogy because the dimension of the Euclidean space went 
from two to three while that of the circle 5' remained unchanged. How- 
ever, if we put the unit 2-sphere in place of the circle in false state- 
ment 1, we get the following: 

False statement 2. // two subsets of are homeomorpinc to the unit 
sphere S\ then there is a homeomorphism of R'-^ onto /?*^ that carries one 
set onto the other. 

To get a feeling for why this statement is false, see figures 13.9 and 
13.10. Figure 13.9 shows the unit 2-sphere in R^, Figure 13.10 shows 
a very wiggly sphere, called the Fox-Artin (FA) sphere. The point is not 
that 5- and FA fail to be homeomorphic; they are homcomoq^hic (in spite 
of the wiggles). The point is that there is no homeomorphism of onto R'^ 
that superimposes the two. The proof, by Fox and Artin, involves a delicate 
geometric construction of a particular group (7, p. 989). This proof will 
be discussed later in the chapter. 




Fig. 13,8 
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[\C^C)^ — 













(0.i,0) 



Fig. 13.9 The unit 2-sphere in /?' 




Fig. 13.10. The Fox-Artin 2-sphere» FA 

In contrast to the Fox-Artin example^ it is possible to find a homeo- 
morphism of onto /?'^ that superimposes and the rather lumpy sphere 
shown in fiqure 13.11. In fact, false statement 2 can be made true by 
adding restrictions that keep the sets involved from being too wiggly. The 
course, to which we now return, provides the necessary language. 



Paths and Calculus in Euclidean Spaces 



After the geometry and topology of Euclidean space is defined, the 
course describes conditions that can be put on curves and surfaces in /?*^ 
to produce a manageable geometric theory. 
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Pig. 13.11. Lumpy 2'Sphere 



A path in R'-^ is any continuous function p from an interval / [Oji] 
of real numbers into R'\ For each value of (, the point p(i) in is a 
triple (a'(0, y(0, of real numbers. This notation suggests that we 

may think of p as a triple of real-valued functions defined on /, and that 
is precisely what we do. 

One reason for thinking of p in this way is that wc can then tell when 
a candidate for a path is continuous: /; is continuous if and only if each 
of the coordinate functions .v, v, and z is continuous. Another reason is 
that it lets us define paths easily. There arc, in fact, many examples from 
calculus, but before looking at some of them, it will help to ha\p a notation 
for the phrase 

function / from A to B. 

The notation is 

j:A B. 

With this notation, the phrase 

function / from to R" is continuous 
can be shortened to 

/:/?" R' is continuous. 

An example from calculus is the path /;i:[0,27r] — ^ R''\ given by the 
following formulas: 

x(t) — cos t 
y(t) - sin t 
z{t) = r. 

The path starts at (1,0,0) when t 0, winds in a helix around the z-axis, 
and stops when t - Itt (l,0,27r). (Sec tig. 13.12.) 

A third reason for detining paths to be functions is that we can bring 
our knowledge of calculus to bear on the coordinate functions x, y, and z. 

Unfortunately, however, if a path is a function, it is no longer merely 
a geometric object in R'K In fact, the path pj:[0,l] R'\ given by the 
correspondence t (cos Irrt, sin Itti, l-rrt), traces out the same helix as 
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Z 

f 



•(5,0, 2Tr} 




Y 



Fig. 13.12. Helix in 



the path p^. To complicate things further, the path /?:^:[0,2:r] R'\ given 
by the correspondence / — > (cos(27r — r), sin(27r - r), 2?: — /), traces out 
the helix again, but in the opposite direction. It starts at ( l,0,27r) when 
/ = 0 and stops at (1,0,0) when / = Ztt. If our study of these paths is 
to be a study of the helix itself, we need a way to say that the paths are 
essentially the same. 

A parameter change between intervals / and /' is a continuous function 
from / onto /' that is either strictly increasing or strictly decreasing. For 
example, the function A: [0,1] ~» [0,27r], given by / 27r/, is strictly in- 
creasing. As / goes up, so does 2tt(. The function /2:[0,27r] [0,27r], 
given by r — > (27r — r), is strictly decreasing. As t goes up, (lir — t) goes 
down, 

Wc say that paths p:I R'^ and are equivalent if there is a 

parameter change /:/ /' such that p{t) - p'(f{f) ) for every /. The 
three helix paths are equivalent because for each /. we have p-2(0 — 
/;a/i(0) and/?H(r) =/?i(/^(0). 

Equivalence of paths is an equivalence relation, and so the set of paths 
falls naturally into equivalence classes, which we now call curve,s\ The 
paths pu and p:u being equivalent, all represent the Scime curve. 

Tracing out the helix in opposite directions, however, shows a distinction 
between the paths /?i and p.^ that is too useful to obliterate N lumping 
them into the same curve. The observation that the paranict.'i change that 
gives their equivalence is decreasing is the clue for v^hat to do. If we 
call paths equivalent only if they differ by an increasing parameter change, 
then each of the former equivalence classes that we called a curve splits 
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naturally into two subclasses that wc can call onentcJ curves. The paths 
/7i and Pn now represent ditTercnt oriented curves, or, if you like, diilcrcnt 
orientations of their original eurve. 

The trouble now is that although wc are closer to geometry, we are ai^o 
further from eaieuius. Caleulus is applied to individual functions, not to 
great masses of them in equivalence classes. If wc arc going to study the 
helix with calculus, wc must have specific functions like those of Pi, p-. 
and pii to work on. But given a curve or an oriented curve, which of its 
member paths do we choose to represent it? Fortunately, there is a natural 
one: we choose the path whose variable is arc length. In this path the 
interval runs from 0 to L, the length of the curve, and at each s in [0,Z-^. 
the point /;{.v) on the eurve has distance exactly s (measured along tne 
curve) from the starting point /?(0). For our helix the arc-icngth path is 

p.i(y) - 1 cos / , sin / , y' ) ^ 

where J runs through the interval [O^lrry/l]. (See fig. 13.13.) 



S = Zr(/Z = THE LENGTH 
OF ^HE HELIX— 



S = 0 




AT EACH Pis), S IS THE 
DISTANCE ALONG THE 
HELIX FROM THE STARTING 
POINT S = 0 



Fig. 13,13. One of the twc arc-length paths for the helix 



Theoretically there is a simple way to obtain the are-length path when 
we need it. We start with any particular repres-^ntative (x{(), y{(), zO) )^ 
We know that the variable t differs from the arc length s by some parameter 
change, but by which one? A theorem from calculus tells us that the 
following formula converts t into s: 



ERIC 
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For example, to gel the arc-length path for the helix, let us start with 
the representative P\ and compute the following: 



s ~ y V J^in-/ -f- cos-/ -i- ( 1 



4J 

t 



fV2 



= V2 



( 



We then substitute / for / in the formula (cos r, sin t, t) to get 
V 2 

V s s\ 

COS /, sin . . , ), the formula for 7^4. To get the interval 
V2 V2 VlJ 

[0,27r\/ 2] for p\, we compute as follows: 

L = f^V2. 

(I 

= 27r \/2. 

Note that the general formula for s assumes the functions y, and z 
to be differen liable and the square root to be integrable (which it will be 
if the derivatives are continuous). This is the kind of assumption spoken 
of earlier as producing a manageable theory. In differential f^eometry (for 
that is what is now being introduced), it is assumed that the coordinate 
functions of paths are sufficiently diffcrentiable to allow calculus to be 
applied at will. In practice, ''sufficient*' means continuous third derivatives 
when working in /?^* and continuous second derivatives when working in 
the plane. 

If we assume that the coordinate functions of paths are differentiable, 
we must also assume that parameter changes are differentiable. Otherwise, 
differentiability is lost by parameter change. Equivalence classes of differ- 
entiable paths under differentiable (increasing) parameter changes are 
called regular (oriented) curves. 

The stage is now set for some theorems from our undergraduate course. 

dx 

These theorems use the ''dot'' notation for derivatives: x for . , 'x for 

us 

and so on. ^ 

Theorem. A regular curve represented by the arc-tength path p(s) = 
(^(^'). y(^), z(s}} is a straight line if and only if the length \p\ of the vector 
(x. y, z) of second derivatives with respect to s is 0 for every value of s. 
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The function p is llius a measure of how much the curve reprcscnletl 
by p deviates from being a straight line, if we call /3(.s ) the ciirvcUiin' of 
the curve at .v. we may rephrase the theorem to say that a rc\*idar curve 
is a xrraiif/if litic If ami only if it has curvature zero. Thi.s rephrasing should 
generate a certain amount of faith in the theory (or at least in the nomen- 
clature). As further evidence that /i(.v), deserves its name, let us add 
that for a circle of radius r. the number i/3(.v) , is 1 r for every value of .v. a 
result coinciding with the common prejudice that circles should have con- 
stant curvature equal to the reciprocal of .their radii. 

l( a curve lies in the .vv plane, which wc may think of as its curvature 
tells us even more. 

Tnr.ORnM. Suppcyse that two oriented regular curves have arc-h'ngth 
paths defined on the same interval, p,p'\! /?-. Then there exists an 
orientation-preserving (the determinant of its matri.x is 1 ) motion M with 
p ~ M o p' if and only if the curvature functions ]}?] and ^f}'] are identicai 

By A7 0 is meant the composite function that is // followed by M. We 
may indicate, schematically, that p ^ M o p' by drawing a diagram like 
that of figure 13.14. 

Roughly speaking, then, oriented regular plane curves are congruent 
under an orientation-preserving motion if and only if ihcy have the same 
length and curvature, fn particular, every regular eurve with constant 
curvature k ^ 0 is congruent to part (or all) of a circle with radius 1 k. 

Not all curves in are planar, however, and curvature alone does not 
tell how planar a given regular curve is. The arc-length path for the 

helix has curvature \ : 



his) 



( \ s \ 



srn 



V2 





\ 



M 




Fig. 13.14. Thi.s schematic diagram says that motion M moves ihe image of path 
p' to the image of path p. More precisely, it says that p = A/o p\ 
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But the helix does not lie in a plane, and it certainly is not a circle of 
radius 2. 

One of the pleasant side effects of choosing arc-length paths to repre- 
sent curves is that the length \p{s) \ of the vector (x{s), v(-5>'), iU)) of first 
derivatives with respect to s is always 1. This is because the arc-length 
formula gives 

tt 

and so 

as 

The derivative ds/ds is, of course, I. 

For each value of .v, the vector pis) is called the tangent vector to the 
curve represented by p. It is so named because in every known example 
it actually looks like a tangent vector. 

Another pleasant side effect is that for each s the vector p(s} is per- 
pendicular to the vector /i(^). This is true because 

0 - £ (1 :> - ^ (PIP) = (p\p) + ip\p) - 2ip\p)] 

so(/>;/?) = 0. This argument, although standard, is convincing only when 
one knows why the equalities hold. The first holds because the derivative 
of a constant is always 0. TJie second holds because /) has length 1 (so 
/>j/> =1). The third is a routine identity that can be verified by writing 
out p\p, taking its derivative, and then condensing. The fourth is an in- 
stance of the symmetry of scalar products. 

The vectors p and p, being perpendicular, determine a plane whenever 
p 9^ 0. Whenever the curve represented by is a plane curve, the plane 
of p and p is the same as the plane of the curve. Suppose that at each point 
p{s) of a nonplanar curve we could find a measure of how much the 
curve twists away from the plane of />(^) and p{s)» We should then have 
a measure of how much the curve deviates from being a plane curve at s. 
Fortunately, to produce such a measure takes only a modicum of patient 
work. First take the cross product h = p X p of the vectors p and p; then 
for each s the vector p(s) is a real scalar multiple —t(s) of db/ds. 

Although this procedure is certainly not obvious, the function r, called 
the torsion function of the curve, does serve as the measure we want, 
because we have the following theorem: 



Theorem. The curve is planar if and only if r is identically 0, 
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In fnct. as the next theorem says, it will not merely serve, it will serve 
perfeelly. 

TuiioRLM. Lci P_':[0,L] — * h(\air-lcni;th rcprcscntaiivcs of ori- 
ented curves. Then there exists an orienfation-preseriini^ in^f/ion M 
M'ith (}] — Mo P2 if <^if^d only if the eurvciture functions "p^ and are 
identical and the torsion junctions rj and r_- cue iJentical. 

So if two paths in have the same length .Mid if they bend and twist 
fhc same way, then they are congruent. 

In addition, the theorem says that hoth curvature and torsion of curves 
m space arc geometric notions; they are unaltered by motions. 

It is now possible to sec why regularity in R^ is assumed to mean three 
conUnuous derivatives: with three, t is continuous. In the plane t is not 
needed, and two continuous derivatives are enough to make the curvature 
continuous. 

This last theorem has implications for the Schoenflies problem. It gives 
us a restricted version of false statement 1 that is true: // t\\(f svhsets of R - 
are honK'onu>rphic to a circle and if they can he described hy arr-leni^ih 
paths thut have identical curvati4re and torsion functions, then t lie re is a 
rii^id motion of that places one on the other. 

Since euch motion is a homeomorphism, this would seem to solve the 
problem. However, just as our hypotheses were too weak when wc lirst 
stated false statement I, now they are too strong. 1o generalize the 
Schoenflies theorem, we do not need to produce a motion; any homeo- 
morphism wil) do. Can we not weaken the hypotheses and still come up 
with a homeomorphism? (The answer is yes, we can, but not easily.) 

The course continues its treatment of regular curves with a study of 
winding number, vector fields, and the Jordan curve theorem. 

Jordan curve rfiKORKM. If a subset of the plane is hoi)ieoniorf)hic to a 
circle, then it sef>arates the plane Into two connected sets, one bounded 
and one unbounded, of which it is the common htmndary. 

Although this theorem is considerably weaker than the Schoenflies theo- 
rem, its proof is accessible at this stage in an undergraduate's education; 
that of the Schoenflies theorem is not. Moreover, the higher-dimensional 
generalizations of the Jordan curve theorem arc all true: A subset of 
/?"(/?> 2) homeomorphic to the unit sphere S'* ' in R" separates R'\ 

The course then looks at ways to apply calculus to a study of surfaces 
in R'\ Historically, this kind of study has led to the use of derivatives in 
still higher dimensions and to applications that have helped to solve geo- 
metric problems with stunning success in the last few decades (12), 
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Hinldmg Li'iH' S^pmnis and 

TriaiijiloH in Kiwlidcan Sparer 

It is to coffihinatorial topoloi^y lhal ihc course turns when it leaves 
curves and surfaces. Combinatorial topology is the study of the metric 
spaces that can be made by luting together, in an orderly fashion, geometric 
building blocks called simpU'xvs, The standard O-sinipUw is the point 1 
in the real line R\ The standard I -simplex is the line segment spanned 
by the points (1,0) and (0.1) in /?-, The standard 2-sinfplcx is the tri- 
angular plate in whose vertices arc (1,0,0), (0,1,0) and (0,0,1 ). (Sec 
fig. 13.15.) In general, the statulard n-sifyfpUw is the smallest convex set 
in R' ^ that contains the tips of the // -t- 1 unit vectors. 



A 




Fig. 13.15. Standard simplexes of dimensions 0, 1, and 2 

A jicoinetric n-simplex (we shall just say n-siniplex) is a space honico- 
morphic to the standard ^-simplex. Each of the simplcxes in figure 13.16 
is a I -simplex because il is homeomorphic to the standard 1 -simplex. 
Similarly, a 2-simplex and a 3-simplcx might look like those in figure 13.17. 

The rule for assembling 1 -simplcxes is that they must meet in common 
cndpoints or not at all. The two pictures in figure 13.18 show what can 




Fig, 13.16. I -simplcxes 




1-SIMPLEX 2-SIMPLEX 3-SIMPLEX 

Fig. 13.17 
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a 



b 



Fig. 13.18 



go wrong: the simplexcs touch or cross at interior points. To build cor- 
rectly the space shown in figure 13.18a takes at least three simplexcs (see 
fig. 13.19^?); to build correctly the space shown in figure 13.18/? takes at 
least four {Wg. 13.19/)). Wc must make certain thai all points of contael 
arc vertices. 



When a finite number of I -simplexcs are assembled according lo this 
rule> the resulting metric space is a l-vompkx (pronounced "one-complex" 
and short for ''one-dimensional complex"). Infinite I-complexes do exist; 
for example, the unit intervals give a simplicial decomposition of the real 
line. But there is no need to consider them here. 

Famous anci entertaining problems about I -complexes aboun^. The 
problem of the seven bridges of Kaliningrad, as Konigsberg is now called, 
is quite well known, Kuratowski's construction theorem, however is not 
so familiar, and so a brief discussion of it is in order. 

Not all I -complexes can be assembled in a plane. For example, the 
complete five-point CFP and the gas-lights-and-water circuit GLW cannot 
be assembled in a plane, for both require three dimev .ions for their con- 
struction (fig. 13.20). 

It might be imagined that a great variety of such recalcitrant 1 -complexes 
exists, but Kuratowski was able to prove in 1930 that a 1 -complex that 
requires R'^ for its construction already contains CFP or GLW somewhere 
inside it (9, p. 271), These two 1-complexes are entirely responsible for 
nonconstructability in the plane. Astonishing! 

The rule for assembling 2-simpIexes is that they must connect either 
(1) at a vertex or along an entire edge or (2) not at all. (See fig, 13.21,) 




a. 



b. 



Fig. I.VI9 
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CFP GLW 
Fig. 13.20. These complexes cannot be assembled in a plane 

When a finite number of 2-simplexes arc assembled by this rule, the result- 
ing metric space is a 2-complex. 




V 



YES 




HOW TO J0^^4 2-simplexes 




e. ^ f. 
NO 





HOW NOT TO JOIN 2-SlMPLEXES 



Fig. 13.21 



A number of 2-complexes are surfaces. For example, let us begin with 
four particular 2-simplexes, as shown in figure 13.22. 




Fig. 13.22. Four 2-simplexes 
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1. Connect neighboring edges to gel a rcciani^lc (fig. 13.23). 




I'ig. 13.23. A rcctnngic 



2. Then connect the lop and bottom '^dges to match the arrows in figure 
13.24 to make a cylinder. 




Fig. 13.24. A cylinder 



3. Finally, connect the right and left ends to matcli the arrows in ligurc 
13.25 to produce a lorus (surface of an anchor ring). 




Fig. 13.25. A torus 



If in step 3 we had connected the ends of the cylinder so thai the arrows 
were opposed instead of matched, we would have produced the surface 
known as the Klein bottle. The Klein bottle cannot be assembled in R''\ 
however. Its construction requires one more dimension. It can be assc:m- 
bled in R\ 

There is a general theorem, easily proved in linear algebra, that an 
*i-complex (a metric space assembled from n-simplexes according lo anal- 
ogous rules) can always be assembled in R-" K In the early 1930s Van 
Kanipcn (13, p. 72) and Floras (6, p. 17) were able to show that certain 
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//-complexes needed the full 2n 1 dimensions. They did this by findintz 
a suitable generalization of the 1 -complex CFP. 

The boundary of a 2-simplex is made of three vertices and the three 
1-simplexes that connect the vertices in pairs. The boundary of a 3-s implex 
consists of four vertices, the six 1-simplcxes connectiniz the vertices in 
pairs, and the four 2-simplexes connecting the vertices in threes. The 
boundary of a 4-simplex consists of five vertices, the ten i-simplexes 
connecting them in pairs, and .so on. (See fig, 13.26.) And here we have 
the key to Van Kampen's and Flores's discover)': these live vertices and 
ten 1-siniplexes constitute the complete live-point CFP. 




THE 3 VERTICES THE 4 VERTICES THE 5 VERTICES 

AND 3 1-StMPLEXES AND 6 1-SIMPLEXES AND 10 1-SIMPLEXES 

IN THE BOUNDARY IN THE BOUNDARY IN THE BOUNDARY 

OF A 2-SlWPLEX OF A 3-SIMPLEX OF A 4-SIMPLEX 



The appropriate higher-dimensional analogue, they proved, is the union 
of all the N-simpIexes in the boundary of a {2n + 2)-simpIex. Such a union 
cannot he asseaibled in any Euclidean space of dimension less than 2/? H- 1 . 
The complex CFP is the case - 1, the union of all ten I-simplexes in the 
boundary of a (2 - 1 -r 2 = 4)-simplex. 

Van Kampen and Flores also discovered that a natural generalization of 
GLW requires the full 2n + 1, but seemingly there is no theorem like Kura- 
towski's to say that every //-complex requiring the full 2n + 1 contains a 
generalized CFP or GLW. 

Combinatorial topology has been able to solve a number of problems, 
among them one on identifying spheres posed originally for dimension 
three by Poincarc — a problem that has been solved in all dimensions except 
three and four (3; 12). This problem is mentioned here partly because 
of its long standing — it was first posed at the turn of the century, but the 
first solutions did not appear until the early 1960s — and partly because 
solutions in dimensions three and four have not yet been found. The 
combinatorial solutions of the early 1960s led to a completely unrestricted 
solution in 1966» but still in dimensions greater than or equal to five. 
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At the risk of conveying the impression that all geometry is involved 
with the Sehoenfiies problem, whieh it definitely is not, some time should 
be spent on its solution in /?\ sinee the hypotheses arc so purely geumeiric. 

A 2-sphere is a space homeomorphic to the unit sphere .V-. A 2-sphere 
in /?■' is polyhedral if it is a 2-complex that is made from flat, straight-edged 
triangular plates. (See tig. 13.27.) 




rig. t3.27. A polyhedral 2-spherc in 



It has been known since Alexander's 1924 paper (I. p. 6) that the 
bounded component of the complement of a polyhedral 2-sphcre in is 
always homeomorphic to nn open ball (the Fox-Anin 2-spherc is not the 
boundary of a ball in /?•*). but it was not until the early 1950s that Moise 
proved that if A and B are polyhedral spheres in R \ then there is a homeo- 
morphism of /? ' onto that moves A onto ^ ( 10, p. 172). 

Moise *s theorem, of course, does not apply to nonpolyhedrnl spheres. 
The Fox-Anin 2-sphere in figure 13.10 is not polyhedral and cannot be 
moved onto S'- by a homeomorphism of /?-*: the lumpy 2-sphere in figure 
13.1 I is not polyhedral but can he moved onto .V- by a homeomorphism of 
RK A description of recent work in this direction can he found in an 
article by Sehultz (12). 

The undergraduate course restricts it,s attention more or less to complexes 
ol dimensions one and two and uses its findings to construct iwulamental 
groups of surfaces and then to return to the geometry of surfaces. (The 
fundamental group is the group tt, that appears in the next section,) 

Pulling Geoinelry an<l Algel)ra Togolher 

Let us turn for a moment to a kind of problem that pervades all mathe- 
matics, and geometry in particular, (It has already appeared here in dis- 
guise as the Schocnflies problem.) If /! is a subset of a metric space X. 
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then A is itself a metric space, and the distance between two points of A 
is the A'-distance between them. Similarly, if B is a subset of another metric 
space Y, then 5 is a metric space, and we may talk of continuous functions 
from A to B, Given such an /, we may then ask whether there is a con- 
tinuous function F from X io Y that agrees with } on A, (Sec fig. 13.28.) 
When there is, F is called an extension of / to A'. Sometimes more is asked 
of F than mere continuity, but in any event determining the existence of 
F is called an extension problem. 




Fig. 13.28. Fis an extension of/ if it agrees with /on /I. 



To keep track of what is going on, one usually draws a schematic dia- 
gram like the one shown in figure 13.29, Here, / and / are the inclusion 
functions defined by /(«) — a and j{b) = b. The horizontal arrow for F is 
dashed to indicate that its existence is in question. 



DOES THIS 
FUNCTION EXIST? 



Y 



PRESCRIBED 
CONTINUOUS FUNCTION 



B 



Fig. 13.29. Schematic diagram for an extension problem 



The Schoenflies theorem for the plane says that '\i A is a subset of the 
plane that is homeomorphic to the unit circle S\ then it is possible to find 
a homeomorphism F of the plane onto itself that moves A onto 5'. But, in 
fact, even more is true, for if / is any homeomorphism of A onto S\ then 
there exists a homeomorphism F of /?- onto that agrees with f on A, 
Thus the solution F of the Schoenflies theorem is provided by the solution 
of an extension problem, as shown in figure 13.30, 

One of the favorite theorems of calculus says that if /: [0,1] -» [0,1] is 
continuous, then there is some point x in [0,1] for which fix) = x. In 
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Fig. 13.30. The Schoenflies problem is solved as an extension problem. 

short, every continuous /:[0,1] — > [0,1] has a fixed point. The theorem 
appears in calculus because one of its proofs is a natural consequence of 
the intermediate-value theorem. However, theorems like it have long been 
a domain of study of geometers, who ask the question. What geometric 
objects X have the property that each continuous function from A' to A' 
has a hxed point? In short, what geometric objects have the fixed-poini 
property? In fact, one of fhe great remaining problems in the study of the 
plane /?- is to find out exactly which of its subsets have the fixed-point 
property (4, p. 132). Certainly circles do not» for there are small rotations 
that leave no point fixed. Lines do not, for there are translations tiiat leave 
no point fixed. Nor do any other Euclidean spaces have the fixed-point 
property, for the same reason. However, every closed unit ball E" does 
have the fixed-point property. 

The calculus proof for [0,1] cannot be adapted to higher dimensions^ 
but the statement that the balls have the fixed-point property can be 
rephrased in terms of an extension problem, which in turn has an algebraic 
solution. The conversion of a geometric problem to an extension problem 
and its subsequent solution by algebra is typical of the techniques used by 
geometers today and is well worth looking into. In order to be specific, 
we shall prove that the closed unit disk £- has the fixed-point property. 
The pictures that accompany the argument will be those of E'~ and of its 
bounding circle S\ The argument, however, will be equally valid for every 

and bounding sphere 5""^ 

The proof that each continuous /:£- £- has a fixed point is a contra- 
positive proof. That is, it begins by supposing that / has no fixed point and 
then rushes merrily off to a contradiction. 

If /:E- £- has no fixed point, then i(x) is never the same point as x, 
and a unique ray starts at f(x) and runs back through ,v. (See fig. 13.31.) 
This ray hits the circle at some point that we call r{x). The correspond- 
ence X r{x) defines a function from E'^ to 5\ and in our course it be- 
comes a routine exercise to show that r is continuous. If x happens to be a 
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Fig. 13.31. This can be done for each -v if /-.E^ E- has iv» fixed poinl. 

point of E- that already lies on S\ then r(x) ~ .v. The function r is then 
the solution of the following extension problem: Find a continuous function 
from £- to 5' that agrees with the identity function on 5'. (Sec fig. 13.32.) 




FUNCTION 

Fig. 13.32. If/ has no fixed point, then r solves this extension problem. 

Wc arrive, then, at this point: If / has no fixed point, then this extension 
problem has a solution. What then? We find that this extension problem 
never has a solution (as will be shown later in this chapter). We conclude 
that / must have a fixed point after all. 

It is in showing that the identity function on cannot be extended to a 
continuous function from to that algebra comes in. A general theory, 
homotopy theory, assigns to each metric space X a sequence of groups 

7rn(;^),7r,(^),7r,(;r), . . . 

(pronounced **pi zero of A'/' "pi one of X'' and so on J . For a given space 
it is usually diflTicult, if not impossible, to compute these groups, but we do 
know them for some spaces. Roughly speaking, the groups measure the 
numbers and dimensions of holes in a space. For example, the fact that 
has no holes at all is reflected in the fact that every 7r„(E-) is the zero 
group (the group whose only element is the identity element 0). The 
circle has one two-dimensional hole, and we find that 7r](5^) is the 
group Z of integers, a group that can be generated by one nonzero gen- 
erator. The space 5- has one three-dimensional hole, and we find that 
ttA^') is Z, whereas 7ri(5-) is the zero group, 0. 

ERIC 
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One of the accomplishments of homotopy theory is that the assignment 
of groups is not haphazard. Whenever / is a continuous function from 
metric space X to metric space K, there correspond to / homomorphisms 
/„:7r„(A') TTniX) of groups. There is one for each natural number n, 
and the following marvelous ihings happen: 

1 . If f\X-^X is the identity function, then /„ is also the identity function. 

2. If/iAT-^ Fand^:y— > W^, then the homomorphism o /)„ assigned 
to the composite ^ o / is precisely the composite g,, ° 1n of the homo- 
morphisms assigned to / and 

The only thing we need to add before we tackle the extension problem 
for is a fact from group theory: Whenever /?:Gi Go is a homomor- 
phism of groups, h takes the identity element of G^ to the identity element 
of Go. 

Again the proof is contrapositive. Suppose that in figure 13.32 an ex- 
tension r realiy did exist. Then homotopy theory would convert figure 
13.32 into a diagram of groups and homomorphisms that looks like figure 
13.33. In fact, since we know what the groups are. the diagram in 
figure 13.33 actually looks like figure 13.34. 



Tr,(E') 




Fig. 13.34 



From this diagram we can see that the composite rj o takes everything . 
from Z on the left side to the identity element 0 of Z on the right side. 

ERIC 
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This is because /, takes everything to 0 and because rj, being a homo- 
morphisni, takes the identity element 0 o\ the 0-group to tiie identity 
clement 0 of Z. 

According to ( 1 ) above, the homoniorphism /'i is the identity function 
on Z. According to (2) above, the composite c y, is (r c /),. If r 
agrees with / on S\ this says that r j /. Hence / i ^ /i — ^ /)i - 
/i " the identity function on Z. 

The identity function, however, does not take everything from Z on the 
left to the identity elenient of Z on the riglit. Wc conclude from this con- 
tradiction that the hypothesized extension r does not exist. 

To produce a proof of the original fixed-point theorem in higher dimen- 
sions, wc replace li- by and by .V" ^ In the homotopy theory, we 
then replace tt, by tt,, \. As before, r,, - 0 and r„ i ( .V ') Z. 

The argument above goes through word for word. 

Now that wc have the homotopy group 7r,(A') for each metric space X, 
we are equipped to go back and look at the assertion that there is no 
homeomorphism of onto R'^ that takes the cloverleaf knot K onto any 
circle C that lies in a plane. (See lig. 13.35.) The key to the proof is a 
consequence of the rules I and 2 above; Whenever a continuous function 
/ is a homeomoiphism, the assigned /»'s are actually isomorphisms. 



A homeomorphism // of onto /^' that superimposes knot K onto 
circle C is also a homeomorphism that superimposes the metric space 
R-^ — K onto the metric space R'^ — C. (The notation R^ - K denotes the 
the complement of K in R \ that is, R'^ with K deleted.) It can be com- 
puted (but not easily) that the group 7r^(R'^ — C) is isomorphic to Z. 
whereas the group -n^iR-^ — K) definitely is not. Yet if h existed, the as- 
signed homomorphisni Ih would have to be an isomorphism of these two 
nonisomorphic groups. We conclude thrt there is no h. 

The proof that there is no homeomorphism of /? * that superimposes the 
Fox-Artin sphere FA (see fig. 13.10) and the unit sphere 5- is accom- 
plished in a similar manner: one produces, with great care and diligence, 
TT, of one of the complementary domains of FA and observes that it is not 




K 



C 



Fig. 13.35 
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the 0-group, which it would have lo be if there were a homeomorphism 
of R'^ onto that look FA onto 5-. 

A Last Example: Milhert Space 

Ai the heginning of this geometry survey, it was memioned that the list 
of fields given there was not complete, and our last example is taken from 
a field nol on that list — the field of infinite-dimensional geometry. It is 
particularly appropriate to choose this field because of a recent announce- 
ment by Schori and West that they have solved one of the field's long- 
standing problems (11)'. 

It is simple enough to generalize the notion of Euclidean //-space by 
letting points be infinite rather than finite sequences of real numbers. But 
the corresponding formula 

|/t(A-„-y„)--' 

does not define a distance function. There are sequences x and y for which 
the sum fails to converge. However, if one throws out all sequences except 
those for which x,r docs converge, the formula does define a distance. 
The resulting metric space, Hilbert space, is denoted by //. 

We know, of course, that the plane R~ is the Cartesian product of two 
copies of R\ that is R- - X RK Likewise, = /?» X /?» X R\ and 
y?" is a product of « copies of R\ Six years ago Anderson (2, p. 515 ) 
solved another long-standing problem of infinite-dimensional geometry by 
showing that in spite of its special formulation, Hilbert space too is a 
product of copies of R^ (this time infinite). 

In spite of this similarity between H and the Euclidean spaces, however, 
a number of exciting differences exist. Among them is Klee's discovery 
that compact subsets of H always have homeomorphic complements (8, 
p. 8). For R", whose compact sets are the bounded sets that have open 
complements, such a statement would be entirely false. It would be pre- 
posterous to assert, for example, that a point and a sphere in R" have 
homeomorphic complements. 

Within H is the Hilbert cube, C, the subspace of those sequences 

(^1, X'j, . . .) with \x„\ < for each n. The word cube is suggested by 

the fact that C is homeomorphic to a product of infinitely many copies of 
the unit interval. What Schori and West have announced is that the cube 
is homeomorphic to the space of all closed subsets of the closed unit interval 
[0,1]. To describe this space, we first look at [0,1] itself. 
The unit interval [0,1] is a metric space, the distance between two 
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points .V and y being the usual absolute value Ix — y . The open subsets 
of [0,1] arc then the sets that are unions of the open balls given by this 
distance function (open subintcrvals, and so on). A subset of [0,1] is 
closed if its complcmcnl is open. Single points, closed intervals, and finite 
unions of single points and closed intervals are all examples of closed 
subsets of [0,1], as shown in figure 13.36. 
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A CLOSED SUBSET OF [o,l] 
Fig. 13.36 



In the space of closed subsets of [0,1], the **points'' arc the closed sub- 
sets of [0,1]. The distance h(A,B) between two such points A and B is 
not their usual distance in [0,1], however, but rather a number that is 
defined in the following three inelegant steps: 

1. Look at all the numbers d(a,B) where d{a,B) is the usual distance 
in [0,1] from the point a of A to the set B. Take the largest of 
these numbers as a ranges over A. 

2. Do the same for the numbers d(h,A ) as the point b ranges over B, 

3. Then h{A,B) is the larger of the numbers produced by steps 1 and 2. 

For example, let A be the point ^ and let B be the closed interval 

[2' 4 J" ^^^^ ^ S^^^s^, step 2 gives 2^ 'ind step 3 says hiA.B) ~ (See 
fig. 13.37.) 

The assertion, then, of Schori and West is that the metric space whose 
points are the closed subsets of [0,1] and whose metric is h is actually 
homeomorphic to the Hilbert cube C. 

Although the fields mentioned in the initial list all have special tech- 
niques and points of view (and althougli there arc still other fields con- 
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Fig. 13.37, Here the distance h{A,B) is 1/2. 
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cerned with geometry that are not in the list), tliey all have a number of 
outward features in common: each field is international, each has famous 
men, each has a profusion of interesting problems, each fills a number of 
journals every year, each has worthy problems accessible to beginners, each 
is discussed at mathematical conferences all over the world, and each has 
grown CO large that keeping up with the work of one's colleagues can be 
a fuli-time job. 

Wliat Has Happened to Traditional Geometries? 

It must have been noticed that very little has been said about traditional 
nondifferentiable, noncombinatorial, nonalgebraic Euclidean and projective 
geometries. That is not because 1 do not love them (1 do!), but because 
they constitute only a small part of the geometrical activity that is taking 
place today. A number of people do work full time in the more traditional 
geometries and enjoy it thoroughly — and they are contributive. Many other 
mathematicians work in traditional geometries from time to time. Almost 
every mathematician likes to see a new theorem about triangles and appre- 
ciates deft and elegant proofs of a theorem he already knows. 

Yet, although everyone likes them, the feeling of the majority of mathe- 
maticians is that the traditional fields have already been worked so hard 
that they are played out, that they are dead ends. Most graduate students 
are warned away from traditional geometries, if for no other reason than 
because whatever they do will almost certainly have been done already. 
(1 once worked for weeks developing a theory about certain kinds of convex 
bodies in R", only to find later that most of what I had done was in Min- 
kowski's collected works. A few years ago J leafed through hundreds of 
issues of nineteenth-century French and Belgian journaJs just to make sure 
that my triangle theorems [5, p. 177] were not there.) 

No one disputes that geometry in the style of Euclid (I have called it 
"traditional" geometry here) was a beautiful beginning. It still is a beau- 
tiful beginning, but over the years geometry has developed into such a 
varied paradise of deep results and powerful tools and such a fertile ground 
for the imagination that most geometers simply will not give up what it is 
today to work with it as it used to be. 

Implications for School Curricula 

As the chairman of a committee that wrote most of the USAID Entebbe 
Mathematics Program's Secondary-C Geometry, I have had a number of 
opportunities to discuss the teaching of geometry in schools both here and 
abroad. It will probably not be surprising to the readers of this chapter that 
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I have conic to a point of view somewhat di He rent from that held by most 
teachers when I went to school. I believe, for example, that we should 
no longer spend an entire high school year on the traditional Euclidean 
geometry of the plane. I also believe that it is wrong to isolate geometry 
in the traditional way from other mathematics and that a good deal of the 
geometry that has been reserved for the later years of high school should 
appear earlier. I also think that it is not a good idea to try to teach 
geometry to high school students as an exercise in axiomatic foundations. 

Among the reasons for my beliefs are the great increase in mathematical 
knowledge that has taken place in this century and the very productive 
dependence that each branch of ni at hem a tics has been shown to have on 
the others, and I have tried to illustrate these phenomena by example in 
the preceding sections. But there are other reasons that I shall bring in as 
these beliefs arc discussed in more detail and as implications for school 
curricula in the future are drawn. 

To start at the beginning, however, let nie say that I still think that plane 
Euclidean geometry should be taught in our schools and. in fact, taught 
throughout the entire school curriculum. It is beautiful, many people love 
it. and many of its best theorems and ideas arc suggested by things we 
can all see and draw. In our architectural society it is inescapable and 
hence a natural subject of study. Like all geometries, it begins as a mathe- 
matics of pictures. For CAsmplc. look at the phrasing of Euclid's hrst three 
postulates: to draw a straight line from any point to any point, to produce 
a finite straight line continuously in a straight line, to describe a circle with 
any center and distance. Of course, today geometers more often draw other 
things, but this is a good first step toward understanding vvhal they do. 

It is very important for students to have experiences in school that they 
cannot explain immediately but that are so strongly supported by their 
intuition that no one has to tell them that they are right. Geometry is 
unusually well suited for this because it has constructions that, for reasons 
not immediately obvious, produce results that arc not only correct but also 
remarkably convincing. After drawing enough pictures, a student can come 
/)v himself to the thought, "Here is a curious thing that I know always 
happens. Why?'' In this context the question ''Why?" is not bogus; it is a 
genuine question about something that in the student's experience is a real 
event. 

Very often plane geometry comes up naturally in other elementary mathe- 
matics. If we have learned anything from the mathematics of this century, 
it is that the most far-reaching research tends to be done by people who 
apply the tools of more than one discipline. And if we have learned any- 
thing about teaching mathematics in the past few decades, it is that it is 
fruitful and interesting at every level to combine geometry, algebra, and 
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analysis We have, in fact, learned thai it is a good idea to combine 
mathematics with every kind of measurement, prediction, computation, 
scientific investigation, visual observation, and data-collecting activity that 
we possibly can, both in and out of class. In any event, we cannot leave 
geometry out of school mathematics, and — what is much the same thing— 
wc cannot relegate geometry to a tidy corner by itself in the tenth grade. 

The very need to combine geometry with other mathematics should pre- 
vent us from trying to teach geometry in high school as an exercise in 
axiomatic foundations. There are, however, two other reasons for aban- 
doning this attempt: it bores most people, and it docs not teach them very 
much geometry. An extreme example of the latter reason is a book written 
in the early 1960s. The exposition is elegant, beautiful, careful, and gentle. 
It is the finest version of Hilbert\s geometry that has ever been produced 
for schools, and the authors may justly be proud. But by the time incidence, 
betweenness, separation, and congruence have been introduced, there are 
twenty-tive postulates. This beginning limits the second half of the book 
to theorems the whole class has seen before. When the course ends, it has 
gone no further than the parallel postulate and some of its consequences. 

What kind of geometry, then, should we have in our schools? Again, 
an example may be given with a certain junior high school program. Al- 
though the program is an integrated one, only a description of its geometry 
will be given here. 

This particular program contains, first of all, a generous supply of ac- 
tivities (hat foster geometric perception and intuition on both two and 
three dimensions. These activities involve area, shape, shape patterns, size, 
order, angle, symmetry, right- and left-handedness, inside and outside, mo- 
tions in the plane, similarity, subdivision, counting, estimation, convexity, 
length and direction of arrows, parallelism, block piles, perimeter, surface 
area, inequalities, and equalities. Mathematics deaJs with all these things, 
and geometry, too, is associated with them at all levels. 

Coordinate systems, both geographical and mathematical, are introduced 
at an early stage. Functions are graphed whenever possible, and informa- 
tion is deduced about them — including some functions whose rules are not 
known — from their graphs. Graphs are used a great deal in our society 
to convey numerical information (be it true or false!), and students are 
bound to meet them both in and out of class. 

Connections between geometry and measurement appear repeatedly in 
the program. These connections include the usual ones: distance in the 
plane, units of measure for angles, areas, volumes, and so on. But besides 
such "practical*' connections, there are a number of Euclidean theorems 
of the geometry of the plane that can be discovered by measuring, and 
these also appear in the program. 
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Toward I he end of the program — after students are suHicicntly experi- 
enced — eome an introduction to transformation geometry and some ele- 
mentary applications of linear inequalities. Finally, for those schools 
fortunate enough to have aeecss to a computer, there are computer-assisted 
graphing activities. 

The level at which the kind of geometry described above can generally 
be done depends, of course, on the background of the teacher and the 
class, on liie availability of appropriate text materials, and on tiie creation 
of suitable activities. But contrary to what might be thought, this program 
is not written for the upper 20 percent of our junior high school students 
but for the middle 60 percent (although preliminary testing suggests that 
the program will suit both groups). 

To return to the general role of geometry in school mathematics, the 
phenomenon on which we must focus is that a great deal of geometry 
occurs naturally with other mathematics. Sonic is combined with algebra 
and analysis — for example, in graphing equalities and inequalities. Some 
is connected with displaying data and with optimization problems. Slill 
more occurs with estimating, measuring, and counting, and with intrin- 
sically interesting problems in visual perception: shape sorting, volume, 
area, length, arrows, symmetries, convexity, separation, one-dimensional 
graphs, cross sections, and geoboard games. 

This geometry that occurs naturally leads easily to interesting geometry 
that is also nonobvious. Nonobvious. however, does not mean difficult or 
inaccessible. For example, the theory of similarity transformations of the 
plane is simple and elegant and contains many surprising and beautiful 
theorems. Ceva's theorem, which itself combilfcs algebra and geometry, 
requires only the 12 bh formula and the unique division-point theorem, 
and yet it leads immediately to a startling list of concurrence theorems, 
including three of the standard ones. Ceva's theorem states that // points 
X, Y, and Z are points of sides BC, CA, and AB of triani^le ABC, then 
(he lines AX, BY, and CZ are concurrent if and only if the product 
AY/YC ^ CX/XB ' BZ ZA is equal to 1. (See fig. 13.38.) For obvious 
reasons X, Y, and Z arc not allowed to coincide with the vertices of the 
triangle, but they may be exterior points. From the theorem it can be seen 
immediately that the medians of a triangle arc concurrent: each ratio in 
the product is itself one. 

Transformation geometry blends naturally into linear algebra (which 
should be available at some stage to those going on to college) and thus 
takes students directly toward the geometries that are the main concern 
of mathematicians today. * 

So far this section has dealt with things that have akeady been done 
or that can be done in most of our schools today with their present facili- 
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Fig. 13.38. The lines in Ccva's theorem can meet inside or outside triangle AHC. 

tics. The section reflects changes that arc inevitable consequences of strong 
mnihematicul and educational forces; the proliferation of mathematics in 
this century and the recent educational discoveries about totally integrated 
programs, about format, and about the ability of children to enjoy and 
understand at a young age the mathematics that tradition had reserved for 
their older years. 

What has not been mentioned yet is a technological force that is going 
to make available in the future to most children a kind of matliemalics 
education that simply has not been available: the use of computers, both 
for instruction and for discovery. 

A computer in a school lets students compute at an early age. It makes 
available to everyone the results of computations that, though simple in 
theory, arc otherwise tedious and prohibitively lime consuming. More to 
the point, since this is an essay about geometry, a computer can plot and 
display information so rapidly and in so many ways that a great deal of 
geometrical activity is automatically available to anyone who can use a 
teletype. 

More important still, a computer with a television output can portray 
dynamic aspects of geometry — aspects whose portrayal is more or less im- 
possible with the standard equipment of blackboard, chalk, and hand com- 
putation. What does the back of that block pile look like? Turn it around 
and see. Or. how docs a certain similarity deform that triangle? The 
computer will show the deformation. What does a four-dimensional cube 
look like? The computer will show its three-dimensional projections as the 
cube is moved about. Into what shapes can a given triangle be deformed 
without changing its area? Watch the screen. What surfaces do certain 
equations define? The computer will show one, and the changes in the 
surface can be watched as the parameters in the equation are changed. 
What happens if certain parameters in an optimization problem are changed? 
The computer will show how that convex region changes. After all, much 
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of geometry is dynamic, and with a computer that dynamism can be 
portrayed. 

But there is more! Once a student can see things move, can see geometric 
objects change continuously, he can also develop a fine intuition about the 
relation — and it is a dynamic one — between elementary algebra, functions, 
and geometry. 

Kenneth Leisenring said that the main problem of high schooi geometry 
is to replace the proving of the obvious with mathematics of genuine 
interest. There is no lack of interesting elementary mathematics, and the 
ways we can teach are now richer and more varied than ever before. Cer- 
tainly enough material and technique is available and within our grasp to 
furnish a large number of excellent school curricula. Perhaps this yearbook 
can become a guide to the changes that seem to be so clearly on the way 
and so clearly needed. 
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^^UTLiNiNG a course of study for the geometric education of elementary 
school teachers requires that considerable thought be given to certain 
basic pedagogical consideration^. These considerations naturally involve 
questions of mathematical content, but they also involve questions of 
rnelhod, purpose, symbolism, the relation of the course to classroom 
realities (as well as the relation of geometry to reality), and structure. It 
will be necessary to dwell brielly on each of these considerations before 
discussing the details of the course, since they influence the choice of 
content, the sequence of the concepts taught, and the whole spirit of the 
course. 

Obviously, any such discussion as developed herein will bring forth a 
number of different opinions. There is no more unanimity of opinion on 
the geometry for the elementary school teacher than there is on the geom- 
etry for the teacher in the secondary school or the geometry for the under- 
graduate classes. The range of opinions will be even broader than usual 
because of the pedagogical considerations presented in this chapter. 

The introductory part of this chapter presents five basic considerations. 
These are not mutually exclusive of each other, for the mathematical struc- 
ture of a course cannot be discussed without keeping in mind the basic 
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purpose of liic course. Nor is mclhod entirely independent of content and 
purpose. However, lo highiigiit each consideration, ii will be convenient 
to treat each one as a separate and distinct entity. 

The content 

The content of a course should be of maximum benefit to the teacher. 
This is an obvious principle, but il needs intcrprctalion. What benefits are 
to result from taking the cour:ie? Most certainly there should be mathe- 
matical benefits; that is, the preservice teacher should achieve a greater 
degree of mathematical maturity, a knowledge of mathematical principles, 
and so on. However, one must go beyond these considerations. The course 
content should have an immediate impact on what the teacher does in the 
classroom. Too many courses now being proposed for preservice teachers 
have no such impact. Proving that if three points are on a line than one 
point must be between the other two points has no payoff for the elementary 
teacher. However, an intuitive study of isomelries can have an immediate 
payotT. 

The organizers of the course 

Those who outline a course for elementary teachers should arrive at 
their recommendations on the basis of long-term experience working with 
the preservice teacher. The curriculum at all levels of our educational 
system — graduate, undergraduate, high school, and elementary — is based 
in large part on the experience knowledgeable people have had trying to 
teach certain mathematical ideas to people of various ages. After all, one 
must face the world of reality, and only experience teaches one what the 
world of the classroom is really like. An apparent violation of this prin- 
ciple can be found in the report of the Cambridge Conference on Teacher 
Training (1). The participants at this conference consisted of a group of 
highly knowledgeable mathematicians many of whom have neither taught 
a class of preservice elementary teachers nor been in an elementary class- 
room as a teacher. As a result, their recommendations do not meet the 
test of reality. That their proposals are mathematically desirable in some 
Utopian sense cannot be questioned. However, it is easy to solve difficult 
problems if one ignores all boundary conditions. For example, the pre- 
service elementary teacher has about two years of high school mathmatics 
as a mathematical background. Isometrics, if treated analytically as sug- 
gested by the Cambridge Conference group, are bcyoncl^'^tudents at thif 
level of mathematical maturity. 
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The method 

T'.ie method used in the course for the preservicc teacher should approxi- 
malf5 that to be used by the teacher. It is difficult to characterize a method 
of instruction. However, it is easier to say what should not be done than 
what should be done. The traditional lecture is not satisfactory, particu- 
larly if used on all occasions, but teachers must learn to talk about geo- 
metric ideas as well as use them on paper. This means that free-discussion, 
question-and-answer, and guidcd-discovery techniques are highly preferable 
to a lecture approach. Whatever instructional techniques are used, the 
result should be a highly informal classroom as well as a highly informal 
approach to the subject itself. The "spirit" docs not grow if it is subjected 
to severe restraints. 

How delicate the question of method and content can be is amply 
illustrated by the following comment made in the Cambridge Conference 
report (1, p. 11): 

The conference membership included three British mathematicians, two 
of whom had been associated with the School Mathematics Project. For 
most of the Americans, the presence of these three at the meeting and 
the display of the SMP books . . . constituted an introduction to what 
has been done in mathematics reform in the British Isles. While it would 
be difficult or impossible to pinpoint specific examples, it would not be 
too much to say that the quite different approach of the British to teaching 
mathematics, and the wholly different character of their textbooks, exerted 
a considerable influence on some of the Americans at the meeting. 

It is indeed unfortunate for education in America that the few British 
who attended this conference did not influence more those who attended 
the conference. One can only conclude that the majority of those at the 
conference did not really understand the importance of the difference in 
pedagogical approach between the British and the American programs. 
The British place more emphasis than Americans on a method of instruc- 
tion appropriate for the maturity level of the student and less emphasis 
on the explicit display of the mathematical structure being studied. The 
British books are informal both in their definitions and in their proofs. 
For example, an angle is an amount of turning, and a right angle is a 
quarter-turn. What American textbook author would dare produce this as 
a definition of angle? And yet it is pedagogically sound. 

The language 

The language and symbolism used in the course should be precise enough 
to keep channels of communication clear but not so precise that the lan- 
guage and symbolism become the main objective of the course. One of 
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the more foolish trends in some of the "new" mathematics is a pedantic 
insistence on the use of an overly prescribed set of symbols. There is little 
need for special symbols for line, segment, and ray, nor should the course 
be too pedantic about the measure of an angle or a segment. The criterion 
should be. As communication clear? If the diagram that usually accompanies 
a geometric problem does not make it clear that AB h n segment, then it 
may be necessary to say "segment AB/' This practice is highly preferable 
to devising .special synibols for use in the prcservice classes for elementary 
teachers. 

Symbolism and terminology has, in some instances, been carried to the 
extreme. A few illustrations will sufiice to illustrate this point. There are 
instances in which a distinction is made between a "dot" and a "point"! 
In other instances, the definition of parallel lines is given in terms of sym- 
bols for the intersection of sets; that is, in a plane, two lines /i and I, are 
parallel if and only if l\ r\ !■> - For the elementary teacher, in what 
sense is this preferable to saying that two lines arc parallel if they have no 
points in common? Others insist that one must not write /LA ^ 90'. and 
some even insist that it should be written m'^Z-A = 90 instead of ml A — 
90'. This is pedantic precision and has no place in the proposed course. 

The teacher of the kind of course to be outlined in this chapter should 
always keep in mind that it is not the objective to teach prcservice teachers 
to write papers that are acceptable for publication in reputable journals. 
Rather, it is the purpose of the course to introduce these teachers to some 
important geometric ideas that have their roots in what should be done in 
the elementary classroom. This means that in addition to the methods of 
instruction being informal, the language and symbolism will be informal, 
but not wront*. The language and symbolism will not always be "precisely 
precise," hut it must not be misleading. 

The structure 

To display the structure of a geometry is relatively unimportant for a 
course of this kind. This docs not mean that the course will he a hodge- 
podge of ideas: it does mean, however, that the explicit statement of the 
postulates is not too imponant. Furthermore, the formal proof of theorems 
is of little importance. The fact that some ideas follow "as naturally as 
breathing" from others is important. Here the emphasis should be on 
plausible reasoning and not on formal proof. 

The work of the Committee for the Undergraduate Program in Mathe- 
matics (CUPM) and the work of the Cambridge Conference may have 
been harmful to the useful organization of courses for the elementary 
teacher. This is true partly because these programs say little or nothing 
about methods of instruction and devote most of their time to a highly 
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organized outline of ideas as the basis for such a course and partly because 
the writers of textbooks have been overzealous in following their interpre- 
tations of the reeommcndaiions of CUPM. Textbook writers seem to find 
it necessary to say that their course is based on the recommendations of 
CUPM ajid then proceed to give a highly structured course based, for 
example, on the approach used by the School Mathematics Study Group 
(SMSG) geometry. Rewriting the SMSG geometry for elementary teachers 
does not solve the problem and has little to offer towarc^ a ^^lution. Gail 
Young made the following remarks about this highly controversial prob- 
lem (3, p. 88): 

They (the coiirscsl should be cnjo>ablc courses: the prospective teacher 
should learn soniclhing anti shoukl attain a posrtive attitude toward ma the- 
malics. The courses shoukl not be highly rigorous but not everyone seems 
to ;igree with this. Several hooks have been written which say that they 
foHow the rUPM recommendations. And the>' do — they folloss the letter 
completely and just as the Bible says. The letter killeth/* 

As stated earlier, one of the basic purposes of a course of this kind is 
to acquaint the teacher with some worthwhile geometric ideas that have, 
or should have, their roots in the elementary school course of study. In 
fact, some of the ideas in a geometr^ji course for teachers should be capable 
of being used almost verbatim in the elementary school. Proving theorem 
after theorem is not useful — it is not even desirable — because "it killeth" 
the true spirit of the course. 

Although it is true that mathematics can be described as the study of 
structures, the enthusiasts for structure seem to feel that good mathematics 
was not developed prior to the mathematical world's discovery that algebra, 
as well as geometry, could be "structurized.'' This idea is far from the 
truth. The study of structure should be played down in the courses for 
elementary teachers and the emphasis placed on worthwhile ideas. 

A Proposed (Froiiielry Courgo 

This course is organized into seven unit.s. Units 2, 3, 4, and 5 should 
be taught in sequence. Otherwise, the units are relatively independent. 
Unit I, of course, is an introductory/ unit. Unit 6 supplies a background 
for measurement, and unit 7 is on networks. The last two units are inde- 
pendent of any of the other units. 

As seen in the following outline, geometry for elementary teachers is a 
course making maximum use of the ruler, compass, and squared paper. 
It is more of an activity course than a course of reading or proving 
theorems. 
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Unit J — an introduction to geometry 

This unit serves as a review of some of the simpler ideas ot geometry 
and affords an opportunity to introduee some terminology, but very in- 
formally. It is assumed that everybody knows what a line is and that an 
angle needs no formal definition. Here one might take the position of the 
Sehoo! Mathematics Projeet and simply say that an angle is an amount 
of turning illustrated in several ways. The following aetiviiies might be 
covered: 

1. Making various simple ruler-and-eompass eonstruetions 

2. Construeling triangles, given ecrlain sets of eondilions 

3. Construeting tables to find the number of lines that ean be drawn 
through points, no three of which are eollinear 

4. Finding Euler's formula, arrived at through making tables and 
generalizing 

5. Working locus problems, eulminating in eonslruciing points of an 
ellipse, parabola, and hyperbola 

Unit 2 — reflections 

This unit is on refleetions in a line, all in the plane. The mapping 
terminology may be used, but it should be used informally; that is, for 
every original there is one and only one image, and for every image there 
is one and only one original. Full use should be made of the ruler, eom- 
pass, and squared paper. The following eoneepis are developed: 

1 . Basic properties 

a) Corresponding to every line, there is a reflection of the plane onto 
itself. 

b) If P' is the image of P, then P is the image of P\ 

c) If Pi and Pj are two points in the plane and P,* and PJ are their 
respective images, then P^Pj — Pi'P/^ That is, distances are pre- 
served or are invariant. 

d) The image of an angle, a segment, and a line is, respectively, an 
angle, a segment, and a line. 

e) The size of angles (their measures) is preserved. 

/) Given P^ and Pj^, then there is a line (and only one) such that Pj 
is the image of P,. 

g) The bisector of an angle is a ray with origin at the vertex of the 
angle and such that each side of the angle is the image of the other 
side when reflected in the bisector. 
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h ) Bctwccnru^ss of points is preserved: sense is not preserved. 

/) The image of any figure is congruent to the original. (That is. 
eongrueney may be defined in terms of refleeiions. ) 

/) Some tigures map onto themselves if the line of reflection is prop- 
erly selected ( symmetry ) . 

2. Related ideas 

a) Polygons classified on the basis of t!ie number of lines of jiym- 
metry 

h) Symmetries of a square, equilateral triangle, and so on (group 
properties ) 

Unit ^ — rotcitums and translations 

Translations and rotations can be defined in terms of reflections. Hence, 
rcllections play a unique role in transformational geometry. Informal 
dcrmilions of these ideas continue to be given here because, as previously 
stated, formal definitions are a delight to the mature mathematical mind, 
yet very possibly a stumbling block to the immature mind. This unit 
stresses the following concept: 

1. Basic properties 

(/ ) A rotation is the product of two reflections in two intersecting lines. 
h) A translation is the product of two reflections in parallel lines. 

c) Betweenncss. distance, sense, and angle measure arc preserved by 
rotations and translations. 

d) If one figure is the image of another figure under a rotation or a 
translation, then they are congruent. 

2. Related ideas 

a) if two figures arc congruent, then one can be mapped onto the 
other by means of rotations and translations, provided they have 
the same sense. 

/?) If two figures have opposite Jiense. then the one can be mapped 

onto the oUier by at most three reflections. 
v) Group properties of rotations and reflections should be studied. 

(For example, the product of two rotations is not necessarily a 

rotation.) 

Unit 4 — \fUde reflections 

On the basis of the previous units, it might seem that the product of 
any two of the three transformations studied in units 2 and 3 should be 
a translation, a reflection, or a rotation. That this is not true is imme- 
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diately obvious when one thinks of moving a triangle parallel to a line 
(a translation) followed by a reflection in the line. The resultant of these 
two transformations cannot be expressed as a transformation that was 
studied in units 2 and 3. Hence glide reflections, a fourth and final trans- 
formation in the set of motions, arc introduced, and the following concepts 
presented: 

K Basic properties 
a) Bctwcenness, distances, and angle size are invariant. 
The sense of a figure is not invariant. 

2. Related ideas 
a) Characterization of motions in terms of invariant points and lines 
t>) Subgroups and group properties of motions 

c) Proofs of simple plane geometry theorems using transformational 
ideas 

Unii 5 — congruence and similarity 

The informal treatment of geometry is continued in this unit. Although 
it is possible to give precise definitions of congruence and similarity, it is 
debatable whether this should be done, since the intuitive feel for ^'figures 
that fit" is of more importance for the beginner than the precise statement 
in mathematical terms. The basic concepts of this unit follow: 

1. Basic properties 

a) Congruence is defined in terms of mappings that preserve all dis- 
tances. 

b) If two triangles are congruent, then all m.edians, altitudes, and so 
on, arc congruent, 

c) Similarity is defined in terms of mappings in which all distances 
in the original figure (triangle) are multiplied by a certain con- 
stant, k. 

d) If two triangles are similar, then all medians, altitudes, and so on, 
are proportional. 

2. Related ideas 

a) Proof of a simple "theorem," such as: The four points determined 
by the "floor corners" of a room are congruent to the four points 
determined by the "ceiling comers" of a room 

b) Proof of a "theorem" such as this: Any two line segments are 
similar 
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Unit 6 — perimeters, areas, and volumes 

No attempt to introduce some of the subtle and difficult mathematical 
questions that can be raised in considering the topics of this unit should 
be made. For example, the mathematical problem one confronts in find- 
ing the area of a rectangle when the dimensions are irrational has no place 
in courses for elementary teachers. Included are the following concepts: 

1. Basic properties 

a) Areas of simple closed curves can be approximated by overlaying 
squared paper. Better approximations can be made if finer meshes 
are used. 

b) The area of a triangle is equal to the product of one-half the base 
and altitude; the area of a rectangle or a parallelogram is equal to 
the product of the base and altitude. 

c) Areas and perimeters of some geometric figures can be computed 
by decomposing the figures into rectangles and triangles. 

d) Volumes of simple closed figures in three-space can be approxi- 
mated by stacking cubes within the solids. Better approximations 
can be made by using smaller cubes. 

2. Related ideas 

a) Areas with constant perimeters and perimeters with constant areas 

b) Areas with constant base and altitude 

c) Pick's theorem: The area of a polygonal region on a lattice is 
n -\- (2k — 2) ^1^^^ ^ number of lattice points in the boun- 
dary and k is the number of lattice points in the interior of the 
region 

Unit 7 — networks 

The following concepts are included in unit 7: 

1. Basic principles 

a) The number of odd vertices in a connected network is even. 

b) Networks with no odd vertices can be traversed. 

c) Networks with two odd vertices can be traversed if started at one 
of the odd vertices. 

d) Networks with more than two odd vertices cannot be traversed. 

2. Related ideas 

a) The Konigsberg bridge problem 

b) The four-color problem and the five-color theorem 
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(^oiiolurlin^ Reinarke 

Textbooks published in the United Stales tor elementary teachers lend 
to lean in varying degrees toward the CUPM and Cambridge Conference 
point ol" view. However, an instructor of un activity course such as the one 
envisioned in this recommendation for the training of elementary teachers 
does not really need a text — ideas for activities and exercises should he 
siiflicicnt. Hence, a brief annotated list of suitable hooks for ideas is 
included here, and mII arc readily available on the American market. 

Algebra and Gcomewy for Teachers, Charles F. Brumliel and Irvin E. 
Vance. Reading. Mass.: Addison-Wesley Publishing Co.. 1970. 

Geometric T rati s formal ions, 1. M. Yaglom. Translated by Allen Shields. 
New York : L. W. Singer Co., 1 962. 

This book is a problem book in transformational geometry with a brief 
exposition of the ideas needed to solve the pr*^hlenis. Some of these 
problems arc suitable for use in the elementary schoo' teacher's course in 
geometry. 

Geometry in ihe Classroom: New Concepts ami Methods, H. A. Elliott. 
James R. MacLean. and Janet M. Jordan. Toronto; Holt, Rinchart. & 
Winston of Canada. 1968. 

This hook has many activities that are suitable for such a course as 
proposed in this outline. 

Some Lessons in Maihemaiics — a Handbook on the Teaching of ^'Modern'* 
Mathematics, T. J. Fletcher, ed. London: Cambridge University Press, 
1965. 

A book generally in the British pedagogical tradition — good mathematics 
without alvv' ys going back to ''two points determine one and only one line.*' 

Transformation Geometry, Max Jcger. New York: American Elsevier Pub- 
lishingCo., 1969. 

This book is somewhat formal in its approach, but it is a good reference 
source lor an insiruciional stall. 
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The Education 

of Secondary School Teachers 
in Geometry 

F. JOE CROSSWHITE 



J^RAMATic new directions for secondary school geometry have been sug- 
gested in the earlier chapters of this yearbook, and recent conference 
reports have amplified the variety of new approaches proposed. New 
textbooks that embody .these recommendations are already available. If 
the authors of these recommendations are at all prophetic, the coming era 
will be one of unparalleled diversity in secondary school geometry. 

The implications for teacher education should be clear. Existing patterns 
in the secondary school curriculum cannot provide adequate guidelines for 
the education of secondary school teachers in geometry and so it seems 
axiomatic that teacher education should anticipate, as well as reflect, the 
school curriculum. And yet the past record has not been good — too often 
it has been the opposite. The mathematical preparation of teachers has 
lagged behind developments in school mathematics. 

Historical Perspectives 

Until the recent revolution in school mathematics, no historical parallel 
for radical change in secondary school geometry existed. Change came 
slowly in the past. New programs evolved as a restructuring or a redistribu- 
tion of elements already existing in the curriculum. No serious threat was 
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made to the basic motivation for, or approach to, secondary school geome- 
try. The prospective teacher could reasonably expect to teach in high 
school the geometry that he had studieu in high school. 

The National Council of Teachers of Mathematics (NCTM) last pub- 
lished a yearbook entitled The Teaching of Geometry in 1930. At that 
time, geometry had enjoyed a long period of stability in the school curricu- 
lum, as Swenson indicated in his chapter in that yearbook: 

The sway which Euclid's Elements has held as a textbook for more, 
than two thousand years is without parallel in the history of mathematics. 
Even the invention of Cartesian geometry in 1637 has not affected the 
teaching of the so-called Euclidean geometry. An almost unlimited num- 
ber of textbooks have appeared in modern times but the only way in which 
they have differed is in the sequence of the theorems. Euclid's treatment 
has in the main been retained and no modern mathematical methods have 
been introduced. [20, p. 96] 

Likewise, Longley commented in a similar view in the same book: 

Geometry is one of the oldest of educational disciplines. More than 
any other it has retained its essential character for centuries. Why, then, 
should this most stable subject of our curriculum be questioned at the 
present time? Why should we ask: What shall we teach in geometry? 
[20, p. 29] 

Longley's question was rhetorical. The answer was clear. 

In 1930, the curriculum in mathematics was under attack. Pressure was 
being applied to reduce the time devoted to instruction and to the material 
covered in the courses. The traditional course in solid geometry was a 
likely casualty. Few colleges continued to require, and many had ceased 
to offer, a course in solid geometry. The College Entrance Examination 
Board had already modified its examinations to provide a combined plane 
and solid geometry option. In fact, the NCTM's Fifth Yearbook was writ- 
ten in direct response to the question of integrating plane and solid geome- 
try. According to its editor, William David Reeve, it was designed to 
"supplement arid assist the National Committee recently appointed . . . 
in studying the feasibility of a combined one-year course in plane and solid 
geometry" (20, p. v). Surely there was reason to anticipate what must 
have then seemed a substantial change in the secondary school curriculum 
in geometry. Yet nowhere in that yearbook was the potential impact of 
such a change on teacher education discussed. 

This oversight might be discounted on the assumption that the anticipated 
change was viewed only as a redistribution of content already in the cur- 
riculum. If a teacher were adequately trained to teach plane and solid 
geometry in separate courses, it might have been reasonable to assume he 
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could teach the combined course, Bui was ihc tca;.hcr o( 1930 being ade- 
quately prepared to teach geometry? In the judgment ol' C'hristolTerson. 
he was not : 

The academic mathematical training o! ihc high .seh<i<if leacher |in 
in addition to high school alizehra and geometry, consists at host ol college 
algebra, ti'igononietr\ . analytic geometry, calculus, and perhaps dillerential 
equations, advanced algebra. sijrve\ing. mechanics, or astronomy. , . , 
The Weakness of this pn>gram o( training tor gconietr\ teachers is ap- 
parent. The student is well iruined in aii'chra because of his wide experi- 
ence with its symbolism throiighoiu his coUcue course, but his training in 
geometry consists of \ery little more, if any, than liis high school course. 
15. p. II 

ChristolTcrson was prefacing an argument for the professionalizalion of 
subject matter — a concept that was quite new in 1930. The incidental 
application of geonietrie concepts in college courses in trigonometry, analytic 
geometry, and calculus seemed inadequate to him because nowhere was 
provision "nade for an emphasis on proving or denionstraling relationships 
in the way emphasized in high school geometry. This "inadequacy" was 
viewed as a direct consequence of the fact that colleges of education 
accepted academic mathematics courses without modification or adequate 
adjustment to the needs of the prcspcetive teacher, 

Professionalized subject maUer —-the double use of subject matter both 
to insure the mastery of the eonleni of high school mathematics and to 
establish a philosophy and a technique of teaching — seemed to ChristofTer- 
son an appropriate pattern for tlic college [geometry course for prospective 
teachers. His hook. Geometry Projessiomlizccl for Teachers (5), was a 
pioneer effort toward integrating subject matter and teaching methodology. 
It still provides valuable reading for the prospective teacher or teacher 
educator. His statement that the proposed course was "based on the theory 
that teachers are more apt to teach geometry as they were or are taught 
geometry than as they are told to teach it" (5, p 69) expresses a sentiment 
widely echoed in recent recommendations for the preparation of mathe- 
matics teachers. 

These two historical developments — the integration of plane and solid 
geometry and the professionalization of subject matter — seem to have had 
some impact on the mathematical preparation of secondary school teachers 
in geometry in the period from 1930 to 1960, Both developments, how- 
ever, were slow. Solid geometry suffered a lingering. illness in the schools. 
Professionalized subject matter, especially with respect to geometry, enjoyed 
at best an incomplete success, It never became the dominant pattern in the 
mathematical education of secondary school teachers. 
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Olhcr trends thai might hiwc been forecast in 1930 had even less impact 
on the preparation of secondary teachers. The development of infoimal 
gcomcti'v in the evoivi;)g junior high school was clearly anticipated. How- 
ever, there was no fee in^ that either the content or the methods of informal 
geometry dcscm-d special treatment in college mathematics courses. This 
material, if treated at all. was reserved for methods courses, and this attitude 
apparently continues to prevail today. 

What eventually proved to be a major development in secondary school 
geometry was suggested as a potential new direction in the NCTM Fifth 
Yearbook. Birkhoff and Bcatley, in their chapter entitled New Ap- 
proach to Elementary Geometry/' developed the framework for a metric 
approach to plane geometry (3, pp. 86-95). They later wrote a high 
school text, Basic Geometry (2). based on this approach. (It is interesting 
to note that BirkhofT. who was chairman of the National Committee that 
the NCTIVI's Fifth Yearbook was designed to assist in studying the integra- 
tion of plane and solid geometry, chose instead to address himself to this 
more fundamental change.) These developments foreshadowed the 'Vulcr 
and protractor axiom" approach popularized in a School Mathematics 
Study Group (SMSG) text. Considering that thirty y^'ars were to elapse 
between the initial recommendation and its implementation in the schools, 
one might argue that no impact on teacher education \yas warranted; yet 
appropriate modification in the geometric preparation of teachers might 
have shorti^ned the period from recommendation to implementation. 
Surely such modilication would have facilitated implementation when it 
did occur. 

The period following 1930 — depression, followed by war— can hardly 
be considered normal. The slow pace of development, both in school 
mathematics and in mathematics for teacher education, may have been 
peculiar to the times. For a detailed discussion of this era in mathematics 
education, the reader may refer to the Thirty-second Yearbook of the 
NCTM (19). Attention is restricted here to selected recommendations 
speciik to the education of secondary school teachers in geometry. 

The report of the Commission on the Training and Utilization of 
Advanced Students of Mathematics, published in 1935. recommended a 
"college level treatment of synthetic Euclidean geometry; or possibly 
descriptive geometry" as part of the minimum training in mathematics for 
teachers of secondary school mathematics, and projective geometry or so' d 
analytic geometry was included in a listing of ''desirable additional work 
in mathematics'* (8, pp. 275-76). A parallel pattern was included in the 
report of the Joint Commission on the Place of Mathematics in Secondary 
Education, published in 1940 as the Fifteenth Yearbook of the NCTM. 
Here the basic course in geometry was described as "a course that examines 
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somewhat critically Euclidean geometry, and gives brief introductions to 
projective geometry and non-Euclidean geometry, using synthetic methods" 
(14, p. 201). For a teacher whose full time would be devoted to mathe- 
matics in a school providing more advanced courses, ^'additional work in 
geometry, such as projective geometry, descriptive geometry, etc/' was 
recommended. The Commission on Post-War Plans in 1945. although not 
offering detailed recommendations for the mathematical preparation of 
teachers, did reflect the continuing concern for the professionalization of 
subject matter in two of its theses (7): 

Thesis 26. The teacher of tuathctnatics should have a wide hackf^nmud 
in the subjects he will he called upon to teach, \p. 217) 

Thesis 29. The courses in ntatheniatical subject n^atter for the prospec- 
tive nuuheinatics teacher shotdd be professionalized. |p. 219] 

What trends would tliesc recommendations suggest for the period from 
1930 to 1960? It would seem reasonable to expect that the education of 
secondary school teachers in geometry would include a college-level course 
in advanced Euclidean geometry, treated synthetically and including topics 
of solid geometry. Moreover, it would be expected that this course would 
have been designed for teachers and taught as professionalized subject 
matter, Was that the situation in 1960? 

A survey of 799 teachers of high school mathematics was made in 1959 
by the U.S. Office of Education (USOE). This survey indicated that 7.1 
percent of the teachers surveyed had taken no college mathematics and that 
only 61 percent had studied calculus or more advanced courses. The 
average preparation for those \/ho were teaching one or more courses in 
mathematics was twenty-three semester hours, much of it at a level below 
calculus. (4, p. 29.) 

A survey of college offerings in 1960/61, also conducted by the USOE, 
revealed the following pattern of junior- and senior-level courses offered 
in the 877 institutions surveyed (15, p. 28): college geometry, 42 percent; 
solid analytic geometry, 19 percent; projective geometry, 19 percent; dif- 
ferential geometry, 8 percent; higher or modern geometry, 8 percent; non- 
Euclidean geometry, 8 percent. 

Other survey evidence tends to support the conclusion that the educa- 
tion of secondary school teachers in geometry had not reached the level 
anticipated in the recommendations of the 1930s and 1940s (21; 13; 23). 

Several factors combined to reduce the probability that the average 
teacher in 1960 would have completed a college-level course in geometry 
other than the traditional course in analytic geometry. Geometry was not 
required in many teacher-education programs. In others, no course was 
even available. The total number of semester hours required for certifica- 
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lion of secondary school teachers was low. The basic mathematics core 
consistently appearing in recommendations and in teucher-education pro- 
grams included complete treatments of college algebra, trigonometry, 
analytic geometry, and differential and integral calculus. This program 
fiJJcd the freshman and sophomore years and frequently carried as much 
as twenty semester hours of credit. Many institutions offered college credit 
for high school level courses. As a result, many prospective teachers were 
able to Complete their requirements without ever reaching a junior- or 
senior-level course. When upper-division courses in geometry were avail- 
able, they had to compete for student enrollment with courses in advanced 
or modern algebra, theory of equations, number theory, history of mathe- 
matics, mathematics of finance, differential equations, advanced calculus, 
and so on. If the probability of the average teacher having had an advanced 
course in geometry was low, the probability of his having had a course 
especially designed for teachers was lower still. 



Recent Developnienls 

Secondary school curriculum developments in the 1950s created re- 
newed Concern for teacher education. Conclusions based on studies of 
the status of teacher education were confirmed by experience with in-service, 
summer, and academic-year institutes. Teachers were not prepared to 
teach the newly developing curricula. The concern of professional organi- 
zations was reflected in the reports of several committees. 

The Commission on Mathematics was appointed by the College Entrance 
Examination Board (CEEB) to develop detailed proposals for revising 
the secondary school curriculum in mathematics for eollege-capablc stu- 
dents. Their report, published in 1959, acknowledged that the successful 
implementation of the proposed nine-point program depended on well- 
prepared teachers and therefore included recommendations for teacher 
preparation. The recommended program in geometry for secondary school 
teachers stressed the foundations of geometry and specifically cautioned 
against courses dealing primarily with advanced Euclidean geometry. Non- 
Euclidean geometries, topology, and differential geometry were deemed 
more appropriate. (6, p. 55.) The report of the Secondary School Cur- 
riculum Committee of the NCTM, also published in 1959, suggested that 
current curriculum demands require that teachers of mathematics in grades 
7 through 12 have competence in "geometry — Euclidean and non-Eu- 
clidean, metric and projective, synthetic and analytic" (22, pp. 414-15). 
Guidelines for the preparation and certification of teachers of secondary 
school mathematics were published in 1960 by the National Association of 
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State Directors of Teacher Education and Certification (NASDTEC) and 
the American Association for the Advancement of Science (AAAS). A 
year course in geometry emphasizing the study of the foundations of geome- 
try, projective and non-Euclidean geometries, and vectors was recom- 
mended (26, p, 795). 

The most persistent committee effort toward reforming the mathematical 
preparation of teachers has been that of the Panel on Teacher Training of 
the Committee on the Undergraduate Program in Mathematics (CUPM). 
This committee of the Mathematical Association of America (MAA) not 
only has made and periodically revised recommendations for teacher train- 
ing but also has conducted regional conferences, developed course guide- 
lines, and publicized its efforts at professional meetings and through 
journal articles. Its original recommendations ( 1961 ) for teachers of high 
school mathematics suggested a two-semester sequence in geometry that 
would include elements of plane geometry using synthetic and metric ap- 
proaches, hi.stoi'ical development, parallelism and similarity, area and 
volume, ruler-and-compass constructions, other geometries, projective 
geometry, and pure analytic geometry. The two courses were to emphasize 
a **higher understanding of the geometry of the school curriculum" and 
were to have a firm axiomatic basis. (9.) 

Individual mathematics educators were also making broad proposals for 
the education of secondary teachers in geometry. The suggestions posed 
by Meserve to participaiits in the Mideast Regional Stale College Confer- 
ence on Science and Mathematics in 1958 are illustrative. (These pro- 
posals were subsequently adopted as recommendations of the group.) 
Meserve felt that geometry for secondary school teachers should include a 
discussion of the content and structure of secondary school geometry; 
coordinate systems: projective geometry as a basis for, or generalization 
from, Euclidean geometry: a view of geometry as the study of properties 
invariant under a group of transformations; and topology ( 17, pp. 439-40). 
Fehr proposed in 1959 that the axiomatic bases of Euclidean, projective, 
affine, and non-Euclidean geometries be included in a one -year course 
required for the certification of teachers of senior high school mathematics 
(12). 

Wong reported in her dissertation study, "Status and Direction of 
Geometry for Teachers/' that the College Geometry Project of the Uni- 
versity of Minnesota (under the direction of Seymour Schuster) began as 
early as 1964 to prepare materials for secondary school teachers on such 
topics as axiomatics, geometric transformations, vector geometry, con- 
vexity and combinatorial geometry, dissection theory, projective geometry, 
non-Euclidean geometry, geometric constructions, and ditfercntial geome- 
try (25, p. 17). 
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Apparently there was us much diversity in these "early 1960" proposals 
tor teacher education in geometry as in current recommendations for 
secondary school geometry. Yei there were common elements in the pro- 
posals. There seemed to be agreement that the classical advanced Eu- 
clidean geometry (or college gcomeliy) was not adequate. Most proposals 
emphasized a study of the foundations of geometry, the introduction of 
geometries other than Euclidean (alTine. projective, non-Euclidean, dif- 
ferential), and approaches other than the classical synthetic approach 
(iranslormational, metric, vector). 

Wong's survey of 155 colleges and universities during the 1967, 68 
school year provides a basis for assessing the impact of these recommenda- 
tions. For the purposes of her study, she defined "contemporary geometry" 
as a course primarily concerned with a.xioniatic structure and a reexamina- 
tion of elementary Euclidean geometry, "survey of geometry"" as a course 
treating several geometries, and "college geometry"" as the traditional 
advanced Euclidean geometry. The percents of in.stitutions offering each 
course were as follows: contemporary geometry, 66,1 percent; projective 
geometry. 39.1 percent; survey of geometry. .33.9 percent; college geome- 
try, 12.4 percent; non-Euclidcan geometry, 10,7 percent; and differential 
geometry, 9.9 percent. (25) 

A comparison of these statistics with those reported in the 1960 61 
USOE survey reveals the extent of change over a veiy few years. Wong"s 
data indicate that only 6.5 percent of the institutions surveyed required no 
course in geometry of prospective secondary schooUtcachcrs. Fifty percent 
required ? single course, and 35 percent required two courses. Further- 
more, each of the four leading texts being used (in a total of 70 percent of 
the institutions surveyed) was published in 1963 or later. The most fre- 
quently used text (in 40 percent of the institutions) was Lilementary 
Geometry from an Aclvancnl Standpoint (18). The nature of this and the 
other leading texts clearly indicates a substantial redirection in the educa- 
tion of secondary school teachers in geometry since 1960. Whether this 
change was in reaction to, or anticipation of, developments in school 
mathematics is relatively unimportant. The remarkably accelerated pace 
of change in the mathematical preparation of teachers has assured that 
substantially more teachers are now taking a college course in geometry 
that is at least consi.stent with recent developments in school mathematics. 

Three conclusions resulting from the Wong study are particularly rele- 
vant here (25): 

!. The majority of secondary school mathematics teachers being 
trained presently at the selected institutions complete at least one course 
in geometry and are studying Euclidean geometry from the contemporary 
point of vie»»' (p. 123). 



454 



GEOMETRY IN THE MATHEMATICS CURRICULUM 



2. The majority of university niathcmaticiiins and educators involved 
in the training of prospective mathematics teachers at the selected institu- 
tions recommend some change in their preparation in geometry but express 
no majority opinion on whether the change should be in additional course 
work, change of emphasis, or both. The majority favor emphasis on trans- 
formations from both the algebraic and the synthetic points of view. (p. 
125.) 

3. The majority of professors of mathematics and of education involved 
in training prospective mathematics teachers in the selected institutions are 
opposed to any change regarding formal proof and rigor in the high schooi 
program. The majority advocate more coordinate geometry, and less than 
half indicate approval of vector and transformation approaches in ^igh 
school geometry, (p. 124.) 

Current Status ainl Reconimenflutions 

The Wong study is indicative of the pace of change in geometry for 
secondary teachers over the past decade. And yet. with the exception of 
the recommended course in computer science, the two-course sequence in 
geometry has probably been the least fully implemented of the original 
CUPM recommendations. Dubisch makes the following point: 

The basic problem in implementing this portion of the CUPM recom- 
mendation is that, in contrast to the recommended algebra courses, the 
recommended geometry courses do not correspond to a standard geometr>' 
sequence required of (oi even recommended for) non-teaching majors. 
[11, pp. 295-96] 

As Wong's study shows, traditional advanced Euclidean geometry (or 
"college geometry'') has declined in popularity and has been replaced as 
the most frequently available course by "contemporary geometry/' How- 
ever, where students elect or arc required to take two courses in geometry, 
the second course in the "sequence'' is seldom consciously designed to 
supplement the first. More often, the course is elected from standard 
offerings and is not designed specifically for prospective teachers. 

Several factors work against mathematics departments' providing a 
unified two-course sequence in geometry appropriate for teachers. In 
many schools, the number of secondary school mathematics teachers gradu- 
ated each year may be smaller than the number for which a specially 
designed course is feasible. Of the institutions surveyed by Wong, less 
than 19 percent graduated as many as thirty mathematics teachers per year; 
62 percent graduated fewer than twenty; and 30 percent graduated fewer 
than ten (25, p. 43). Dubisch lists additional reasons why a one-year 
sequence in geometry paralleling the CUPM recommendations is frequently 
not available: 
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First of all. geometry is simpl> not. at the present time, as much in the 
mainstream of mathematics as arc, for example, algebra and analvsis. Thus, 
colleges which must limit their offerings will naturally tend to limit them 
in the area of geometry rather than in more "essential" areas. Secondly, 
ihc kind of geometry that is of maximal current research interest (e.g.. 
convexity and differential geometry) is not the kind of geometry that is as 
closely related to the present secondar>' school curriculum as is the geom- 
etry of the CUPM recommendations. In r articular, the importance of a 
study of the foundations of Euclidean geometry is near 7cro except for 
prospective teachers of Euclidean geometry. (11, p. 296] 

in spile of this situation, teacher educators should feel satisfaction in the- 
developments since 1960. Many of the recommendations made at that 
time have been implemented. Courses approximating the original CUPM 
guidelines arc available to large numbers of prospective teachers. There 
is little question that the geometric preparation of teachers is beginning to 
catch up with developments in school mathematics. 

Nevertheless, this is no time for complacency. The exciting new direc- 
tions for secondary school geometry outlined in this yearbook and in recent 
conference reports will place new demands on the secondary school teacher. 
Who can be sure today just what sort of geometry tomorrow's teacher will 
need? Continued change should be anticipated. More than that, it seems 
increasingly likely that tomorrow's teacher may be asked to choose any 
one of several geometries or approaches to geometry for the secondary 
school. Or perhaps even more likely, someone else will make that choice 
for him. 

The obvious need, it seems, is to design a program of preparation in 
geometry that enables the teacher to teach well existing curricula and to 
adapt readily to new curricula as they develop. This demands exposure 
both to the content and methods of current programs in secondary school 
geometry and to the content and methods appropriate to new programs that 
may evolve. 

Recent guidelines for the preparation of secondary school mathematics 
teachers have been proposed by the American Association for the Advance- 
ment of Science (AAAS) Commission on Science Education and the 
National Association of State Directors of Teacher Education and Certifi- 
cation (NASDTEC). The potential diversity in secondary school geometry 
is clearly recognized iii their recommendations (1, pp. 23-24): 

Geonxiry is t^'.jght using a wide variety of approaches, including co- 
ordinates, vectors, and transformations such as isometrics, similarities, and 
afline transformations. A teacher of geometry needs to be able to adapt 
his teaching to each of these approaches while maintaining flexibility to 
adapt to new approaches as future geometry courses continue to evolve. 



456 



GEOMETRY JN THF. MATHEMATICS CURRICULUM 



Accordingly, a prospective sccondar\ school maihcm;ilics icachcr should: 

1. Be able lo develop many ol ihe usual geometric concepts inlormallN : 
for example, using paper folding. 

2. Know the role of axiomatics in synthetic geometr\ and the existence 
of N'arious axiom systems for Euclidean geometr\. 

3. Be able lo use either coordinates or vectors to prove theorems such 
as the concurrence of the medians of a triangle. 

4. Recognize the existence of other geometries b) beinc able to identify 
a feu theorems in at least one otlier geometry such as a non-Euclidean 
geonjctry. projective geometry, or alline geometry. 

5. Be able to discuss the role of transtormations. at least in Euclidean 
geometry. 

6. Understand thoroughly the interconnections between alcebia and 
geometry. 

The most recent CUPM guidelines for the training of teachers also 
recognize the growing diversity in high school geometry (10, p. 17): 

The nature of high school geometry continues to change. C hanges over 
the past decade have mainK been toward remedying the principal tlefects 
in Eucl ill's F.lctncnts that are related to the order, separation, and com- 
pleteness properties of the line, but more recent I \ there has developed 
an entircK new approach to geometry that links it strongly to algebra. 
This approach is now finding its N^ay into the high school geometr\' 
course. A teacher should be prepared to teach geometry either in the 
moilern Euclidean spirit or from the nev^ algebraic point of view. 

For teachers of high school mathematics the CUPM guidelines recotn- 
niend two courses in geometry at the college level: one emphasizing a 
traditional approach concentrating on synthetic methods and the study of 
the foundations of Euclidean geometry, the other strongly linked to linear 
algebra and including an investigation of the groups of transformations 
associated with geometry (10, p. 18). Suggested outlines for each kind of 
course are included in an appendix to the recommendations. 

Dubiscli makes the following observation in Mathematics Education. 
the 1970 Yearbor'k of the National Society for the Study of Education 
(NSSE): 

Regare'/ess ... of how closely the syllabi for teacher training courses 
match the most carefully prepared recommendations of the most highly 
qualified committees, there are still likely to be serious deficiencies in 
teacher training at all levels. It is becoming increasingly clear that it is not 
sufficient to recognize the desirability of special courses for teachers: wc 
must also recognize the need for special procedures in the teaching of 
such courses. |1 1, p. 302] 
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Two specific aspects of this problem arc idenlilied as follows (II. pp. 
302-3 ) : 

). 7'herc is ;i gran need to relatt-' more closely wliat is heing siudicd to 
pniblcdis of teaching element;ir\ and seeoiulars school mathematics. 

2. Closely related to the neetl just described is the need to provide for a 
discussion ol teaehing methods along with eonlent. rather than a study 
of content antl methods in separate cour•^c^. 

These recommcndaiions seem very close to the professionaiized subject 
matter Chrislofferson described forty years ago. However, the context is 
diflcrcni now. ChrislcilTcrson was dclining a course related to an established, 
stable curriculum in geomctr\'. Today, the profcssionalization of subject 
niailer must he rnorc broadly conceived to encompass a more dynamic 
school curriculum. 

Many niathcmalics educators are legitimately concerned with the idea 
thai the prospeeiivv secondary school teacher should complete an under- 
graduate major leading toward graduate study in mathematics. Profcs- 
sionalization of subject matter does not necessarily imply that prospective 
teachers should be isolated from undergraduate majors in mathematics. 
The content of many of the courses in the undergraduate major is equally 
appropriate for the prospective teacher. In these situations, it is appropriate 
for the two groups to study together. (The prospective teacher's experience 
might he supplemented by methods seminars directly relating the content 
of the college course to the school curriculum.) In other areas, and this 
may he particularly true in the area of geometry, the needs of the prospec- 
tive teacher do not eoincidc with those of the undergraduate major, and here 
it is essential that special courses be designed for teachers. 

The CUPM guidelines explicitly recognize a unique role for geometry 
(and for probability and statistics) in the professional training of teachers 
( 10. p. 16): 

While the program we recommend for prospective teachers will leave 
the student with a deficiency in analysis and algebra in order to meet the 
CUPM recommendations for entry to graduate school .... the prospec- 
tise graduate student in mathematics would normally need courses in 
geometry and probability and statistics to meet our recommendations for 
teachers. H'e yci^ard it ax a nuittt^r of ^rcat importance \hiit a prni^rom 
for teachers should he UlctUical to the one ofjvrcd to other niathcnmtics 
fnajor.w except for a fcw' course v pccuUoHy appropriate to prospective hi^h 
school teachers. 



The implication in the above passage would seem to be that geometry 
is an appropriate area for the professionalization of subject matter. 
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The AAAS/NASDTEC and CUPM guidelines provide a reasonable 
framework within which to design a sequence of courses in geometry for 
teachers. Both recognize the dual need to prepare the teacher both to 
teach contemporary programs and to adapt to new programs as they evolve. 
The nature of contemporary school mathematics programs imposes natural 
constraints on a college course designed to meet the lirst goal. It is less 
likely that a unique contcn! emphasis is necessary to accomplish the latter 
task. Any one of several content patterns may be equally effective in 
developing flexibility and adaptability in the teacher. This yearbook and 
such recent reports as that of the Comprehensive School Mathematics 
Program's Second hiternational Conference on the Teaching of Mathe- 
matics illustrate a ^ange of topics and treatments that might be appropriate 
for this purpose. (In fact, these sources in themselves provide appropriate 
text material for courses in geometry for teachers. ) In the final analysis, 
the specific content or approach chosen may be less important than the 
spirit in which it is taught and learned. 

Many people have recently called (again!) for a combination of subject 
matter and teaching methods in college mathematics courses for teachers. 
The basic intent of this recommendation might be accomplished if college 
instructors of mathematics would simply exhibit appropriate methods in 
their own teaching. The old adage that "teachers are more Lpt to teach 
as they are taught than as they are told to teach" has never, to my knowl- 
edge, been proved completely invalid. Consciously or unconsciously, 
college instructors do provide models for prospective teachers. When the 
models arc appropriate, specific reference to teaching methods in the college 
mathematics course nay be unnecessary. Moreover, the methods to which 
one would like prospective teachers exposed are quite likely appropriate 
for all undergraduate students. 

The above paragraph is not intended to minimize either the need to relate 
the content of college courses to the secondary school curriculum or the 
need to integrate instruction in content and methodology. These are critical 
needs. Where qualified instructors are available, this should be a major 
focus in mathematics courses designed specifically for teachers. Depart- 
ments of mathematics and of mathematics education should cooperate 
extensively in providing methods seminars related to the mathematical 
content of the college course. Instructors of mathematics might find they 
could make their courses more relevant for the prospective teacher if they 
had firsthand awareness of the secondary school curriculum and the prob- 
lems of secondary school teachers. They might gain such an awareness by 
visiting secondary schools, participating in methods seminars, or by working 
directly with prospective teachers in the field-experience phase of their 
program. 
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The education of secondary sehool Icaehers in gcomelr\' should not be 
thought of as residing solely in the sequence of geometry courses. The 
undergraduate program in mathematics .should have an overall integrity 
that makes the whole greater than the sum of its parts. Other courses 
should carry part of the burden for education in geometry. This is par- 
ticularly true of courses in the algebra sequence in view of current recom- 
mendations for secondary school geometry. The topics of vector .spaces, 
linear transformations, linear systems, and vector geometry are commonly 
treated in linear algebra courses. These topics are clearly related to major 
curriculum proposals for secondary school geometry, but unfortunately, 
there is little evidence that these topics have been taught with the view 
toward influencing the prospective teacher of geometry. Seldom is their 
relation to evolving programs in the secondary school made clear to pros- 
pective teachers. Similarly, the course in modern algebra provides an 
opportunity to treat the group structure in the context of geometric trans- 
formations. Other courses, particularly history of mathematics and foun- 
dations of mathematics, provide unique opportunities to enlarge the basis 
of geometric education for teachers. 

Geometry should permeate the school curriculum — it should become a 
way of thinking. Teachers can make this happen, but only if geometry has 
not been treated as an isolated area in their own mathematical preparation. 
Making use of other areas of mathematics in the study of geometry is a 
step in the right direction, and likewise it is equally important that the 
concepts and techniques learned in geometry be applied in other mathe- 
matical contexts. Teachers need to sec the payoff of instruction in geometry. 
They need to appreciate the fact that the theorems and principles of sec- 
ondary school geometry have wide application in the study of more ad- 
vanced areas of mathematics. They need to experience geometry as a 
problem-solving tool. They need to recognize a geometric basis or motiva- 
tion for certain concepts in algebra and analysis. The undergraduate 
curriculum in mathematics provides natural opportunities for such experi- 
ences. Too often these opportunities are not consciously exploited. If the 
teacher does not see geometry as related to other areas of mathematics, 
any move toward an integrated program in the schools will have limited 
success. Educators must share the guilt of isolating geometry: this is 
evidenced in the treatment of geometry in methods textbooks as well as 
in the school curriculum. 

Reference has already been made to the need to be concerned about the 
spirit in which mathematics is presented to prospective teachers. Teaching 
methods that generate active involvement in the development of new mathe- 
matical ideas are important for all students, but they are especially impor- 
tant for prospective teachers. Departures from the stereotyped lecture 
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methods ol'icn associated with collciic instruclion slioukl i)c Ir^'qucnt. The 
less expository, more diseovcry-oriented methods commonlv rccommendL-d 
to secondary teachers provide better models tor them to emulate. Partici- 
pation in mat hematics- laboratory activities in their traininii may lead thcni 
to cxperimenl with such methods mi their own teachinii. Who would argue 
that a passive learner is not likely to become a passi\e teacher? However, 
the concern with the spirit in which mathematics is presented jjoes bevonU 
the teaching methods employed, it also involves the spirit or nature of 
mathematics that is projected and the methods of mathematical invcstiga- 
lion that are used. 

Too many secondary school teacliers make a sharp and artihciai tiis- 
tinction between formal and informal geometry. Somehow, when the stu- 
dent reaches that magical plateau of tenth -grade geometry, informal, or 
intuitive, .approaches are seen as beneath his dignity. Could it be that the 
teacher's own experience at the college level suggests that when one really 
docs mathematics, he discards intuitive models and informal techniques? 
The content and methods of informal geometry should be considered a 
legitimate part of the prospective teacher's preparation in geometry. Mathe- 
matics departments arc abdicating their responsibility if they leave this area 
entirely to education courses. Informal geometry is. after all, taught by 
more secondary school teachers than formal, axiomatic geometry, hi the 
linal analysis, informal geometry should be characterized by its methods 
rather than by its content. Almost any mathematical content at any IcncI 
can be appro aclicd informally, and tlic methods of sucli an approach arc 
a necessary part of the secondary school teacher's arsenal. It is unfortunate 
that these methods are not more widely demonstrated at the college level. 

A leaching career may span thirty to forty years. The ultimate lest of 
a teacher's ability to adapt to new curriculum developments over such a. 
time span may lie in the extent to which he has developed the inclination 
and ability for continued sclf-cducation in mathematics. Experiences with 
inquiry-oriented approaches to mathematics at the college level should 
contribute to this goal. The prospective teacher may not need to become 
a researcher in mathematics in the sense of discovering or inventing new 
mathematics, but he docs need to develop the skill to '\seck oui and study 
concepts that are new to him, and then to synthesize written and especially 
oral expositions of them designed for others for whom those ideas are also 
new'' (1, p. 32). Is that not the challenge facing any tcaclier as he ap- 
proaches a new course or curriculum? Are we providing opportunities for 
such activity in the context of prcscrvice mathematics courses? 

One final observation must be made. Programs for the education of 
secondary school teachers in geometry should be only one phase of an 
overall professional move to put to rest, once and for all, both of the fol- 
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lowing recurring myths in icnchcr education: lliiit anyone who can teach 
can tciich anything cITeclively and that iinyone who know^ his subject 
matter can teach it cITcctively. 
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